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PREFACE. 



Of the variouB Treatises on Elementary Geometry 
which have appeared during the present century, that 
of M. Legendee stands preeminent. Its peculiar merits 
have won for it not only a European reputation, but 
have also caused it to be selected as the basis of many 
of the best works on the subject that have been pub- 
lished in this country. 

In the original Treatise of Legendee, the propositions 
are not enunciated in general terms, but by means of 
the diagrams employed in their demonstration. Tliis 
departure from the method of Euclid is much to be 
regretted. The propositions of Geometry are general 
truths, and ought to be stated in general terms, without 
reference to particular diagrams. In the following work, 
each proposition is first enunciated in general terms, and 
afterwards, with reference to a particular figure, that 
figure being taken to represent any one of the class to 
which it belongs. By this arrangement, the diflSculty 
experienced by beginners in comprehending abstract truths, 
is lessened, without in any manner impairing the gener- 
ality, of the truths evolved. , 

The term aolid^ used not only by Lboendbb, .but by 
many other authors, to denote a limited portion of space, 
fieems calculated to introduce the foreign idea of matter 
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into a Bcience, which 'deals only with the abstract pro- 
perties and relations of figured space. The term wl/ame^ 
has been introduced in its place, under the belief that 
it coiTesponds more exactly to the idea intended. Many 
other depiaxtures have been made from the original text, 
the value and utility of which have been made manifest 
in the practical tests to which the work has been sub- 
jected. 

In the present Edition, numerous changes have been 
made, both in the Geometry and im the Trigonometry. The 
definitions have been carefully revised — ^the demonstrations 
have been harmonized, and, in many instances, abbreviated — 
the principal object being to simplify the subject as much as 
possible, without departing from the general plan. These 
changes are due to Professor Peck, of the Department of 
Pure Mathematics and Astronomy in Columbia College. For 
his aid, in giving to the work its present permanent form, I 
tender him my grateful acknowledgements. 

CHARLES DATIE8. 

COLUMBZA Ck>LLMB, 

Niw ToBK, April, 1862. 
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INTRODUCTION. 

1. Quantity is anything which can be increased, dimin- 
ished, and measured. 

To measure a thing is to find out how manj times it 
contains some other thing of the same kind, taken as a stand- 
ard. The assumed standard is called the unit of measure, 

2. In Geometbt, there are four species of quantity,, viz. : 
Lines, Surfaces, Volumes, and Angles. These are called, 
Geometrical Magnitudes. 

Since the unit of measure is a quantity of the same kind 
as the thing measured, there are four kinds of units of 
measure, viz. : Units of Length, Units of Surface^ Units of 
Volume, and Units of Angular Measure. 

3. Geometry is that branch of Mathematics which treats 
of the properties and relations of the Geometrical Magnitudes. 

4. In Geometry, the quantities considered are generally 
represented by pictorial symbols. The operations to be 
performed upon them, and the relations between them^ are 
indicated by signs, as in Analysis. 



10 GEOMETRY. 

The following are the principal signs employed: 

The Sign of Addition^ + , called plus : 

Thus, A + B^ indicates that J? is to be added to A, 

The Sign of Subtraction^ — , called mintts : 
Thus, A — J^y indicates that ^ is to be subtracted 
from A, 

The Sign of Midtiplicationy X : 

Thus, A X By indicates that A is to be multiplied 
*>y B. 

The Sign of Division^ -^ : 

Thus, A-^By or, ^ , indicates that A is to be 
divided hj B. , 

The JEkponential Sign : 

Thus, A^ y indicates that A is to be taken three times ^ 
9& a factor, or raised to the third power. 

The JRadical Sign^ '}/ : 

Thus, yGT, \/By indicate that the square root of A^ 
;and the cube root of j5, are to be taken. 

When a compound quantity is to be operated upon as a 
t«ingle quantity, its parts are connected by a vinculum or 
'by a parenthesis : 

Thus, A -\- B X (7, indicates that the sum of A and 

,B is to be multiplied by C ; and {A + B) ^ Cy indi- 

•intcs that the sum of A and B is to be divided by C. 

A number written before a quantity, shows how many 

uinies it is to be taken. 

Thus, ^{A + B)y indicates that the sum of A and B 
is to be taken three times. 

The Sign of JEqualityy = : 

Thus, A = B -^ Cy indicates that A is equal to the 
sum of B and C. 
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The expression, A = J3 + Cy is called an equation, Tke 
part on the left of the sign of equality, is called the finst 
member ; that on the right, the second member. 

The Sign of InequcUit^y < : ' 

Thus, .^/Z < y^, indicates that the square root of A 
is less than the cube root of H, The opening of the sign 
is towards the greater quantity. 

The sign, .'. is used as an abbreviation of the woird 
hencej or conseqibently, 

I 

6. The general truths of Geometry are deduced by a 
course of logical reasoning, the premises being definitions ancl 
principles previously established. The course of reasoning 
employed in establishing any truth or principle, is called a 
demonstration. 

6. A Theorem is a truth requiring demonstration, 

7. An Axiom is a self-evident truth, 

8. A Problem is a question requiring a solution. 

9. A Postulate is a self-evident problem. 

Theorems, Axioms, Problems, and Postulates, are all called 
Propositions. 

10. A Lemma, is an auxiliary proposition. 

11. A Corollary is im obvious consequence of one or 
more propositions. 

12. A Scholium is a remark made upon one or moape 
propositions, with reference to their connection, their use, 
their extent, or their limitation. 
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13. An Hypothesis is a supposition made, either in the 
statement of a proposition, or in the course of a demonstra- 
tion. 

14. Magnitudes are equal to each other, when each con- 
tains the same unit an eqoal number of times. 

15. Magnitudes are equal in dl their parts^ when they 
may be so placed as to coincide throughout their whole 
extent. 
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I 

■ LXMBKTABY PBINCIPLXS. 

DEFINmONS. 
/ 

1. Geometry is that branch of Mathematics which treats 
of the properties and relations of Geometrical Magnitudes. 

2. A PoiKT is that which has position, but not magni- 
tude. 

3. A Line is that which has length, but neither breadth 
nor thickness. 

Lines are divided into two classes, straight and curved, 

4. A Straight Line is one which does not change its 
direction at any point. 

5. A Curved Line is one which changes its Erection at 
every point. 

The word line^ alone, is used for straight line/ and the 
word curvej alone, for curved line. ^ 

6. A hne made up of strsught lines, not lying in the Bame 
direction, is called a broken line. 

7. A Surface is that which has length and breadth 
without thickness. 
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Surfaces are divided into two classes, plane and curved 
surfaces, 

8. A Plank is a surflice, such, that if any two of its 
points be joined by a straight line, that line will lie wholly 
in the surface. 

9. A Curved Surface is a suiface which is neither a 
plane nor composed of planes. 

10. A Plane Angle is the amount of divergence of two 
lines lying in tlie same i)lane. 

Thus, the amount of divergence of the 
lines AB and AC^ is an angle. The 
lines AB and AG are called sideSy and 
their common point Ay is called the ver- 
tex. An angle is designated by naming its sides, or some- 
times by simply naming its vertex ; thus, the above is called 
the angle BAC^ or simply, the angle A. 

11. "NYlien one straight line meets 

another the two angles which they form ^^ 

are called adjaceyit angles. Thus, the ^ 3 ^ 

angles ABD and DBG are adjacent. 

12. A IliGHT Angus ' is formed by one 1 
straight line* meeting another so as to 

make the adjacent angles equal. The first 

line is then said to be perpendicular to the second. 

13. An Obuqub Angle is formed by 
one straight line meeting another so as 
to make the adjacent angles unequal. 

Oblique angles are snbdiAided into two classes, ojcute 
angles^ and obtuse angles. 

14. An Acute Angle is less than a 
right angle 
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15. An Obtusb Angle is greater than / 

a right angle. / 

• 16. Two straight lines are parallely 
when they lie in the same plane and can- 
not meet, how far soever, either way, both 
may be produced. They then have the same direction. 

17. A Plane Figure is a portion of a plane bounded 
by lines, either straight or curved. 

18. A Polygon is a plane figure bounded by straight 
lines. 

The bounding lines are called sides of the polygon. The 
broken line, made up of all the sides of the polygon, is called 
the perimeter of the polygon. The angles formed by the 
sides, are called angles of the polygon, 

19. Polygons are classified according to the number of 
their sides or angles. 

A Polygon of three sides is called a triangle ; one of 
four sides, a quadrilateral / one of five sides, a pentagon ; 
one of six sides, a hexagon ; one of seven sides, a hepta- 
gon ; one of eight sides, an octagon ; one of ten sides, a 
decagon ; one of twelve sides, a dodecagon^ &c. 

20. An Equilateeal Polygon, is one whose sides are 
all equal. 

An Equiangulab Polygon, is one whose angles are all 
equal. 

A Regular Polygon, is one which is both equilateral 
and equiangular. 

21. Two polygons are mutually equilateral^ when their sides, 
taken in the same order, are equal, each to each : that is, fol- 
lowing their perimeters in the same direction, the first side 
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of the one is equal to the first side of the other, the second 
side of the one, to the second side of the other, and so 
on. 

22. Two polygons are mutually equiangular, when their 
angles, taken in the same order, are equal each to 
each. 

23. A Diagonal of a polygon is a line joining the ver- 
tices of two angles, not consecutive. 

24. A Basb of a polygon is any one of its sides od 
which the polygon is supposed to stand. 

25. Triangles may be classified with reference either to 
their sides, or their angles. 

When classified with reference to their sides, there are 
two classes : scalene and isosceles, 

1st. A Scalene Triangle is one which 
has no two of its sides equal 

2d. An Isosceles Triangle is one which 
has two of its sides equal. 

When all of the sides are equal, the 
triangle is equilateral. 

When classified with reference to their angles, there are 
are two classes : rigkt-<zngled and oblique-angled. 

1st. A Bight-angled Triangle is one 
that has one right angle. .^^^ i 

The ude opposite the right angle, is called the hypoiM- 
nuse. 

2d. An Oblique-angled Triangle is 
one whose angles are all oblique. 
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J£ one angle of an oblique-angled triangle is obtuse, the 
triangle is said to be oktuse-angled. If all of the an^es 
are acute, the triangle is said to be acute-angled. 

26. Quadrilaterals are clasfflfied with reference to the rel- 
ative directions of their sides. Tliere are then two classes 
the first doss embraces those which have no two sides par 
allel ; the second class embraces those which hare two sides 
parallel. 

Quadrilaterals of the first class, are called trapeziums. 

Quadiilaterals of the second class, are divided into two. 
species : trapezoids and parallelograms. 



27. A Trapezoid is a quadrilateral 
which has only two of its sides parallel. 



■L 



28. A Paballelogbam is a quadrilateral which has its 
opposite sides parallel, two and two. 

There are two varieties of parallelograms : rectangles 
and rhomboids. 



1st. A Rectanglb is a parallelogram 
whose angles are all right angles. 



A Squabb is an equilateral rectangle. 



2d. A Rhomboid is a parallelogram 
whose angles are all oblique. 
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A Rhombus is an equilateral rhomboid. 

2 
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29. Space is indefinite extension. 

30. A Volume is a limited portion of space. 

AXIOMS. 

1. Things which are equal to the same thing, are equal 
to each other. 

2. K equals be added to equals, the sums will be equal. 

3. If equals be subtracted from equals, the remainders 
will be equal 

4. If equals be added to unequals, the sums will be 
unequal. 

5. If equals be subtracted from unequals, the remainders 
will be unequal. 

6. If equals be multiplied by equals, the products will be 
equal. 

7. If equals be divided hj equals, the quotients will be 
equal. 

8. The whole is greater than any of its parts. 

9. The whole is equal to the sum of all its parts. 

10. All right angles are equal. 

11 Only one straight line can be drawn between two 
points. 

12. The shortest distance between any two points is mea- 
sured on the strsdght line which joins them. 

13. Through the same point, only one line can be drawn 
parallel to a given line. 
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POSTULATES. 

1. A straight line can be drawn between any two points. 

2. A straight line may be prolonged to any length. 

3. If two lines are unequal, the length of the less may 
be laid off on the greater. 

4. A line may be bisected ; that is, divided into two 
equal plains. 

5. An angle may be bisected. 

6. A perpendicular may be drawn to a given line, either 
from a point without, or from a point on the line. 

7. A line may be drawn, making with a given line an 
angle equal to a given angle. 

8. A line may be drawn through a given point, parallel 
to a given line. 

NOTE, 

In making references, the following abbreriationB are employed, vii. i 
A. for Axiom ; B. for Book ; G. for Corollary ; D. for Definition ; I. 
for Introduction ; P. for Proposition ; Prob. for Problem ; Post, for 
Postulate ; and S. for Scholium. In referring to the same Book, the 
number of the Book is not giyen ; in referring to any other Book, the 
number of the Book is i^ven. 



90 



GEOMETRY. 




PROPOSITIOIT I. TBDEOEEM. 

If a straight line meet another straight line^ the sum of the 
adjacent angles will be eqiial to two right angles* 

Let DG meet AB at C: 
then will the sum of the angles 
DC A 'and DGJB be equal to 
two right angles. 

Ax Cy let CJ^ be drawn per- 
pendicular to AJi (Post. 6) ; then, 
by definition (D. 12), the angles 

JSCA and JEIOB will both be right angles, and conse* 
quently, their sum will be equal to two right angles* 

The angle DGA is equal to the sum of the angles 
EGA and EGD (A. 9) ; hence, 

DGA + DGB = EGA + EQD + DGB ; 
But, EGD + DGB is equal to EGB (A. 9) ; hence, 

DGA + DGB = EGA + EGB. 

The sum of the angles EGA and EGB^ is equal to 
two right angles ; consequently, its equal, that is, the sum 
of the angles DGA and DGB^ must also be equal to two 
right angles ; which was to be proved. 

Gar. 1. If one of the angles DGA^ DGB^ is a right 
angle, the other must also be a right angle. 

Gor. 2. The sum of the an- 
gles BAG, GAD, DAE, EAF, 
formed about a given point on 
the same side of a straight line 
BF, is equal to two right an- 
gles. For, their sum is equal to 





BOOK I. 21 

the sum oi the angles EAB and EAF\ which, from the 
proposition just demonstrated, is equal to two right angles. 

' DEFnanoNS. 

If two straight lines mtersect each other, they form four 
angles about the point of intersection, which have received 
different names, with respect to each other. 

1**, Adjacknt Aitgles are 
those which lie on the same side 
of one line, and on opposite sides 
of the other ; thus, A CE and 
EGB, or AGE and AGD^ are 
adjacent angles, 

2®, Opposite, or Vektical Akgles, are those which lie 
on opposite sides of both lines; thus, AGE ^^vA DGB^ 
or AGD and EGB^ are opposite angles. From the pro- 
position just demonstrated, the snm of any two adjacent 
angles is equal to two right angles. 



PROPOSITION n. THEOEEM. 

If two straiffht lines intersect each other^ the opposite or 
vertical angles will be equal. 

Let AB and BE intersect 
^at G : then will the opposite 
or vertical angles be equaL 

The sum of the adjacent angles 
AGE and AGD^ is equal to 
two right angles (P. I.) : the sum 

of the adjacent angles AGE and EGB^ is also equal to 
two right angles. But things which are equal to the same 
thing, are equal to each other (A. 1) ; hence, 
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ACE^ ACD = ACE+ ECJB ; 

A' 
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TakiDg from both the common 
angle ACJE (A. 3), there re- 
mains, 

AGDz:z£JCB. 

In like manner, wo find, 

ACD + ACE = AGD + DCB ; 
and, taking away the common angle ACD^ we have, 

AGE = DCB. 
Hence, ths proposition is proved. 

Cor. 1. If one of the angles about C7 is a right angle, 
all of the others will be right angles also. For, (P. I., C. 1), 
each of its adjacent angles will 
be a right angle ; and from the 
proposition just demonstrated, its 

opposite angle will also be a right A ts B 

angle. 

Cor. 2. Jf one Ime BE, is E 

perpendicular to another AB^ then will the second line AB 
be perpendicular to the first BE. For, the angles BCA 
and BCB are right angles, by definition (D. 12) ; and 
from what has just been proved, the angles ACE and 
BCE are also right angles. Hence, . the two lines are 
mutually perpendicular to each other. 

Cor. 3. The sum of all the 
angles ACB, BCB, BCE, EGE, 

FCA, that can be formed about 
a point, is equal to four right 
angles. 
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For, if two lines be drawn through the point, mutually 
perpendicular to each other, the sum of the angles which 
they form will be equal to four right angles, and it will 
also be equal to the sum of the ^ven angles (A. 9). Hence, 
the sum of the given angles is equal to four right angles. 



PROPOSITION in. THEOREM, 

If two Straight lines have two points in common^ they will 
coincide throughout their whole extent^ and form one and 
the. same line. 

Let A and JB be two points 
common to two lines is then will 
the linea coincide throughout. 

Between A and JB they must 
coincide (A, 11). Suppose, now, that they begin to separate 
at some point (7, beyond ul-B, the one becoming ACE^ 
and the other A CD. If the lines do separate at (7, one 
or the other must change direction at this point; but this 
is contradictory to the definition of a straight line (D. 4): 
hence, the supposition that they separate at any point is 
absurd. They must, therefore, coincide throughout; which 
was to be proved. 

Cor. Two straight lines can intersect in only one point. 

Note. — ^The method of demonstration employed above, is 
called the redicctio ad ahsurdvm. It consists in assuming an 
hypothesis which is the contradictory of the proposition to 
be proved, and then continuing the reasoning until tbo 
assumed hypothesis is shown to be felse. Its contradictory i* 
thus proved to be true. This method of demonstration ia 
often used in Geometry. 
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PROPOSITIOK IV. THEOEEM. 

If a straight line meet two other straight lines at a com- 
mon pointy making the sum of the contiguoits angles 
equal to two right angles^ the two lines met will form 
one and the same straight line. 

Let DC meet AG and BC 
at C^ making the sum of the 
angles DC A and DCB equal 
to two right angles : then will 
CjB be the prolongation of AC 

For, if not, suppose CE to be the prolongation of -4(7, 
then will the sum of the angles DGA and DCE be 
equal to two right angles (P. I.) : We shall, consequently, 
have (A. 1), 

DCA + DCB = DCA + DCE ; 

Taking from both the common angle DCA^ there re- 
mains, 

DCB = DCE, 

which is impos£able, since a part cannot be equal to the 
whole (A. 8). Hence, CB must be the prolongation of 
AC ; which was to be proved. 



PBOPOSinON V. THEOREM. 

J^ two triangles have two sides and the included angle of 
the one equal to two sides and the included angle of 
the other, each to each, the triangles wiU he equal in all 
their parts. 

In the triangles ABC and DEF, let AB be equal 
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to DE^ AC to JDFj and the angle A to the angle JD: 
then will the triangles be equal in all their parts. 

For, let ABO be 
applied to DJEJJFy in A D 

Buch a manner that the 
angle A shall coincide 
with the angle D^ 
the side AJB taking 
the direction J)E, and 

the side AG the direction DF, Then, because AB is 
equal to JDE^ the vertex JB will coincide with the vertex 
E; and because AG is equal to DJF] the vertex G will 
coincide with the vertex F; consequently, the side JBO 
will coincide with the side JEJP (A. 11). The two triangles, 
therefore, coincide throughout, and are consequently equal in 
all their parts (I., D. 14) ; which was to be proved. 



PEOPOSmON- VI. THEOEEM. 

J(f two friangles have two angles and the included side of ths 
one equal to two angles and the included side of the other^ 
each to each^ the triangles will be equal in aH their parts. 

In the triangles 
AJBG and DEI\ let 
the angle B be equal 
to the angle E, the 
angle G to the angle 
Fj and the side JBG 
to the side JEF: then 
will the triangles be equal in all their parts. 

For, let ABG be applied to DEF in such a manner 
that the angle B shall coincide with the angle E^ the ade 
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BU taking the direction JBJFj and the dde BA the direo- 
tion EB. Then, because BG is equal to MF, the vertex 
C will coincide with the vertex F\ and because the angle 
C is equal to the angle F^ the side CA will take the 
direction FD. Now, the vertex A being at the same time 
on the lines FD and jF!Z>, it must be at their intersection 
2> (P. in., C.) : hence, the triangles coincide throughout, 
and are therefore equal in all their parts (L, D. 14) ; 
'which waa to be proved. 



PROPOSITION Vn. THEOEEM. 

The sum of any two Bides of a triangle is greater than the 

third side. 

Let ABO be a triangle: then will 
the sum of any two sides, as AB, BGj 
be greater than the third side AG. 

For, the distance from A to (7, 
measured on any broken line AB, BG, 
is greater than the distance measured on the straight line 
AG (A. 12) : hence, the sum of AB and JBC is greater 
than AG ; which was to be proved. 

Got. If from both members of the inequality, 

AG <AB ^ BC, 

wo take away either of the sides ABy BG^ via BG^ for 
example, there will remain (A. 6), 

AG'-BGKABi 

that is, the difference between any two sides of a triangle is 
less than the third side. 

Scholium. In order that any three given lines may re- 
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present the sides of a triangle, the sum of any two must be 

greater than the third, and the difference of any two must 
be less than the third. 



PROPOSITION Vin. THEOREM. 

If from, any point within a triangle two straight lines b 
drawn to the extremities of any side^ their sum wiU be 
less than that of the two remaining sides of the triangle. 

Let be any point within the triangle BAC^ and let 
the lines OB^ OC^ be drawn to the 
extremities of any side, as BC i 
then wiU the sum of BO and OG 
be less than the sum of the sides 
BA and AG. 

Prolong one of the lines, as BO^ 
till it meets the side AG in 2>; then, from Prop. VEL, we 
shall have, 

0G< 0D + DG \ 

adding BO to both members of this inequality, recollecting 
that the sum oi BO and OB is equal to BB^ we have 
(A. 4), 

BO+OG<BB + BG. 

From the triangle BAB, we have (P. VH), 

BB <BA + AB ; 

adding BG to both members of this inequality, recollecting 
that the sum of AB and BG is equal to -4(7, we have, 

BB + BG< BA + AG. 

But it was shown that B0+ OG is less than BB + BG; 
still more, then, is BO + OG less ttan BA + AG ; which 
VMbs to be proved. 
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PEOPOSmON IX THEOREM. 

If two triangles have two sides of the one equal to two sides of 
the othevy each to each^ and the included angles unequal^ the 
third sides wiU he unequal; and the greater side wiU belong 
to the triangle which has the greater included angle. 

In the triangles JBAG and DEF^ let AB be equal to 
DE^ AC to DF^ and the angle A greater than the an- 
gle D\ then \riU BC be greater than EF. 

Let the line AQ be drawn, making the angle GAQ 
equal to the angle D (Post. Y) ; make AQ equal to BE^ 
and draw GC. Then will the triangles AGG and BEF 
have two sides and the included angle of the one equal to 
two sides and the included angle of the other, each to each; 
consequently, QG is equal to EF (P. V.). 

Now, the point Q may be without the triangle ABG^ 
it may be on the side J?C, or it may be within the tri- 
angle ABG. Each case will be considered separately. 

A P 

1^ When G is 

without the triangle 

ABG. 

In the triangles QIG 

and AIB^ we have, 

(P. vn.), 

OI+IG>GG, mi BI+IA>AB; 

whence, by addition, recollecting that the sum of BI and 
IG is equal to BGj and the sum of GI and Z4, to OAf 
we have, 

AG + BG >AB'^ GC. 
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Or, mnce AG = AB, and GC = EF, wo have, 
AB ^ BC > AB '\- EF. 
Takmg away the common part AB^ there remains (A. 6), 

BG > EF. 

2«». When G is on BC. 

In this case, it is obvious 
that GC \a less than BG\ or, 
ance GG z=: EF^ we have, 

BG > EF. 

3°. When G is within the triangle ABC, 
From Proposition 'Viil., we have, 

BA + BC> GA+ GC\ 

or, since GA = BA^ and OC = JS!F, 

wo have, 

BA + ^(7 > i?4 + jEK 

Taking away the common part AB^ 

there remains, 

BC > EF. 

Hence, in each case, BC is greater than EF\ which was 
to be proved. 

Conversely t If in two triangles ABC and BEFy the 
side AB is equal to the side BE^ the side AC to BF, 
and ^(7 greater than EF, then will the angle BAG be 
greater than the angle EBF. 

For, if not, BAG must either be equal to, or less than, 
EDF. In the former case, BC would be equal to EF 
(P. v.), and in the latter case, BC would be less than 
JEiF\ either of which would be contrary to the hypothesis : 
hencC| BAG must be greater than EDF. 
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PEOPOSinON X. THEOREM. 

If two triangles have the threes sides of the om equal to the 
three sides of the other^ each to each^ the triangles mU be 
equal in aU their parts. 

In the triangles ABC and DEF^ let AB be equal to 
J)E, AC to BF, and BC to EF i then will the tri- 
angles be equal in all their parts. 

For, since the sides 
AB^ AC^ are equal to 
JDEy BFy each to each, 
if the angle A were 
greater than 1>, it would 
follow, by the last Pro- 
position, that the side 

BC would be greater than EF\ and if the angle A were 
less than 7>, the side BC would be less than EF. But 
BC is equal to EF, by hypothesis; therefore, the angle A 
can neither be greater nor less than JD : hence, it must be 
equal to it. The two triangles have, therefore, two sides and 
the included angle of the one equal to two sides and the inclu- 
ded angle of the other, each to each ; and, consequently, they 
are equal in all their parts (P. V.) ; vshiph toas to be proved. 

Scholium. In triangles, equal in all their parts, the equal 
ddes lie opposite the equal angles; and conversely. 

PROPOSITION XT. THEOBEM. ^ 

In an isosceles triangle the angles opposite the equcU sides are 

equal. 

Let BAG be an isosceles triangle, having the side AB 
equal to the side AC: then will the angle C be equal to 
the angle B. 
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Join the vertex A and the middle point 2> of the base 
BG. Then, AB is equal to AC^ by hypothecs, AD 
common, and BD equal to i>(7, by 
oonstruction : hence, the triangles BAD, 
and DAG, have the three sides of the 
one equal to those of the other, each to 
each ; therefore, by the last Proposition, 
the angle B is equal to the angle G\ 
which icaa to be proved. 

Got, 1. An equilateral triangle is equiangular. 

Got. 2. The angle :pAD is equal to DAG, and BDA 
to GDA : hence, the last two are right angles. Conse- 
quently, a line drawn from the vertex of an isosceles triangle 
to the middle of the base, bisects tTie vertical angle, and is per- 
pendidtlar to the base. 



PROPOSITION Xn. THEOEEM. 

If two angles of a triangle are equcd, the sides opposite to 
them are also eqtcal, and consequently, the triangle is isoa- 
cdes. 

In the triangle ABG, let the angle 
ABG be equal to the angle ACB i 
then will AG be equal to AB, and 
consequently, the triangle will be isosceles. 

For, if AlB and AG axe not equal, 
suppose one of them, as AB, to be the 
greater. On this, take BD equal to AG (Post. 3), and 
draw DC. T^en, in the triangles ABG, DBG, we have 
the ride BD equal to AG, by construction, the side BO 
common, and the included angle AGB equal to the included 
angle DBG, by hypothesis: hence, the two triangles are equal 
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in all their parts (P. Y.). Bat this is impossible, because a 

part cannot be equal to the whole (A. 8) : hence, the 

hypothesis that AJ^ and AC are unequ;il, is felse. They 

must, therefore, be equal ; which toas to be proved. 

Cor. An equiangular triangle is equilateral 



PROPOSITION xrn. theorem. 

In any triangle^ the greater side is opposite the greater angle J 
and^ conversely^ the greater angle is opposite the greater 
side. 

In the triangle ABCy let the angle 
ACB^ be greater than the angle ABCi 
then will the side AB be greater than 
the side AC. 

For, draw CDy making the angle 
BCD equal to the angle B (Post. 7) : 
then, in the .triangle JDCB^ we have the angles BCB and 
BBC equal: hence, the opposite sides BB and BC are 
equal (P. XIL). In the triangle ACBy we have (P. VII.), 

AB + DC > AC ; 

or, since BC = BBy and AB + BB = ABj we have, 

AB>AC; 
which was to be proved. 

Conversely : Let AB be greater than AC\ then will the 
angle AGB be greater than the angle ABC. 

For, if ACB were less than ABC^ the side AB would 
be less than the side A C, from what has just been pro^d ; 
if ACB were equal to ABCy the side AB would be 
equal to AC^ by Prop. XTT.; but both conclusions are contrary 
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to the liTpothesis : hence, A CB can neither be less than, 
nor equal to, ABC \ it most, therefore, be greater ; irAtcA 
was to be proved. VuC^^ 

PEOPOsmoN xrv. theobeh. 

JSVoin a given point only one perpendicular can be drawn to 
a given straight line. 

Let i^ be a given point, and AB 
a perpendicular to BJE : then can no 
other perpendicular to BJS be drawn 
from A. 

For, suppose a second perpendicular 
AG to he drawn. Prolong AB till 
BF is equal to ABy and draw CJFl 
Then, the triangles ABC and JPBO will have AB equal 
to B^y by construction, CB common, ^d the included 
angles ABC and FBG equal, because both are right an- 
gles : hence, the angles A CB and FGB are equal (P. V.) 
But ACB is, by a hypothesis, a right angle : hence, 
Jf^CB must also be a right angle, and consequently, the Una 
ACF must be a straight line (P. IV.). But this is impos- 
dble (A. 11). The hypothesis that two perpendiculars can 
be dra^vn is, therefore, absnrd ; consequently, only one such 
perpendicular can be drawn ; which was to be proved. 

If the given point is on the given line, the proposition 
is equally true. For, if from A two perpendiculars AB 
and AC could be drawn to BE^ 
we should have BAE and CAE 
each equal to a right angle ; and 
consequently, equal to each other ; 
which is absurd (A. 8). 
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PROPOSITION XV. THEOREM. 

If front a point toithout a straigM line a perpendicular he 
let faU on the line^ and oblique lines be dravm to diffen^ 
ent points of it : 

1®. The perpejidicular toiU be shorter than any oblique line: 

2^ Any two oblique lines that meet the given line at points 
equally distant from the foot of the perpendicular^ toiU 
be equal: 

3^. Of two oblique lines that m^et the given line at points 
unequally distant from the foot of the perpendicular^ tfie one 
which meets it at the greater distance wiU be the longer. 

Let ^ be a given point, JDE a 
^ven straight line, AB a perpendicular 
to DE^ and AD^ AO^ AE oblique 
lines, BG being equal to BE^ and BD 
greater than BG. Then will AB be 
less than any of the oblique lines, AG 
will be equal to AE^ and AD greater 
than AG. , 

Prolong AB until BF is equal to AB^ and draw 

V. In the triangles ABG^ FBGy we have the side 
AB equal to BF^ by construction, the side BG common, 
and the included angles ABG and FBG equal, because both 
are right angles: hence, FG is equal to AG (P. V.). 
But, AF is shorter than AGF {A. 12): hence, AB^ the 
half of AF^ is shorter than AG. the half of AGF\ which 
was to be proved. 

2^, In the triangles ABG and ABE^ we have the 
side BG equal to BEy by hypothesis, the side AB com 
men, and the included angles ABG and ABE equal. 
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because both are right angles: hence, AC ia equal to AJS; 
which teas to be proved, 

3°. It may be shown, as in the first case, that AD ia' 
equal to DJ^, Then, because the point O lies within the 
triangle ADJF] the sum ot the lines AD and DJF will be 
greater than the sum of the lines A C and CF (P. VIII.) : 
hence, ADy the half of ADF^ is greater than AG^ the 
half of A GF ; which was to he proved. 

Got. 1. The perpendicular is the shortest distance from a 
point to a line. 

Cor. 2. From a given point to a given straight line, only 
two equal straight lines can be drawn ; for, if there could 
be more, there would be at least two equal oblique lines on 
the same side of the perpendicular ; which is impossible. 

>-* 

PROPOSITION XVI. THEOREM. 

If a perpendicular he drawn, to a given straight line at its 

middle point : 
1°, Any point of tlie perpendicular will he equaUy distant 

from the eoctremities of the line: 
2°. Any pointj without the perpendicular^ wiU he uneqi^Uy 

distant from, the extremities. 

Let AB be a given straight line, C 
its middle point, and FF the perpendicular. 
Then will any point of EF be equally dis- 
tant from A and B ; and any point without 
EFy will be unequally distant from A and B. 

1°. From any point of FF^ as 1>, draw 
the lines BA and BB. Then will BA 
and BB be equal (P. XV.) : hence, B is 
equally distant from A and B ; which was to he proved^ 
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2'. From any point witbont EF^ aa JJ draw lA and 
IB, One of these lines, as lA^ will cut EF in some 
point D ; draw DB. Then, from what ' 

has just been shown, DA and BB will 
be equal ; but IB is less than the sum 
of IB and BB (P. VII.) ; and because 
the sum of IB and BB is equal to the 
sum of IB and BAy or Z4, we have 
IB less than lA : hence, I is unequally- 
distant from A and J? ; which was to be 
proved. 

Cor. If a straight line EF have two of its points F 
and F equally distant from A and By it will be perpen- 
dicular to the line AB at its middle point. 




PEOPOSITION 3rvn. THEOREM. 




If two right-angled triangles have tlie hypothenuse and a side 
of the one eqical to th^ hypothenuse and a side of the 
otherj each to each^ the Mangles wiU be equal in aU their 
parts. 

Let the right-angled tri- 
angles ABC and BFF have 
the hypothenuse AC equal 
to BFy and the side AB 
equal to BF: then will the 
triangles be equal in all their parts. 

If the side BC la equal to FFj the triangles will be 
equal, in accordance with Proposition X. Let us suppose then, 
that BC and FF are unequal, and that BC is the 
longer. On BC lay off BG equal to FFy and draw 
AG. The triangles ABG and BFF have AB equal to 
BF, by hypothesis, BG equal to FFy by construction, and 
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the angles B and E equal, because both are right angles; 
consequently, AG is equal to DF (P. V.) But, AC lA 
equal to DF<y by hypothesis: hence, AO and AC are equal, 
which is impossible (P. XV.). The hypothesis that BC and 
EF are unequal, is, therefore, absurd : hence, the triangles 
have all their sides equal, each to each, and are, consequently, 
equal in all of their parts ; whu^ toas to be proved. 

PROPOSITION XVin. THEOREM. 

jy two straight lines are perpendicular to a third line^ they 
t loill be paraUeL 

Let the two lines AC^ BD^ be perpendicular to ABi 
then will they be parallel. 

For, if they could meet in a B^^ D 

point O, there would be two -"ir-=-0 

perpendiculars OA^ OB^ drawn U«-- " »r 

from the same point to the same 

straight line ; wliich is impossible (P. XIV.) : hence, the 

lines are parallel ; which was to be proved. 

IT) 

DEFnonoNS. 

If a straight line FF inter- 
sect two other straight lines AB 
and C7Z>, it is called a secantj 
fwith respect to them. The eight 
angles formed about the points of 
intersection have different names, 
with respect to each other. 

1^. Intkriob angles on the same side, are those that 
lie on the same side of the secant and, within the other two 
lines. Thus, BQ3 and QHD are interior angles on the 
same side. 
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2^. EXTEBIOB A17GI.es ON THB 6AMB BIDS, 8X6 thoSe that Ke 

on the same side of the secant and without the other two 
lines. Thus, EGB and DBF 
are exterior angles on the same 
side. 

3**. Altebnatb angles, are 
those that lie on opposite sides 
of the secant and within the 
other two lines, but not adja- 
cent. Thus, AGS and GHD 
are alternate angles. 

4°. Altebnatb sxtebiob angles, are those that lie on 
opposite mdes of the secant and without the other two lines. 
Thus, AGE and FHD are alternate exterior angles. 

6°. Opposifk EXTkniOB and intebiob angles, are those 
that lie on the same side of the secant, the one within and 
the other without the other two lines, but not adjacent. Thus, 
EGB and GSD are opposite eacterior and interior angles. 




PROPOSITION XIX. THEOREM. 

If two straight lines meet a third line^ making the sum of 
the interior angles on the same side equal to two right 
angles^ tJie two lines wiU he parallel. 

Let the lines KC and J3J) meet the line BA^ making 
the sum of the angles BAG and ABB equal to two right 
angles : then will KG and JZZ> be parallel. 

Through 6r, the middle point 
of AB^ draw GF perpendicular 
to KG^ and prolong it to E. 

The sum of the angles GBE 
and GBB is equal to two right 
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angles (P. I.) ; the sum of the angles FAQ and QBD u 
equal to two right angles, by hypothesis : hence (A. 1), 

GBE-\' GBD = FAG + GBD. 

Taking from both the common part OBD^ we have tho 
angle QBE equal to the angle FAQ. Again, the angle. 
BQE and AGF are equal, because* they are vertical an 
gles (P. n.) : hence, the triangles QEB and QFA have 
two of their angles and the included side equal, each to each ; 
they are, therefore, equal in all their parts (P, VI.) : hence, 
the angle QEB is equal to the angle QFA. But, QFA 
is a right angle, by construction ; QEB must, therefore, be 
a right angle : hence, the lines KG and HD are both per- 
pendicular to EFy and are, therefore, parallel (P. XVULL) ; 
vihich viOB to be proved. 

Cor. I. If two lines are cut by a third line, making tho 
alternate angles equal to each other, the two lines will be 
parallel. 

Let the angle HQA be equal 
to GHD. Adding to both, the 
angle HGB^ we have, 

HQA 4- HQB = GSD + HQB. 

But the 4^st sum is equal to 

two right angles (P. I.) : hence, 

the second sum is also equal to two right angles ; therefore, 

from what has just been shown., AB and ^D are parallel. 

Cot. 2. If two lines are cut by a third, making the oppo- 
fflto exterior and interior angles equal, the two lines will be 
parallel. Let the angles EGB and QHD be equal : Now 
EGB and AGS are equal, because they are vertical (P. 11.) ; 
and consequently, AGS and QHD are equal: hence, from 
Cot. 1, AB and CD are parallel 
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PBOPOSITIOK XX. THEOREM. 

If a straight line intersect two parallel straight lines^ the sum 
of the interior angles on the same side will he equal to 
two rig7it angles. 

Let the parallels tAJB^ CD^ be cut by the secant line 
FE : then will the sum of MGJS and GMD be equal to 
two right angles. 

For, if the sum of JB^GJS 
and GSD is not equal to 
two right angles, let JGZf be 
drawn, making the sum of ITGZ/ 
and GJSD equal to two right 
angles ; then JL and CD will 
be parallel (P. XIX.) ; and consequently, we shall have two 
lines GJ3^ GJL^ drawn thi-ough the same point G and par- 
allel to (7Z>, which is impossible (A. 13) : hence, the sum 
of HGB and GHD^ is equal to two right angles ; which 
was to he proved. 

In like manner, it may be proved that the sum of HGA 
and GHC^ is equal to two right angles. 

Cor. 1. If HGB is a right angle, GHD will be a right 
angle also : hence, if a line is perpendicular to one of two 
parallels J it is perpendicular to the other also. 

Cor. 2. If a straight line meet twc parallels^ the alternate 
angles wiU he equal. 

For, if AB and CD are 
parallel, the sum of BGH and 
QSD is equal to two light 
angles ; the sum of BGS and 
' HGA is also equal to two right 
angles (P. I.) : hence, these sums 
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are equaL Taking away the 6ommon part J? (?^ there re* 
mains the angle QHD equal to MGA. In like manner, 
it may be shown that BGS and GHG are equal. 

Cor. ^. If a straight line meet two paraUelSy t/ie opposite 
exterior and interior angles will be equal. The angles DHG 
and HGA are equal, from what has just been shown. The 
angles SGA and BGE are equal, because they are verti- 
cal : hence, DHG and BGE are equal. In like manner, 
it may be shown that CHG and AGE are equal. 

Scholium, Of the eight angles formed by a line . cutting 
two parallel lines obliquely, the four acute angles are equal, 
and so, also, are the four obtuse angles; 




PROPOSITION XXI. THEOREM. \ / 

J^ two straight lines intersect a third line^ making the sum 
of the interior angles on the same side less t/ian two right 
angles^ the two lines will meet if sufficiently produced. 

Let the two lines (72>, IL^ meet the lino EF^ making 
the sum of the interior angles HGL^ GHD^ less than two 
right angles : then win IL and CD meet if sufficiently pro- 
duced. 

For, if they *do not meet, 
they must be parallel (D. 16). 
But, if they were parallel, the 
sum of the interior angles HGL^ 
QBD^ would be equal to two 
right angles (P. XX.), which is 
contrary to the hypothesis : hence, 
ZZ, CD^ will meet if sufficiently produced ; which was to he 
proved. 




tt 



geometry; 



CcT. It is evident that IL and (72>; will meet on that 
idde of EF^ on which the sum of the two angles is less 
than two right angles. 



PROPOSITION XXn. THEOBEM. 

If two Straight lines are parallel to a third line^ they are 
parallel to each other. 

Let AB and CD be respectively 
parallel to JEFi then will they be par- 
allel to each other. 

For, draw Pit perpendicular to 
EF\ then will it be perpendicular to 
AB, and also to CD (P. XX., C. 1) : 
hence, AB and CD are perpendicu- 
lar to the same straight Kne, and consequently, they are par- 
allel to each other (P. XV ILL) ; which was to be proved. 
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PROPOSITION XXni. THEOREM. 
Two parallels aie everywhere equally distant. 

Let AB and CD be parallel : then will they be every, 
where equally distant. 

From any two points of AB, as pft G 

F and F, draw FH and EG 

perpendicular to CD ; they will also be 

perpendicular to AB (P. XX., C. 1), I 

and win measure the distance between 

AB and CD, at the points F and JE Draw also FQ 

The lines FH and FG are parallel (P. XVm.) : henoe, 

the altei-nate angles HFG and FGF are equal (P. XX., C. 2). 

The lines AB and CD are parallel, by hypothesis : hence, 



B 
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/ 

the alternate angles EFG \ and FQM are equal The tri- 
angles FGE and^ FGH have, therefore, the angle HGF 
equal to GFE^ GFH equal to FGFL, and the side FG 
common ; they are, therefore, equal in all their parts (P. VI.) : 
hence, FS is equal to EG ; and consequently, AB and 
CD are everywhere equally distant ; which was to he proved. 

PROPOSITION XXIV. THEOEEM. 

If two angles have tJieir sides paraMel^ and lying either in 
the same, or in opposite directions, they wiU be equal. 

l^ Let the angles AEG and DEF have their sides 
parallel, and lying m the same direction : then will they be 




Prolong FE to i. Then, because 
3e and ii are parallel, the exterior 
angle jDEF 
terior an 

because _ 

exterior angle AijE is equal to its op- , ^ 

posite interior angle ABC : hence, DEF is equal to 

ABC ; which was to be proved. 

2°. Let the angles ABC and ffJZZT A 

have their sides parallel, and lying in op- j /M 

posite directions : then will they be equal, 
prolong Grir to M, Then, because 
ItJI and BM are parallel, the exterior 
angle Glut is equal to Jts opposite interior angle JETM^ : 
and because EM and Bu are parallel, the angle HMB 
i|,^qual to its alternate angle MB 6 (P. XX., C. 2) : hence, 
G3^ is equal to ABC \ which was to be proved. 

Cor. The opposite angles of a parallelogram are equaL 
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PROPOSITION XXV. THEOREM. 

In any triangle^ the sum of the three angles is eqtcai to two 

right angles. 

Let CBA be any triangle : then will the sum of the 
angles &, -4, and JB^ be equal to , 

two light angles^ t *$" B <i 

For, prolongs CA to i>, and draw /\ /"^ 

AE parallel to ^&. ^ ^ / \ / 

Then, since AK and CB are / \ / 

parallel, and tJJj cuts them, the ex ^ C A D ^ 

terior angle DAE is equal to its 

opposite, interior angle G (P. XX., C. S). In like maimer, 
since AE and CJ3 are ' parallel, and AB cuts them, the 
alternate angles ABC and BAE are eqijalj hence, the 
sum of the three angles of the ^tnapgle BA (7,' is equal to 
the sura of the angles uAb^ JBAE^ SAD ; but this sum 
is equal to two right angles (P. L, C. 2); consequently, tha 
sum of the three angles of the triangle, is equal to two 
*ight angles (A. 1) ; which was to be proved. 

Cor, 1. Two angles of a triangle being given, the third 
will be found by subtracting their sum from two right angles. 

Cor, 2. If two angles of one triangle are respectively 
equal to two angles of another, the two triangles are mutually 
equiangular. 

Cor, 3. In any triangle, there can be but one right angle; 
for if there were two, the third angle would be zero. Nor 
can a triangle have more than one obtuse angle. 

Cor, 4. In any right-angled triangle, the sum of the acute 
angles is equal to a right angle. 
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<7or. 6. Since every equilateral triangle is also equiangular 
(P. XL, C. 1), each of its angles will be equal to the third part 
of two right angles ; so that, if the right angle is expressed 
by 1, each angle, of an equilateral triangle, will be .expressed 
by |. 

Cor. 6. In any triangle ABGj the exterior angle BAD 
is equal to the sum of the interior om)osite angles i? and 
C. For, AE being parallel to J5(7, the part BAE is 
equal to the angles ji] and the other part JjAEj is equal 
to the angle C 



^ 



PEOPOSmON XXVI. THEOKpi. 

TJie sum of ths interior angles of a polygon is equal to 
two right angles taken as rrumy times as the polygon has 
sideSy less two. 

Let ABODE be any polygon : tnen will the sum of its 
interior angles A^ J5, C, 2), and E, be equal to two right* 
angles taken as many times as the polygon has sides, less 
two. 

From the vertex of any angle Aj draw 
diagonals AO^ AD. The polygon will be 
divided into as many triangles, less two, as 
it has sides, having the point A for a 
conmion vertex, and for bases, the sides of 
the polygon, except the two which form the 
angle A. It is evident, also, that the sum of the angles of 
these triangles does not differ from, the sum of the angles of 
the polygon : hence, the sum of the angles of the polygon is 
equal to two right angles, taken as many times as there are 
triangles; that is, as many times as the polygon has sides, 
less two ; which was to be proved. 
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Cot, 1. The sum of the interior angles of a quadrilateral 
is equal to two right angles taken twice ; that is, to four 
right angles. If the angles of a quadrilateral are equal, each 
will be a right angle. 

Cor, 2. The sum of the interior angles of a pentagon is 
equal to two right angles taken three times ; that is, . to six 
right angles : hence, when a pentagon is equiangular, each 
angle is equal to the fifth part of six right angles^, or to | 
of one right angle. 

Cor. 3. The sum of the interior angles of a hexagon is 
equal to eight right angles : hence, in the equiangular 
hexagon, each a^gle is the sixth part of eight right angles, 
or I of one right angle. 

Cor. 4. In any equiangular polygon, any interior angle is 
equal to twice as many right angles as the figure has sides, 
less four, divided by the number of angles. 

O 



PEOPosinoN xxvn. theorem. 

ThA 8um of the exterior angles of a polygon is equal to 
four right angles. 

Let the rides of the polygon ABCDE 
be prolonged, in the same order, forming 
the exterior angles a, b^ c^ d, e; then will 
the sum of these exterior angles be equal 
to four right angles. 

For, each interior angle, together with 
^ corresponding exterior angle, is equal 
to two right angles (P. I.) : hence, the sum of all the inte- 
rior and exterior angles is equal to two right angles taken 
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«8 many times aa the polygon has sides. Bat the sum of 
the interior angles is equal to two right angles taken as 
many times -as the polygon has sides, less two : hence, the 
sum of the exterior angles is equal to two right angles taken 
twice ; that is, equal to four .right angles ; which was to be 
proved. 

PEOPosrnoK xxrin. theobem. 

In any pardOelogram^ the opposite sides are equals each to 

each. 

Let AJBCD be a parallelogram : then 
will AB be equal to j9(7, and AD to 
BC. 

For, draw the diagonal JBD. Then, 
because A^. and J)U are parallel, the a. 
angle JDBA is equal to its alternate 
angle JSDG (P. XX., C. 2) : and, because AD and J? (7 
are parallel, the angle BDA is equal to its alternate angle 
DBG. The triangles ABD and CDB^ have, therefore, 
the angle DBA equal to CDB^ the angle BDA equal 
to DBCy and ^he included side DB common; consequently, 
they are equal in all of their parts ; hence, AB is equal 
to DC^ and AD to BC\ which was to be proved. 

Cor. 1. A diagonal of a parallelogram divides it into t\fo 
equal triangles. 

Cor. 2. Two parallels included between two other par- 
allels, are equal. 

Cor. 3. If two parallelograms have two ddes and the 
included angle of the one, equal to two sides and the included 
angle of the other, each to each, they will be equal. 
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PROPOsrnoir xxix, teteorem. 

Jf the opposite sides of a quadrilateral art equals each to 
eachy the figure is a paraUelogram. 

In the quadrilateral ABCD^ let AB 
be equal to DG^ and AD to BC \ 
then will it be a parallelogram. 

Draw the diagonal DB. Then, the A" 
triangles ABB and CBDj will have 
the sides of the one equal to the sides of the other, each to 
each ; and therefore, the triangles will be equal in all of their 
parts : hence, the angle ABB is equal to the angle CBB 
(P. X., S.) ; and consequently, AB is parallel to BC (P. 
XIX., C. 1). The angle BBC is also equal to the angle 
BDAy and consequently, BO is parallel to AB : hence, 
the opposite sides ai*e parallel, two and two ; that is, the 
figure is a parallelogram (D. 28) ; which was to be proved* 



PEOPoeinoN xsx. theorem. 

jTjT two sides of a quadrilateral are eqital and parallel^ the 
figure is a parallelogram. 

In the quadrilateral ABGBy let AB 
be equal and parallel to BGi then will 
the figure be a parallelogram. 

Draw the diagonal BB. Then, be- 
cause AB and BG are parallel, the 



angle ABB is equal to its alternate angle GBB, Now, 
the triangles ABB and CZ>J5, have the side BG equal 
to ABy by hypothesis, the side BB common, and the 
included angle ABB equal to BBG^ from what has just 
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been shown; hence, the triangles are equal in all their parts 
(P. V.) ; and consequently, the alternate angles ADB and 
DBG are equal. The sides BC and AD are, therefore, 
parallel, and the figure is a parallelogram ; which was to be 
proved. 

Cor. If two points be taken at equal distances ,from a 
line, and on the same side of it, the line joining them will 
be parallel to the given line. 



PEOPOSmON XXXI. TKEOEEM. 

The diagonals of a pa/raUehgram divide each other irUo 
equal partSj or mutually bisect each other. 

Let ABCD be a parallelogram, and 
A (7, B,D^ its diagonals : then will AJE 
be equal to JEJCj and B^ to JSD. 

For, the triangles BUG and AUD^ 
have the angles UBG and ADE equal 
(P. XX., C. 2), the angles ECB and DAE equal, and the 
included sides BG and AD equal: hence, the triangles 
are ^ual in all of their parts (P. VI.) ; consequently, AJS is 
equal to EGy and BE to ED \ which was to be proved. 

Scholium. In a rhombus, the sides -4J5, BGj being 
equal, the triangles AEB^ EBGy have the sides of the 
one equal to the corresponding sides of the other ; they are, 
therefore, equal: hence, the angles AEB^ BEG^ are equal, 
and therefore, the two diagonals bisect each other at right 
angles. 
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BATIOS AND PBOPOBTIOKS. 
DEFESnnONS. 

1. The Ratio of one quantity to another of the same 
kind, is the quotient obtained by dividing the second by the 
first. The first quantity is called the Antecedent, and the 
second, the Consequent. 

2. A Pbopobtion is an expression of equality between 
two equal ratios. Thus, 

4 " C ' 

expresses the &ct that the ratio of ^ to ^ is eqj^ to 
the ratio of O to D. In Geometry, the proportion is 
written thus, 

A : £ : : C I D, 

and read, JL is to J?, as C7 is to 2>. 

8. A Continued Pbopobtion is one in which several 
ratios are successively equal to each other ; as, 

A I £ : : : D : : B : F . . O : H, &o 

4. There are four terms in every proportion. The first 
and second form the first couplet^ and the third and fourth, 
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the second coupkt. The first and fourth terma are called 
extremes; the second and third, means^ and the fourth term, 
a fourth proportional to the other three. When the second 
term is equal to the third, it is said to he a mean proportional 
between the extremes. In this case, there are but three 
different quantities in the proportion, and the last is said to 
be a third proportional to the other two. Thus, if we have, 

A '. B \\ B . C, 

jS is a mean proportional between A and (7, and (7 is a 
third proportional to A and B. 

5. Quantities are in proportion by alternation^ when ante- 
cedent is compared with antecedent, and consequent with con- 
sequent. 

6. Quantities are in proportion by inversion^ when ante- 
cedents are made consequents, and consequents, antecedents. 

7. Quantities are in proportion by composition^ when the 
sum of antecedent and consequent is compared with either 
antecedent or consequent. 

8. Quantities are proportional by division^ when the differ- 
ence of the antecedent and consequent is compared either with 
antecedent or consequent. 

9. Two varying quantities are reeiprocdUy or inverseiy 
proportional, when one is increased as many times as the 
other is diminished. In this case, their product is a fixed 
quantity, as ccy = m. 

10. Equimultiples of two or more quantities, are the pro 
ducts obtained by multiplying both by the same quantity. 
Thus, mA and m^, are equimultiples of A and B. 



/ 
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PEOPOSinON I THEOREM. 

If four quantities are in proportion^ the product of ike 
'means will be equal to the product of the extremes. 

Assume the proportion, 

^ 7) 

A : JB : : O : D\ whence, j" = -^ > 

.^ clearing of fractions, we have, 

£G=zAD; 
which was to be proved. 

Cor. If J? is equal to C, there will be but three pro- 
portional quantities ; in this case, th^ square of the mean is 
equal to the product of the extreme, 

PBOPosiTioisr n. theoeem. 

If the product of two quantities is equal to the product of 
two other quantities^ two qf them may be made the 
means^ and the other two the extremes of a proportion. 

IS we have, 

AD = JBO, 

by changing the members of the equation, we have, 

BC =, AJD', 
dividing both members by AC^ we have, 

-2" = -^ , or A X B I \ C : D; 

which was to be proved. 
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FROPOsmoN m. theo^oesl. 

If four quantitUa are in proportion^ they toiU be in pro- 
portion by alternation. 

Assume the proportion^ 

A : JB : : G : D; whence, -j = -^» 

n 

Multiplying both niembers by -^, we have, 

— ^ — ; or, A : C :: JS : D; 

which tjoaa to be proved. 



PROPOSITION IV. THEOBEM. 

ijT one couplet in each of two proportions is the same, the 
other couplets toill form a proportion. 

Assume the proportions, 

A : JB : : G : D; whence, -j- =-^; 

JS €S- 
and, A \ B \ \ F \ Q\ whence, -j- = =• 

From Axiom 1, we have, 

• DO 

— ^ —; whence, O : B : : F : G; 

which was to be proved. 

Got. If the antecedents, in two proportions, are the same 
the consequents wiU be proportional. For, the antecedents 
of the second couplets may be made the consequents of tlie 
first, by alternation (P. m.). 
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PBOPOSmON V. THEOBBM. 

Jjy f^mr quantities are in proportion^ they wUl be in pro- 
portion by inversion. 

Asfliime the proportion, 

A : J3 : : G : D; whence, -j- = -j^ • 

If we take the reciprocals of both members (A. Y), we have, 

A C 

^ = ~ ; whence, £ : A : : D : C ; 

which toas to be proved. 

\ 



PROPOSITION VI. THEOREM. 

jgr four quantities are in proportion^ they toiU be in pro- 
portion by composition or division, 

Assmne the proportion, 

A : £ : : C : J); whence, -^ = -^ • 
' ^ A G 

If we add 1 to both members, and subtract 1 from both 
members, we shall have, 

^+l=-^+l; and, _-i = --i; 

whence, by reducing to a common denominator, we have, 

JB -h A D+G , £-A D-G , 

-^2 — = — c~* ' A "^ — 'G~' ^^^^^ 

A : JB+A : : O : J)+G, and, ^ : JB-A : ; G ; JD-^G 

a^ich u><M to be proved. 
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PBOPOsmoN vn. THEomaaii 

JBjuifnuUiplea of two quantities are prqportioncU to the guaiv^ 
titles themselves. 

Let A and J3 be any two quantities ; then --j will 
denote their ratio. 

If we multiply both terms of this fraction by m^ its 
value will not be changed; and we shall have, 

—J = -J ; whence, mA : mB i i A : JB ; 

which toaa to be proved. 



PROPOSITION Vm. THEOREM. 

j^ four qimntities are in proportion, amy equimtdtiples of 
the first couplet wiU be proportional to any equimultiples 
of the second couplet. 

Assume the proportion, 

A : J3 : : O : Di whence, --j- 1= -^ . 

If we multiply both terms of the first member by m, and 
both terms of the second member by n, we shall have, 

mB nD , ^ ^ ^ •^ 

— r = — ^ ; whence, mA : mB : : nO : fu>\ 

which was to be proved 
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PBOPosrcroN ix. thsobeh. 

If two quantities be increased or diminished by like parts 
of eachy the results toiU be proportioned to the quantities 
themselves. 

We have, Prop. VII., 

A I B I \ mA I mB. 

U we make m = 1 ± — , in which — is any fraction, 
we Bhall have, 

A : B :: A ±^A : B±^Bi 



which was to be proved. 



PROPOSITION X. THEOEEM. 

If both terms of the first couplet of a proportion be in^ 
creased or diminished by like parts of each ; and if both 
terms of the second couplet be increased or diminished by 
any other like parts of eachy the residts toiU be in pro- 
portion. 

Since we have, Prop, VILL, 

mA : mB : : nO : fU)} 

if we make m = 1 ± — , and, n = 1 ± ~ , we ahall 
have, 

A±^A : B±^B :: C7±^(7 : 2>±-^i>; 

which was to be proved. 
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PEOPOSinON XI. THEOBEM. 

In any continued proportion^ the sum of the antecedents is 
to the sum of the conseqttentSj as any antecedent to its 
corresponding consequent. 

From the definition of a continued proportion (D. 3), 



jET, &0., 



A 2 


jB : : (7 : 


B '.'. E 


X F .'. Q 


hence, 


T> "Wk 








JS B 
A ~ A ' 


whence, 


BA- AB 




B D 
A'^-Q* 


whence, 


BC=AB 




B F 


whence, 


BEz= AP 




B S 
A- G' 


whence. 


BO=.AH 




&o.. 




&0. 



Adding and &ctoring, we have, 

£{A + C + JS+Q + &<i.) z= A{JS +D+ F+ IT+Ac.) : 

hence, from Prc^sition IL, 

A + G + E+G + &0. : £ + I> + Jf%ir+&o. *: A : JB} 

which fi>asr to be proved. 
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psoposinoN xn. thbo£ei£. 

Jf two proportions be mvUiplied together^ term by tenuj the 
the prodiicte vnU be proportional. 

Assume the two proportions, 

A : JB : : C : D; whence, -j = -^ ; 

and, S : F : : G : M\ whence, ■= = ^. 

Multiplying the equations, member by member, we haye, 

JOX7 DJT 

2^ = -^^ ; whence, AE : BF : : CO : DIT; 

which was to be proved. 



Cor. 1. If the corresponding terms of two proportions 
are equal, each teim of the resulting proportion will be the 
square of the corresponding term in either of the given pro- 
portions : hence, If four qiLantities are proportional^ their 
squares wiU be proportional. 

Cor, 2. If the principle of the proposition be extended 
to three or more proportions, and the corresponding terms 
of each be supposed equal, it will follow that, like powers 
of proportional quantities are proportionals. 
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THE CIBCLB A.ND THS MBASITBSAIBNX OF ANGLES 

DEFINITIONS. 

1. A CiBCLB is a plane figure, 
bounded by a curved line, every point 
of which is equally distant from a point 
within, called the centre. 

The bounding line is called the eir- 
cum/erence. \ 

2. A Radius is a straight line drawn from the centre 
to any point of the circumference. 

3. A DiAMKTEB is a straight line drawn through the 
centre and terminating in the circumference. 

All radii of the same circle are equal. All diameters 
are also equal, and each is double the radius. 

4. An Arc is any part of a circumference. 

5. A Chobd is a straight line joining the extremities of 
an arc. 

Any chord belongs to two arcs : the smaller one is meant, 
unless the contrary is expressed. 

6. A Segment is a part of a circle inciuded between an 
arc and its chord. 

Y, A Sector is a part of a circle included within an 
an are and the radii drawn to its extremities. 
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8. An Inbcbibed Akgle is an angle 
whose vertex is in the dreumference, and 
whose sides are chords. 




9. An Inscribkd Polygon is a poly- 
gon whose vertices are in the drcnmfer- 
ence, and whose sides are chords. 




10. A Secant is a straight line which 
outs the circumference in two points. 

11. A Tangent is a straight line 
which touches the circumference in one 
point. This point is called, the paint of 
contact^ or, the point of tangency. 

12. Two circles are tangent to 
each other^ when they touch each 
other in one point. This point is 
called, the point of contact^ or the 
point of tangency. 

13. A Polygon is circumscribed about 
a circle^ when all of its sides are tangent 
to the circumference. 

14. A Circle is inscribed in a polygon^ 
when its circumference touches all of the 
rides of the polygon. 

POSTULATE. 

A drcumference can be described from any point as a 
c&ntre^ and with any radius* 
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PEOPOSinON I. THEOEEM. 

Any diameter divides the circle^ and alao its circumference^ 
into two equal parts. 

Let AEBF be a circle, and AB 
any diameter: then will it divide the 
circle and its circumference into two 
equal parts. 

For, let AFB be applied to AEB^ 
the diameter AB remaining common ; 
then will they coincide ; otherwise there would be some points 
in either one or the other of the curves unequally distant 
from the centre ; which is impossible (D. 1) : hence, AB 
divides the circle, and also its circumference, into two equal 
parts ; v^hich toas to be proved. 




PROPOsinoisr n. theorem. 
A diameter is greater than a/ny other chord. 

Let AJD be a chord, and AB a diameter through one 
eictremity, as A : then will AB be greater than AJD, 

Draw the radius CD, In the tri- 
angle ACD^ we have AD less than 
the sum o^ AG and CD (B. L, P. 
VJJ.). But this sum is equal to 
AB (D, 8) : hence, AB is greater 
than AD ; which was to be proved. 





6S OBOMETBY. 



PBOPOsnioDsr ni. theorem. 

A straight line cannot meet a circumference in more than 

two points. 

Let AEBF be a circumference, and 
AB a straight line : then AB cannot 
meet the circumference in more than two 
points. 

For, suppose that they could meet in 

three points. We should then have three ^ 

equal straight lines drawn from the same point to the same 
straight line ; which is impossible (B. L, P. XV., C. 2) : 
hence, AB cannot meet the circumference in more than 
two points ; vihich was to be proved. 

PEOPOeiTION IV. THEOREM. 

In equal circles^ equal arcs are subtended by equal chords / 
and conversely^ equal chords subtend equal arcs, 

1®. In the equal cir- 
cles AJ)B and JSG:F, 
let the arcs AMD and 
JSJSTG be equal : then 
will the chords AD and 
JSG be equal. 

Draw the diameters AB and JEJJF\ If the semi-circle 
ADB be applied to the semi-circle JE'ffjFJ it will coincide 
with it, and the semi-circumference ADB will coincide with 
the semi-circumference EGF. But the part AMD is equal 
to the part ENQ^ by hypothesis : hence, the point D will 
fiJI on Q ; therefore, the chord AD will coincide with 
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EG (A. 11), and is, therefore, equal to it ; which was to 
he proved. 

2®. Let the chords AD and JSQ be equal : then will 
the arcs AMD and JEN'G be equal. ^ 

Draw the radii CD and OG. The triangles A CD 
and JEJOG have all the sides of the one equal to the cor- 
responding sides of the other ; they are, therefore, equal in 
an their parts: hence, the angle A CD is equal to JEOG, 
If, now, the sector A CD be placed upon the sector EOG^ 
so that the angle A CD shall coincide with the angle EOGy 
the sectors will coincide throughout ; and, consequently, the 
arcs AMD and ENG will coincide : hence, they will be 
equal ; lohich was to be proved. i 



PROPOSITION' V. THEOEEM. 

In equal circleSy a greater arc is subtended by a greater 
chord ; and conversely ^ a greater chord subtends a greater 
arc. 

1°. In the equal circles 
ADZ and EGK, let the 
arc EGP be greater than 
the arc AMD : then will 
the chord EJP be greater 
than the chord AD. 

For, place the curcle EGK upon AJEELy so that the cen- 
tre shall fall upon the centre (7, and the point E upon' 
A ; then, because the arc EGP is greater than AMD^ the 
point P will faU at some point H^ beyond 2>, and the 
chord EP will take the position AM. 

Draw the radiir (74, CZ>, and CH. Now, the sides 
ACy CHy of the triangle ACS, are equal to the ddes 
ACj CD, of the triangle A CD, and the angle ACH is 
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D_H 



greater than A CD i hence, the side AJET^ or its equal JSPf 
is greater than the side AD (B. I., P. IX.) ; tohioh woe to 
be proved, 

2°. Let the chord JE!P^ 
k)T its equal AJET, be great- 
er than AD : then will the 
arc EGPy or its equal 
ADH^ be greater than 
AMD. 

For, if ADH were equal to AMD^ the chord AH 
would be equal to the chord AD (P. IV.) ; which is con- 
trary to the hypothesis. And, if the arc ADS were less 
than AMD^ the chord AH would be less than AD ; 
which is also contrary to the hypothesis. Then, since the 
arc ADH^ subtended by the greater chord, can neither be 
equal to, nor less than AMD^ it must be greater than 
AMD ; which was to he proved. 




Y 



PROPOSITION VI. TJQCEOREM. 



The radius which is perpendicular to a chords bisects that 
chords and also the arc subtended by it. 

Let CG be the radius which is 
perpendicular to the chord AB : 
then will this radius bisect the chord 
AB^ and also the arc AGB, 

For, draw the radii CA and CB, 
Then, the right-angled triangles CDA 
and CDB will have the hypothenuse 
GA equal to CB^ and the side CD 
common ; the triangles are, therefore, equal in all thdr 
parts : hence, AD is equal to DB, Again, because CG 
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b perpendicular to AB^ at its middle point, the diorde 
OA and GB are equal (B. I., P. XVI.) ; and consequently, 
the arcs GA and GB are also equal (P. IV".) : hence, CO 
bisects the chord AB^ and also the arc AOB \ which wm 
to he proved. 

Cor. A straight line, perpendicular to a chord, at its mid 
die point, passes through the centre of the circle. 

Scholmm. The centre (7, the middle point 2> of the 
diord AB^ and the middle point G of the subtended arc, 
are points of the radius perpendicular to the chord. But 
two points determine the position of a straight line (A. 11) : 
hence, any straight line which passes through two of these 
points, will pass through the third, and be perpendicular to 
the chord. ts^f^Ht^i 



PROPOSITION VII. THEOREM. 

Thrimgh any three points^ not in the same straight line^ one 
circumference may be made to pass^ and hut one. 

Let A, By and (7, be any three points, not in a 
strsdght line : then may one circumfer(»ice be made to pass 
through them, and but one. 

Join the points by the lines 
ABj BCy and bisect these lines 
by perpendiculars BE and FG : 
then will these perpendiculars 
meet in some point O. For, 
if they do not meet, they are 
parallel*; and if they are parallel, 

the line ABK^ which is perpendicular to DJB^ is also per- 
pendicular to KG (B. I., P. XX., C. 1) ; consequently, there 
are two lines BK and BF^ drawn through the 

5 
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point j9, and perpendicnlar to the same line KO ; which 
is impossible : hence, DE and FG meet in some point O, 

Now, O is on a perpendicu- 
lar to AB at its middle point, 
it is, therefore, equally 4^stant 
from A and B (B. I., P. XVI.). 
For a like reason, O is equally 
distant from B and C If, 
therefore, a circumference be de- 
scribed from as a centre, with a radius equal to 0-4, 
it will pass through -4, J?, and G. 

Again, O is the only point which is equally distant from 
A^ jB, and C : for, DIE contains all of the points which 
are equally distant from A and B\ and FQ all of the 
points which are equally distant from B and G \ and con- 
sequently, their point of intersection 0, is the only point 
that is equally disttot • from A^ JS, and G : hence, one 
circumference may be made to pass through these points, and 
but one ; which, loaa to be proved. 

Got. Two circumferences cannot intersect in more than 
two points ; for, if they could intersect in three points, there 
wotdd be two circumferences passing through the same three 
points; which is impossible. 



PROPOsmoic "vm. theobem. 

Jn equal circles^ equal chorda are equally distant firom the 
centres; and of two unequal chorda^ the less is at the 
greaJter distance from the centre. 

V*. In the equal circles AGS and FXO^ let th 
chords A G and KL be equal : then will they be equally 
distant from the centres. 
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For, let the circle KLG bo placed upon ACS^ so that 
the centre R shall fall upon the centre O^ and the point 
jff" upon the point A : 
then will the chord KL ^ 

coincide with AC (P. Mi 
IV.) ; and consequently, 
they will be equally dis- 
tant from the centre ; 
which loas to be proved. 




2°. Let AJ3 be less than -ffZ : then vnll it be at a 
greater distance from the centre. 

For, place the circle JTZG upon ACE^ so that J2 
shall fall upon O, and K upon A. Then, because the 
chord KL is greater than AB^ the arc KSL is greater 
than AMB ; and consequently, the point L will fall at a 
point (7, beyond J?, and the chord KL will take the 
direction A C, 

Draw OD and OE^ respectively perpendicular to AC 
and AB ; then will OE be greater than OF (A. 8), and 
OF than OD (B. L, P. XV.) : hence, OE is greater than 
OD, But, OE and OD are the distances of the two 
chords from the centre (B, L, P. XV,, C. 1) : hence, the less 
chord is at the greater distance from the centre ; which was 
to be proved. 



Scholium. AU the propositions relating to chords and arcs 
of equal circles, are also true for chords and arcs of one and 
the same circle. For, any circle may be regarded as made 
up of two equal circles, so placed, that they coincide in all 
their parts. 
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PROPOSITION EX. THEOBEM. 

](f a Straight line is perpendicular to a radiiLS at its eao- 
tremity^ it toiU be tangent to the circle at that point; 
conversely^ if a straight line is tangent to a circle a£ 
any point, it loiU be perpendicfula/r to the radius drawn 
to that point 

V. Let J3D be perpendicular to tiie radius CA^ at 
A : then will it be tangent to the circle at A, 

For, take any other point of 
J?Z>, as JEI, and draw C^ : 
then wiU CJEI be greater than 
CA (B. L, P. XV.) ; and con- 
sequently, the point JE will lie 
without the circle : hence, JBD 
touches the circumference at the 

point A ; it is, therefore, tangent to it at that point (D. 11); 
which was to be proved. 

2°. Let SD be tangent to the circle at A : then will 
it be perpendicular to CA. 

For, let JE be any point of the tangent, except the 
point of contact, and dra^ CM Then, because J)D Is a 
tangent, £1 lies without the circle ; and consequently, CJS 
is greater than CA : hence, CA is shorter than any other 
line that can be drawn from C to BD ; it is, therefore, 
perpendicular to JJD (B. L, P, XV., C. 1) ; which was to 
he proved. 

Cor, At a given point of a circumference, only one tan* 
gent can be drawn. For, if two tangents could be drawn, 
they would both be perpendicular to the same radius at the 
same point ; which is impossible (B. I., P. XIV.). 
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PROPOSITION X. THEOREM. 



TiDO parctUda intercept equai arcs of a circumference* 



There may be three cases: both parallels may be secaats; 
one may be a secant and the other a tangent ; or, both 
may be tangents. 

1^. Let the secants AB and DE be parallel : then 
will the intercepted arcs JOT and PQ be equal. 

For, draw tha. radius CH 
perpendicular to the chord 
MP ; it wiU also be per- 
pendicular to NQ (B. I., P. 
XX., C. 1), and jET will be at 
the jniddle point of the arc 
MHP^ and also of the arc 
NHQ : hence, MN"^ which is 
the difference of SN" and JEM^ 

is equal to PQ^ which is the difference of SQ and HP 
(A. 3) ; lohich was to be proved. 




2^. Let the secant AB and tangent DEy be parallel' 
then will the intercepted arcs MH and PH be equal. 

For, draw the radius CH 
to the point of contact jET; 
•it will be perpendicular to DS 
(P. IX.), and also to its par- 
aUel MP. But, because CH 
is perpendicular to MP, H 
is the middle point of the arc 
MHP (P. VI.): hence, MH 
and PH are equal; which 
was to be proved. 




70 



GEOMETRY. 



3°. Let the tangents DE and iZ be paraDel, and let 
JSr and K be their points of contact : then will the in- 
tercepted arcs HMK and HFK be equal. 

For, draw the secant AB 
parallel to DE ; * then, from 
what has just been shown, we 
shall have TTM eqnal to J7P, 
and MK equal to FK\ hence, 
HMKy which is the sum of 
HM and MK^ is equal to 
HFK^ which is the sum of 
HP and PK\ tohieh vxza to 
be proved. 




PEOPOsrnoN xl thboreil 

ff' two circumferences intersect each other^ the points of in- 
tersection toiU he in a perpendicular to the line joining 
their centres^ and at eqiud distances from it. 



Let the circumferences, whose centres are C and D, 
intersect at the points A and 
J3 : then will CZ> be perpen- 
dicular to ABy and AJP will 
be equal to PK 

For, the points A and J9, 
being on the circumference 
whose centre is (7, are equally 
distant fi'om G ; and being on 

the circumference whose centre is jD, they are equally dis- 
tant from Z>: hence, CD is perpendicular to AJS at its 
middle point (B. L, P. XVI., 0.) ; tohieh was to be proved 
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THEOBSM. 




1^ two circumferences intersect each other^ the distance itf- 
tteeen their centres will he less than the sum^ and greater* 
than the difference^ of their radii. 

Let the drcumferences, whoso centres are G and 2>, 
intersect at A : then will CD 
be less than the sum, and 
greater than the difference of 
the radii of the two circles. 

For, draw AC and -42>, 
forming the triangle ACD. 
Then wiU CD be less than 
the sum of AC and AD^ 

and greater than their difference (B. L, P. YJl.) ; which toaa 
to be proved, 

PROPOSITION Xni. THEOREM. 

^ the distance between the centres of two circles' is equal 
to tlie sum of their radii^ they will be tangent externally. 

Let C and D be the centres of two circles, and let 
the distance between the«centres be. equal to the sum of the 
radii : then will the circles be tangent externally. 

For, they will have a point 
A^ on the line CZ>, common, 
and they will have no other 
point in common ; for, if they 
had two points in common, the 
distance between their centres 
would be less than the sum of 
their radii ; which is contrary to the hypothesis : henee, they 
are tangent externally ; which was to be proved. 
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PBOPOSITION XIV. THEOREM. 

If the distance between the centres of two circles is equal to 
the difference of their radiij one wiU he tangent to the 
other internally. 

Let C and D be the centres of two circles, and let 
the distance between these centres be equal to the difference 
of the radii : then will the one be tangent to the other in- 
ternally. 

For, they will hare a point -4, on 
J9C, common, and they will have no ^ 
other point in common. For, if they 
had two points in common, the distance 
between their centres would be greater 
than the difference of their radii ; 
which is contrary to the hypothesis : 

hence, one touches the other internally ; which WOA to he 
proved. 

Cor, 1. If two circles are tangent, either externally or 
mternally, the point of contact will be on the straight line 
drawn through their centres. 

Cor, 2. All circles whose centres are on the same straight 
line, and which pass through a common point of that line, 
are tangent to each other at that point. And if a straight 
line be drawn tangent to one of the circles at their common 
point, it will be tangent to them all at that point. 

Scholium, From the preceding propositions, we infer that 
two circles may have any one of six positions with respect 
to each other, depending upon the distance between their 
centres : 

1^. When the distance between their centres is greater 
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than the sum of iheir radii, iheff are esei0maly one to the 
other: 

2°. When this distance is equal to the sum of the radii, 
the^ are tangent^ externally : 

3°. When this distance is less than the sum, and greater 
than the difference of the radii, they intersect each other : 

4**. When this distance is equal to the difference of theii 
radii, one is tangent to the other^ internally: 

5°. When this distance is less than the difference of the 
radii, OTie is whoUy within the other: 

6°. When this distance is equal to zero, they have a 
common centre; or, they are concentric 

PKOPOSITION XV. THEOBSM. V 

In eqiud cirdeSj radii making equal angles at the centre^ 
intercept equal arcs of the circumference ; concersely^ 
radii which intercut equal arcs^ make eqiuil angles at the 
centre. 

1®. In the equal circles AJ)£ and JEGI[ let the an* 
gles A CD and J^OG be equal: then will the arcs AMD 
and JBJIfG be equal. , 

For, draw the chords AD 
and JEG ; then will the tri- 
angles ACD and JEOG have 
two sides and their included 
angle, in the one, equal to 
two sides and their included 
angle, in the other, each to each. They are, therefore, equal 
in all their parts ; consequently, AD is equal to JSG, - 
But, if the chords AD and ^G are equal, the arcs AMD 
and JEJ^G are also equal (P. IV.) ; which was to be jprovedL 




T4 



GEOMETRY. 



2<». Let the axes AMD and ENQ be equal : then will 
the angles ACD and EOG be equaL 

For, if the arcs .AMD 
and ENG are equal, the 
chorda AD and EQ are 
equal (P. IV.) ; consequently, 
the triangles ACD and EOQ 
have their sides equal, each 
to each ; they are, therefore, 

equal in all their parts : hence, the angle A CD is equal 
to the angle EOG ; Vihich was to he proved. 




PROPOSITION XVI. THEOEEM. 

In equal circles^ commensurable angles at the centre are prih 
portional to their intercepted arcs. 

In the equal circles, whose centres are G and 0, let 

the angles ACD and DOE be commensurable; that is, 

let them have a common unit : then will they be propor- 
tional to the intercepted arcs AD and DE, 




Let the angle JIf be a common unit ; and suppose, for 
example, that this unit is contained 7 times in the angle 
ACB^ and 4 times in the angle DOE. Then, suppose 
ACB be divided into Y angles, by the radii Cm^ Cn^ Cp^ 
<fec. ; and D OE into 4 angles, by the radii Oas, Oy, and 
QsB, each equal to the unit M. 



BOOK Allv n 

From the last proposition, the aros Am^ nm^ Ao., Jte, 
ay J &C.J are equal to each other;, and because there are 1 
of these arcs in AJB^ and 4 in i>^ we shall have, 

arc AS : arc DU : : 7 : 4. * 

Bat, by hypothesis, we have, 

angle ACJB : angle DOJS :: 7 : 4; 

hence, from (B. 11., P. IV.), we have, 

angle AG^ : angle DOJS : : arc AB : are 2>JE 

K any other numbers than 7 and 4 had been used, the 
same proportion would have been found ; tohich toaa to be 
proved. 

Cor, If the intercepted arcs are commensurable, they will 
be proportional to the corresponding angles at the centre, 
as may be shown by changing the order of the couplets in 
the above proportion, 

PROPOSITION XVn. THEOREM. 

In equal circles, incommensurable angles are prcporHonal to 
their intercepted arcs. 

In the equal circles, whose 
centres are G and 0, let 
A Cn and FOB be incom- 
mensurable : then will they 
be proportional to the arcs 
AB and FH, 

For, let the less angle FOB, be placed upon the greater 
angle AGB^ so that it shall take the position ACD. 
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Then, it the propontion is not 
true, let ns suppose that the 
angle AC£ is to the angle 
FOir, or its equal ACDj 
as the arc AS is to an arc 
AOy greater than JEHJ or 
its equal AD; whence, 

angle ACB : angle A CD 




DI^ 



arc AD 



arc AO. 



Conceive the arc AD to be divided into equal juurts, 
each less than DO : there wiSL be at least one point of 
division between D and O ; let Z be that point ; and 
draw. GL Then the arcs AD^ AI^ will be commensura- 
ble, and we shall have (P. XVI.), 



angle A CD : angle A CI 



arc AD 



arc AI» 



Comparing the two proportions, we see that the antecedents 
are the same in both : hence, the consequents are propor- 
tional (B. n., P. IV., C.) ; hence, 



angle A CD : angle A CI 



arc AO 



arc AL 



But, AO is greater than AI : hence, if this proportion is 
true, the angle A CD must be greater than the angle A CI. 
On the contrary, it is less : hence, the fourth term of the 
proportion cannot be greater than AD, 

In a similar manner, it may be shown that the fourth 
term cannot be less than AD : hence, it must be equal to 
AD ; therefore, we have, 

angle ACD : angle ACD : : are AD * arc AD 

which was to be proved. 



Cor. 1. The intercepted arcs are proportional to the cor- 
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responding angles at tlie centre, as may be ahown by cluing' 
ing the order of the couplets in the precedipg proportion. 

Cor. 2. In equal circles, angles at the centre are pro- 
portional to their intercepted arcs ; and the reverse, whether 
they are conunensurable or incommensurable. 

Cor 3. In equal circles, sectors are propcniional to their 
angles, and also to, their arcs. 

Scholium. Since the intercepted arcs are proportional to 
the corresponding angles at the centre, the arcs may be 
taken as the measures of the angles. That is, if a circum- 
ference be described from the vertex of any angle, as a cen- 
tre, and with a fixed radius, the arc intercepted between the 
sides of the angle may be taken as the measure of th^ 
angle. In Geometry, the right angle which is measured by 
a quarter of a circumference, or a qtrndrant^ is taken as a 
unit. If, therefore, any angle be measured by one-half or 
two-thirds of a quadrant, it will be equal to one-half or 
two-thirds of a right angle. , 

JXi 
PEOPOsrnoN xvm. ^theorem. 

An inscribed angle is measured by half of the arc included 
between its sides. 

There may be three cases: the centre of the circle may 
lie on one of the sides of the angle ; it 
may lie within the angle ; or, it may 
fie without the angle. 

1^. Let EAD be an inscribed an- 
gle, one of whose sides AJB passes 
through the centre : then will it be 
measured by half of the arc DE. 
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For, draw the radios CD. TLe ertemal angle DCE^ 
of the triangle DCA^ is equal to the sum of the opposite 
interior angles GAD and CDA (B. L, P, XXV^ C. 6). 
But, the triangle DC A being isosceles, 
the angles D and A are equal ; 
therefore, the angle DCE is double 
the angle DAE. Because DCE is 
at the centre, it is measured by the 
arc DE (P. XVII., S.) : hence, the, 
angle DAE is measured by half of 
the arc DE ; which was to he proved. 




2°. Let DAB be an inscribed angle, and let the centre 
lie within it : then will the angle be measured by half of 
the arc BED. 

For, draw the diameter AE. Then, from what has just 
been proved, the angle DAE is measured by half of DE^ 
and the angle EAB by half of EB : hence, BAD, which 
is the sum of EAB and DAE, is measured by half of 
the sum of DE and jEB, or by half of BED ; which 
was to be proved. 



3^. Let BAD be an inscribed angle, and let the centre 
lie without it : then will it be measured by half of the arc 
arc BD. 

For, draw the diameter AE. Then, 
from what precedes, the angle DAE 
is measured by half of DE^ and the 
angle BAE by half of BE : hence, ^ 
BAD^ which is the difference of BAE 
and DAEy is measured by half of the 
difference of BE and DE^ or by 
half of the arc BD ; which was to be proved. 
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Cot. 1. All the angles BAG^ 
BBCy BECy inscribed in the same 
segment, are equal ; because they are 
each measured by half of the same 
arc BOG. * 



Cot. 2. Any angle BAD^ in- 
scribed in a semi-circle, is a right an- 
gle ; because it is measured by half 
the semi-circumference BOD^ or by 
a quadrant (P. XVII., S,). 




Cor. 3. Any angle BAC^ in- 
scribed in a segment greater than a 
semi-circle, is acute ; for it is mea- 
sured by half the arc BOC^ less 
than a semi-circumference. 

Any angle BOG^ inscribed in a 
segment less than a semi-circle, is 
obtuse ; for it is measured by half the arc BA (7, greater 
than a semi-circumference. 




Cor. 4. The opposite angles A 
and (7, of an inscribed quadrilateral 
ABGD^ are together equal to, two 
right angles; for the angle DAB 
is measured by half the arc DGB^ 
the angle BGB by half the are 

DAB : hence, the two angles, taken together, are mea- 
sured by half the drcumfeience : hence, their sum is equal 
Co two right angles. 
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PKOPOSmON XIX. THEOREM. 

Any angk formed by two chords^ which intersect^ is rneoF 
sured by half the sum of ths included arcs. 

4 Let DJEJB be an ^ngle formed by the intersection of 
the chords AJB and CD : then will it be measured by 
half the sum of the arcs AC and DJB. 

For, draw AJP parallel to DC: 
then, the arc DF will be equal to 
AC (P. X.), and the angle ITAB 
equal to the angle DJSB (B. L, P. 
XX., C. 3). But the angle lAB is 
measured bj half the arc FDD (P. 
XV 111.) ; therefore, DFD is measured 
by half of JFDD ; that is, by half the sum of FD and 
DD^ or by half the sum of AC and DD ; which w€i$ to 
be proved. 

PROPOSITION XX. THEOREM. 

The angle formed by two secants^ is measured by ha{f the 
difference of the included arcs. 

Let ADy ACy be two secants : then will the angio 
DAC be measured by half the differ- 
ence of the arcs DC and DK 

Draw DF parallel to AC : the 
arc FC will be equal to DF (P. X), 
and the angle DDF equal to the an* 
gle DAC (Bu I., P. XX., C. 3.). But 
BDF is measured by half the arc 
BF (P. XVni.) : hence, DAC is 
also measured by half the arc DF ; 
that is, by half the difference of DC 
and FCi or by half the difference of DC and DF; which 
was to be proved. 
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PEOPOSmON XXL THEOEEM. 

An angle formed by a tangent and a chord meeting it at 
the point of contact^ is measured by half the included, 
arc. 

Let BE be tangent to the circle AMC^ and let AC 
be a chord drawn from the point of contact A : then 
wiU the angle BAG be measured 
by half of the arc AMC. 

For, draw the diameter AD, 
The angle BAD is a right angle 
(P. IX.), and is measured by half 
the semi-circumference AMD (P. 
XVn., S.) ; the angle DAG is 
measured by half of the arc DG 
(P. XVni.) : hence, the angle BAG^ 

which is equal to the sum of the angles BAD and DAGy 
is measured by half tl^e sum of the arcs AMD and 2) (7, 
or by half of the arc AMG ; which was to he proved. 

The" angle GAE, which is the difference of DAE and DAG, 
is measured by half the difference of the arcs DGA and DC^ 
or by half the arc GA. 

6 




PRAOTIOAL APPUOATIONS. 



PBOBLEir 



To bisect a given straigJU line. 

Let A B be a given straight line. 

From A and B^ as centres, with 
a radius greater than one half of AB^ 
describe arcs intersecting at E and 
Fi join E and F^ by the straight 
line EF. Then will EF bisect the +— 
given line AB. For, E and F 
are each equally distant from A anJ 
B\ and consequently, the line EF 
bisects AB (B. L, P. XVL, C). 



>^ 






PROBLEM n. 



To erect a perpendicular to a given straight line^ at a given 
point of that line. 

Let EF be a given line, and let ^ be a given point on 
that line. ^i^ 

From Aj lay off the equal /T^ 

distances AB and'jiC7; from 
B and (7, as centres, with a ^ 

vadius greater than one half E B 
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of IjC^ describe arcs intersecting at D\ draw tie line ADi 
then will AD be the perpendicular required. For, D and A 
are each equally distant from JB and (7; consequently, JDA is 
perpendicular to BC (B. I., P. XVL, C). 



PEOBLEM in. 



To draw a perpendicular to a given straight linej from a 
given point without that line. 

Let SI> be the given line, and A the given point. 

From ^, as a centre, with a ra- 
dius sufficiently great, describe an arc 
cutting JBD in two points, JB and 
2> ; with S and D as centres, and 
a radius greater than one-half of BD^ 
describe arcs intersecting at JEJ; draw 
AJS : then will AJS be the perpendi- 
cular required. For, A and J? are each equally distant 
from J? and J) : hence, AS is perpendicular to £D 
(B. L, P. XVL, C). 



B^ 



r 



^ 



PROBLEM IV. 

At a point on a given line, to construct an angle equal to 
a given angle. 

Let A be the given point, AlB the given line, and 
IKI, the given angle. 

From the vertex JT as a Op 

centre, -with any radius KIj ^y^^ ^y^\^ 

describe the arc ZE, terminat- j^ ^^^^'^^ . \ ^^ \ 
mg in the sides of the angle. 
From ^ as a centre, with a radius ABy equal to KI^ 
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4escribe the indefinite arc £0 ; then, with a radius equal 
to the chord Xij fi-om j& as a centre, describe an arc 
cutting the arc J^O ia D ; 
draw AD : then will JBAD 
be equal to the angle IT. 

For, the arcs ^2>, ZL, 
have equal radii and equal 

chords : hence, they are equal (P. IV.) ; therefore, the angles 
SAD, IKLy measured by them, are also equal (P. XV.). 




PEOBLEM V. 




To bisect a given arc^ or a given angle, 

1°. Let AJEJB be a given arc, and G its centre. 

Draw the chord AB ; through (7, 
draw CD perpendicular to AD (Prob. 
m.) : then will CD bisect the arc 
ABB (P. VL). 

2^ Let A CD be a given angle. 

With C as a centre, and any 
radius CD, describe the arc DA ; 
bisect it by the line (7Z>, as just 
explained : then will CD bisect the angle A CD. 

For, the arcs AJEJ and £JD are equal, from what was 
just shown ; consequently, the angles ACE and ECB are 
also equal (P. XV.). 

Scholium. If each half of an arc or angle be bisected, 
the original arc or angle will be divided into four equal 
parts ; and if each* of these be bisected, the original arc or 
angle will be divided into eight equal parts ; and so on. 
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PEOBLEM VI. 

Thraagh a given pointy to draw a line parallel to a given 

line. 

Let A he Sk given point, and £0 a given line. 

From the point ^ as a centre, 
with a radius AJEJ^ greater than the 
shortest distance from A to -B<7, 
describe an indefinite arc £!0 ; from 
JE! aa Sk centre, with the same ra- 
dius, describe the arc AF; lay off 
^D equal to AF^ and draw AD ; 
parallel requiijed. 

For, drawing AJEJ^ the angles AEF^ EAJD^ are equal 
(P. XV.) ; therefore, the lines AD, EF are parallel (B. L, 
P. XIX., C. 1.). 




then will AD be the 



PBOBLEM Yn. 



Given, two angles of a triangle, to construct the third 

angle. 

Let A and D be given angles of a triangle. 

Draw a line DF, and at some 

point of it, as F, construct the an- 

rgle FFir equal to A, and BFG 

equal to D. Then, wiU CFD be 

equal to the required angle. 

For, the sum of the three angles at j& is equal to two 
right angles (B. I., P. I., C. 3), as is also the sum of the 
three angles of a triangle (B. I., P. XXV.). Consequently, 
the third angle CFD must be equal to the third angle of 
the triangle. 
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PROBLEM VnL 



Give7^ two sides and the included angle of a triangUy to 
construct the triangle. ^ 

Let J3 and C denote the given sides, and A the given 
angle. 

Draw the indefinite line DJFl ^ 

and at D construct an angle 




JFDJEJ^ equal to the angle -4 ; on ^ ^ 

DJPy lay off DJI equal to the D p -^^-j 

side (7, and on DJEIj lay off —S 

DG equal to the side -B ; draw 

OIT: then will DGJI be the required triangle (B, L, P. V.). 



PROBLEM IX. 

Oiven^ one side and two angles of a triangle^ to construct 

tJie triangle. 

The two angles may be either both adjacent to the given 
Side, or one may be adjacent and the other opposite to it. 
In the latter case, construct the third angle by Problem VIL 
We shall then have two angles and their included side. 

Draw a straight line, and on it 
lay off DE equal to the given Q^ ^^ 

side ; at I> construct an angle ''"•''' 

equal to one of the adjacent an- 
gles, and at JS construct an angle 
equal to the other adjacent angle ; 

produce the sides DF and EG till they intersect at H\ 
then wUl DER be the triangle required (B. I, P. VL). 
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PROBLEM X. 

CHvetij the three sides of a triangle^ to construct the tri- 

ungle. 

Let -4, -B, and (7, be the given sides. 

Draw DJE^ and make it equal 
to the side A ; from j^ as a 
centre, with a radius equal to the 
fflde Bj describe an arc ; from JS M 




as a centre, with a radius equal q , 

to the side (7, describe an arc 

intersecting the former at F\ draw I>F and EF i then 

will DFF be the triangle required (B. I., P. X.). 

Scholium. In order that the construction may be possiblei 
any one of the given sides must be less than the sum of the 
other two, and greats than their difference (B. I., P. VII., S.). 



PROBLEM XL 



"^JjM / > 1.-^' 



GiveJij two sides of a triangle, and the angle opposite one 
of theniy to construct the triangle. 

Let A and B be the given sides, and the given 
angle. 

Draw an indefinite line 2>6r, 
and at some point of it, as JD, 
construct an angle GJDF equal 
to the given angle ; on one side 
of this angle lay off the distance 
BF equal to the side B adjacent 
to the given angle ; from F as 
a centre, with a radius equal to the side opposite the given 
angle, describe an arc cutting the side BG at G; draw 
FG. Then will BFG be the required triangle. 
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For, the sides BE and EG are e^lual to the given 
sides, and the angle 2>, opposite one of them, is eqnal to 
tixe given angle. 

Scholium, When the side opposite the given angle is 
greater than the other given side, there will be but one 
solution. When the given angle is acute, and the side 
opposite the given angle is less 

than the other given side, and -^' ' ^^^ 

greater than the shortest dis- ^* ' ~ 

tance from E to DG^ there ^a-^^^^'^v 

will be two solutions, DEG j^ ^^^^'^'^^x ^s_ 

and DEF. When the side ^ v.. ./^ 

opposite the given angle is 

equal to the shortest distance from E Xo DG^ the arc 
will be tangent to DG^ the angle opposite DE will be 
a right angle, and there will be but one solution. When 
the side opposite the given angle is shorter than the distance 
from jET to DGy there will be no solution. 

PBOBLEM Xn. 

GiveUy two adjacent sides of a parallelogram and their 
indicded angle^ to construct the parallelogram. 

Let A and £ be the ^ven sides, and C the given 
angle. 

Draw the line DITy and 
at some point as J>, construct 
the angle EDF equal to the 
angle (7. Lay off DE equal 
to the side -4, and DF equal 



angle (7. Lay off DE equal D^^ X H 




f 



L 



Ai 

to the side B ; draw FG g, , 

parallel to DE^ and EG par- 
allel to BF' then will BFGE be the parallelogram re. 
quired. 
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For, the opposite sides are parallel hj construction ; and 

consequently, the figure is a parallelogram (D. 28) ; it is 
also formed with the given sides and given angle. 



PEOBLEM xm. ^ 

To find the centre of a given circumference. 

Take any three points Ay 
Sy and (7, on the circumference 
or arc, and join them by the 
chords -4-B, J3C; bisect these 
chords by the perpendiculars 1>JS 
and FG : then will their point 
of intersection 0, be the centre 
required (P. 711.). 

Scholium. The same construc- 
tion enables us to pass a circumference through any three 
points not in a straight line. If the points are vertices ^of 
a triangle, the circle will be circumscribed about it. 




PROBLEM XIV. 

Through a given pointy to draw a tangent to a given circle. 

There may be two cases : the given point may lie on 
the circumference of the given circle, or it may lie without 
the given circle. 

1^. Let C be the centre of the 
given circle, and A a point on the 
circimiference, through which the tan- 
gent is to be drawn. 

Draw the radius CA^ and at A 
draw AD perpendicular to AO: then 
will AJ) be the tangent required (P. IX.). 
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2**. Let C be the centre of the given circle, and A a 
point without the circle, through which the tangent is to bo 
drawn. 

Draw the line AG \ bisect it at 
0, and £^'om as a centre, with a 
radius 0(7, describe' the circumference 
ABCD\ join the point A with the 
points of intersection D and B : 
then will both AD and AB be 
tangent to the given circle, and there 
will be two solutions. 

For, the angles ABG and ADG 
are right angles (P. XVm., C. 2) : 

hence, each of the lines AB and AD is perpendicular to 
a radius at its extremity ; and consequently, they are tangent 
to the given circle (P. IX.). 

CoroUary. The right-angled triangles ABG and ADG^ 
have a common hypothenuse AGj and the side BG equal 
to DG\ and consequently, they are equal in aU their parts 
(B. I., P. XVn.) : hence, AB is equal to AD, and 
the angle GAB is equal to the angle GAD, The tan- 
gents are therefore equal, and the line AG bisects the 
angle between them. 



PBOBLEH XV. 
To inscribe a circle in a given triangle. 
be the given 



Let ABG 

triangle. 

Bisect the angles A and 
By by the lines AG and 
BOy meeting in the point 
(Prob. V.) ; from the point 
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let fall the perpendiculars 0J9, OE^ OF^ on the sides of 
the triangle : these perpendiculars will all be equal. 

For, in the triangles BOD and BOE^ the angles OBE 
and OBD are equal, by construction ; the angles ODB^ 
and OEB are equal, because both are right angles ; and 
consequently, the angles BOD and BOE are also equal 
(B. I., P. XXV., C. 2), and the side OB is common ; and 
therefore, the triangles are equal in all their parts (B. L, 
P. VI.) : hence, OD is equal to OE, In like manner, it 
may be shown that OD is equal to OF, 

From as a centre, with a radius OD^ describe a 
circle, and it wiU be the circle required. For, each side is 
perpendicular to a radius at its extremity, and is therefore 
tangent to the circle. 

CoroUary. The lines that bisect the three angles of a 
triangle all meet in one point. 



PEOBLEM XVI. 



V 



On a given linej to construct a segment that shaU contain 
a given angle. 

Let AB be the given line. 





Produce AB towards D\ at J? construct the angle 
DBE equal to the given angle draw BO perpendicular 
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to BEj and at the middle point O^ of AB^ draw GO 
perpendicular to AB ; from their point of intersection 0, 
as a centre, with a radius OB^ describe the arc AMB\ 
then will the segment AMB be the segment requi]:ed. 





For, the angle ABF^ equal to EBB^ is measured by 
half of the arc AKB (P. XXI.) ; and the inscribed angle 
AMB is measured by half of the same arc : hence, the 
angle AMB is equal to the angle EBD^ and conse- 
quently, to the given angle. 



BOOK IV, 

MEASUEEMBNT AND EBLATION OF POLTOONS. 
DEJblJNlTlONS. 

1. Sdolab Polygons, are polygons wldch are mutually 
equiangular, and wliicli have* the sides about the equal angles, 
taken in the saiffe order, proportional. 

2. In similar polygons, the parts which are similarly 
placed in each, are called homologous. 

The corresponding angles are homologous angles^ the 
corresponding sides are homologous sideSj the con*esponding 
diagonals are homologous diagonaiSy and so on. | 

3. SnknLAE Aecs, Sectors, or Segments are those which 
correspond to equal angles at the centre. 

Thus, if the angles A and are 
equal, the arcs £JFG and DGJEJ are 
similar, the sectors *BAG •and DOE 
are similar, and the segments BFG 
and DQE are similar. 

4. The Altetudb op a Triangle, is the perpendicular 
distance from the vertex of either an- 
gle to the opposite side, or the opposite 
side produced. 

The vertex of the angle from which 
the distance is measured, is called the 
vertex of the triangle^ and the opposite 
dde, is called the hose of the triangle. 





GEOMETRY. 

6. iSie Altotidb op a Paballelogham, is the perpen- 
diculax distance between two opposite 
sides. * 

These ^des are called hoses ; one the 
upper^ and the other, the lower base. 

6, The ALTEniDB op a Tbapezoid, is the perpendicular 
distance between its parallel sides. 

These sides are called bases ; one the 
uppeTy and the other, the lower base. 



1. The Arva 07 a Subfagb, is its nmnerical value 
expressed in terms of some other surface taken as a uniU 
Tbe unit adopted is a square described on the linear unit, 
as a side. 

PROPOSITION I. THEOREM, 

Parallelograms which have equal bases and equal dltitudeSj 

are equal. 

Let the parallelograms ABGD and EFOH have equal 
bases and equal altitudes : then will the parallelograms be 
equal. 

For, let them be so placed 
that their lower bases shall 
coincide ; then, because they 
have the same altitude, their 
upper bases wiU be in the 
same line i>ff, parallel to AB, 

The triangles DAH and CBG^ have the sides AB and 
BC equal, because they are opposite sides of the parallel- 
ogram -4(7 (B. L, P. XXYHI.) ; the sides AH and BQ 
equal, because they are opposite sides of the parallelogram 
AQ \ the angles DAH and GBQ equal, because their 
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mdes are parallel and lie in tlie same direction (B. L, 
P. XXIV.) : hence, the triangles are equal (B. I., P. V.). 

If from the quadrilateral ABGD^ we take away the tri- 
angle DAH^ there will remain the parallelogram AG \ i£ 
from the same quadrilateral AJBGD^ we take away the tri- 
Ixiangle CJBG^ there will remain the parallelogram AC: 
hence^ the parallelogram AG is equal to the parallelogram 
EG (A. 3} ; which was to be proved. 



PBOPOSinoN n. theorem. 

A triangle is equal to one-half of a parallelogram having 
an equal base and an equal altitude. 

Let the triangle ABC, and the parallelogram ABFD^ 
have equal 'bases and equal altitudes : then will the triangle 
be equal to one-half of the parallelogram. 

For, let them be so 

placed that thd^ base of I^ ^-^ — ^W^ ^ 

the triangle shall coin- 
cide with the lower base 
of the parAelogram ; 
then, because they have equal altitudes, the vertex oi the 
triangle vdll lie in the upper base of the parallelogram, or 
in the prolongation of that base. 

From -4, draw AE parallel to -B(7, forming the par- 
allelogram ABCE. This parallelogram wiU be equal to 
the parallelogram ABFD^ from Proposition I. But the 
triangle ABC is eqtlal to half of the parallelogram ABCB 
(B. L, P. XXVin., 0. 1) : hence, it is equal to half of 
the parallelogram ABFD (A. 1) ; which was to be proved 

Cor. Triangles having equal bases and equal altitudes are 
equal, for they are halves of equal parallelogramg. 




B A B 
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PROPOSITION" HL THEOEEM, 

Rectangles having equal hltitudes^ are proportional to their 

bases. 

There may be two cases : the bases maj be commensa- 
rable, or tliey may be incommensurable. 

1°. Let ABGD and SEFK^ be two rectangles whose 
altitudes AD and SK are equal, and whose bases AB 
and HE are commensurable : then will the areas of the 
rectangles be proportional to their bases. 



D 
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H 




a: 



Suppose that AB is to SJEJ^ as 7 is to 4. Conceive 
AB to be divided into 7 equal parts, and BOS into 4 
equal parts, and at the points of division, let perpendiculars 
be drawn to AB and SE. Then will ABCD be divi- 
ded into 7, and HEFK into 4 rectangles, all of which will 
be equal, because they have equal bases and equal altitudes 
(P. I.) : hence, we have, 



ABCD 



BEFK 



4. 



But we have, by hypothesis, 
AB : HE 



4. 



From these proportions, we have (B. 11., P. IV.), 
ABCD : HEFK : : AB : HE. 

Had any other numbers than 7 and 4 been used, the same 
proportion would have been found ; which was to be pravedM 
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2^, Let the bases of the rectangles be incommensurable : 
then will the rectangles be proportional to their bases. 

For, place the rectangle HEFK 

upon the rectangle ABCD^ so that D F R C 

it shall take the position AEFD. 
Then, if the rectangles are not pro- 
portional to their bases, let us sup- Jf j; 10 l3 

pose that 

ABGB : AEFD :: AB : A0\ 

in which AO is greater than AE. Divide AB into 
equal parts, each less than OE ; at least one point of 
division, as Jj will fall between E and ; at this point, 
draw IK perpendicular to AB. Then, because AB and 
AI are commensurable, we shall have, from what has just 
been shown, 

ABGD : AIKB x x AB : AI. 

The above proportions have their antecedents the same 
in each ; hence (B. IT., P. IV., 0.), 

AEFD : AIKB : : AO : AL 

The rectangle AEFD is less than AIKD\ and if the 
above proportion were true, the line AO would be less 
than AI ; whereas, it is greater. The fourth term of the 
proportion, therefore, cannot be greater than AE. In like 
manner, it may be shown that it cannot be less than AE \ 
consequently, it must be equal to AE : hence, 

ABCD : AEFD x x AB AE \ u 

uihich toas to be proved. 

Cor. If rectangles have equal bases, they are to each 
other as their altitudes. 
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V 



PROPOSITION IV. THEOREM. 



II 



E 



G^ 



Any two rectangles are to each other as the products of 
their bases and altititdes. 

Let ABCD and AEQF be two rectangles: then wiB 
ABCD be to AEGF, as AB x AD is to AJS x AF. 

For, place the rectangles so 
that the angles DAB and FAF 
shall be opposite or vertical ; 
then, produce the sides CB 
and GF tiU they meet in JS^ 

The rectangles ABCD and 
ABHE have the same altitude 
AD : hence (P. HI.), 

ABCD : ADHE : : AB i AM 

The rectangles ADHE and AEOF have the same 
altitude AE : hence, 



5 



ADHE 



AEOF 



AD 



AF. 



Multiplying these proportions, term by term (B. IL, P. 
Xn.), and omitting the common factor ADHE (B. IL, 
P. Vn.), we have, 

AlBCD : AE&F : : AB x AD : AE x AF; 
which was to be proved. 

Scholium 1. If we suppose AE and AF^ each to bi 
«qual to the Unear unit, the rectangle AEQF will be thv 
euperficial unit, and we shall have, 



ABCD 



AB xAD 
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ABCD = AJB xAD : 

hence, the area of a rectangle is equal to the product <^ 
its base and altitude ; that is, the number of superfickd 
units in the rectangle, is equal to the product of the number 
of linear units in its base by the number of linear units m 
its altitude. 

Scholium 2. The product of two lines is sometimes callel 
the rectangle of the lines, because the product is' equal im 
the area of a rectangle constructed with the lines as sides. 

PEOPOSITION V. THEOREM. 

The area of a parallelogram is equal to the product of 0$ 
'^ase and altitude. 

Let ABCD be a parallelogram, AB its base, and BI 
its altitude: then will the area of ABCD be equal t« 
AB X BE. 

For, construct the rectangle 
ABEF^ having the same base 
and altitude : then will the rec- 
tangle be equal to the parallelo- 
gram (P. I.) ; but the area of the 
rectangle is equal to AB x BE\ 

hence, the area of the parallelogram is also equal to 
AB X BE ; ijohich was to he proved. 

Cor. Parallelograms are to each other as the producte 
of their bases and altitudes. K their altitudes are equal, 
they are to each other as their bases. If their bases are 
equal, they are to each other as their altitudes. 
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PROPOSITION VI. THEOREM. 




The area of a triangle is equal to hxdf the product of ite 
base and altitude. 

Let ABC be a triangle, BG its base, and AD its 
sdtitude : then will the area of the triangle be equal to 
^BG X AD. 

For, from C, draw CE 
parallel to BA^ and from A^ 
draw AE parallel to <JB. The 
area of the parallelogram BGEA 
IB BG X AD (P. V.) ; but the 
triangle ABG is half of the par- 
allelogram BGEA : hence, its area is equal to iBG X AD ; 
which was to be proved. 

Gor. l» Triangles are to each other, as the products of 
their bases and altitudes (B. IT., P. VII.). If their alti- 
tudes are equal, they are to each other as their bases. If 
their bases are equal, they are to each other as their alti- 
tudes. 

Cor, 2. The area of a triangle is equal to half the pro- 
duel of its perimeter and the radius of the inscribed drde. 

For, (et DEE be a circle 
inscribed in the triangle ABG. B 

Draw ODj OE, and OF, to 
the points of contact, and OA, 
OB, and 0(7, to the verti- 
oes. 

The area of OBG will be 
equal to \0E X BG ; the 
area of OAG will be equal to \0F y. AG \ and the area 
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of OAB wiU be equal to \0D y. AB ; and since OB^ 
OJEJ^ and OF^ are equal, the area of the triangle ABC 
(A. 9), will be equal to ^OD {AB ■\' BG + CA). 



PROPOSITION Vn. THEOREM. 

The area of a trapezoid is equal to the product of its oM' 
tude and half the sum of its parallel sides. 

Let ABCB be a trapezoid, BJS its altitude, and AB 
and B G its parallel sides : then will its area be equal to 
BBx i{AB +BG). 

For, draw the diagonal AGj form- 
ing the triangles ABG and AGB. 
The altitude of each of these trian- 
gles is equal to BE, The area of 
ABG is equal to ^AB x BE (P. A E ^B 

VI.) ; the area of A GB is equal to 

\B G X BE : hence, the area of the trapezoid, which is the 
sum of the triangles, is equal to the sum of \AB x BE 
and iBG x BE, or to BE x i{AB + BG) ; ujhich was 
to be proved. 




PROPOSITION vin. 



THEOREM. 



The square described on the sum of two lines is equal to 
the sum of the squares described on the lineSf increased 
• Jy twice the rectangle of the lines. 

Let AB and BG be two lines, 
and A G their sum : then will 

AC'' = AB^ + BG"" + 2AB x BG. 

On AC, construct the square 
AGBE\ from B^ draw BH par- 
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allel to AE \ lay off AF equal to AB^ and from 
F, draw FG parallel to AC : then will IQ and IH be 
each equal to JSC ; and ZB and IF^ to udjB. 

The square ACDE is composed 
of four parts. The part ABIF is E H P 

a square described on AJB ; the part 
IGDH is equal to a square described 
on BC \ the part BCGI is equal 
to the rectangle of AB and BG ; 
and the part FIHE is also equal tp ^ B C 

t^e rectangle of AB and jBC^ : and 

because the whole is equal to the sum of all its parts (A. 9), 
we have, 

AG'' = AS' + BG^ + ^AB x BG ; 

tffhich vsas to he proved. 

Got. If the lines AB and BG are equal, the four 

parts of the square on AG will also be equal : hence, the 

square described on a line is equal to four times tJie square 
described on half the line. 



!> 



pROPOsrnoiT ix. 



THEOREM. 



Ths square described on the difference of two lines is equal 
to the sum of the squares described on the lines^ dimin- 
ished by twice the rectangle of the lines. 

Let AB and BG be two lines, and AG their differ- 
e»ce : then will 

AG'' = aW + BG^ - <1AB X BG. 

On AB construct the square ABIF; from G draw 
C€^ parallel to BI ; lay off GB equal to AGj and 
fiK>m I) draw BB!" parallel and equal to BA ; complete 
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die square EFLK \ then will EK be equal to BCy and 
EFLK will be equal to the square of JBC, 

The whole figure ABILKE is 
Cijual to the sum of the squares 
described on AJ3 and J3G. The 
part GBIG is equal to the rect- 
angle of AB and BG \ the part 

DGLK is also equal to the rect- yr q — g 

angle of AB and BG. If from 

the whole figure ABILKE^ the two parts GBIO and 
DGLK be taken, there will remain the part AGBEy 
which is equal to the square of AG \ hence, 

AG'' = AB" + BG^ - 2AB x BG ; 
loAicA «?6W ^0 be proved. 
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PROPOSITION X; THEOREH. 

The rectangle contained by the sum and difference of two 
linesj is equal to the difference of their squares. 

Let AB and BG be two lines, of which AB is the 
greater : then will 

{AB + BG) {AB - BG) = AB" - BU^* 



G I 



H 



D 



On ABy construct the square 
ABIF ; prolong AB^ and make 
BE equal to BG; then will AE E 
be equal to AB + BG ; from 
Ej draw EL parallel to BIj and 
make it equal to AG \ draw ZE 
parallel to EA^ and GG parallel , 
to BI : then BG is equal to 

BGy and the figure BHIG is equal to the square on 
BGy and EBGF is equal to BELH. 



B K 



IM 



GEOMETRY. 



G I 



II 



If we add to the figure ABHJE, the rectangle BKLEy 
we shall have the rectangle AKLE^ which is equal to the 
the rectangle of AB -^ BG and 
AB — BG. If to the same figure 
ABHE^ we add the rectangle 
DGFE, equal to BKLH, we E 
shaU have the figure ABJELDOF, 
which is equal to the difference of 
the squares of AB and BC. But 
the sums of equals are equal (A. 2), 
hence, 

{AB + BG) {AB - BG) = A^ - BC^ i 

which was to he proved. 



B K 



PROPOSITION XL THEOREM. 



TJie square described on the hypothermse of a right-angled 
triangle^ is equal to the sum of the squares described on 
the other two sides. 

Let ABG be a triangle, right-angled at A : then will 
BG' = A& + AG\ 

Construct the square BG on tie side BG^ the square 
Aff on the side AB^ and 
the square AI on the side 
AG ; from A draw A J) 
perpendicular to BGj and 
prolong it to F i then will 
BJS be parallel to BF ; 
di-aw AF and HG. 

In the triangles HBG 
and ABF^ we have HB 
equal to -4JB, because they 
are sides of the same square ; 
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JSC eqnal to BFj for the same reason, and the indnded 
angles SBC and ABF equal, because each is equal to the 
angle ABC plus a right angle : hence, the triangles are 
equal in all their parts (B. I., P. V.). 

The triangle ABF^ and the rectangle BE^ have the 
same base BF^ and because BE is the prolongation of 
J)A^ their altitudes are equal : hence, the triangle ABF 
is equal to half the rectangle BE (P. II.). The triangle 
HBG^ and the square JSX, have the same base BH^ and 
because AG is the prolongation of AL (B. I., P. IV.), 
their altitudes are equal : hence, the triangle HB C is equal 
to half the square of AH, But, the triangles ABF and 
HB G are equal : hence, the rectangle BE is equal to the 
square AH In the same manner, it may be shown that 
the rectangle BG is equal to the square AI : hence, the 
sum of the rectangles BE and BO^ or the square BO^ 
is equal to the sum of the squares AH and AI ; or, 
BG^ =z AI^ + JL(7^; %Johich was to be proved. 

Got, 1. The square of either side about the right angle 
is equal to the square 'of the hypothenuse diminished by the 
square of the other side : thus, 

J[S' = BG^ - AG^ ; or, AC^ = BG^ - AW- 

Got. 2. If from the vertex of the right angle, a per- 
pendicular be drawn to the hypothenuse^ dividing it into two 
segments J BB and 2>(7, the square of the hypoth,enuse wiU 
he to the square of either of the oth^r sides^ as th>e hypo- 
thervuse is to the segment adjacent to that side. 

For, the square -Bff, is to the rectangle BE^ 9s BG 
to BB (P. in.) ; but the rectangle BE is equal to the 
square AH : hence, 

BG^ : A& XI BG : BB. 
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Id Hke maimer, we have, 

BG^ : J^* : : BC 



DC. 



Got. 3. The squares of the sides abotit the right angle 
are to each oilier as the ae^acent 
segments of tlie hypothemise. 

For, by combining the propor- 
tions of the preceding corollary 
(B. n., P. rV., C), we have. 




AW : AG^ 



BD 



DC. 



H D G 



A 


Y 


\ 


n 


\ 


/ 




1 


S ] 


3 ] 


?• 



Cot. 4. Ths square described on the diagonal of a 
square is double the given square. 

For, the square of the diagonal is 
equal to the sum of the squares of the 
two sides; but the square of each side 
is equal to the given square : hence, 



AG^ = ^AB" ; or, AG^ = 2BG^. 



Cor. 6, From the last corollary, we have, 
AG^ : aW : : 2 : 1 ; 
hence, by extracting the square root of each term, we have, 

AG I AB : I '^ X 1 I 

that is, tJie diagonal of a square is to the side^ as the 
square root of two to one; consequently, tJie diagonal and 
the side of a s^iiare are incommensurable. 
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PROi^osmoN xn. theoeem. 

In any triangle^ the square of a side opposite an acute ^ 
angUy is equal to the sum of the squares of the hose and 
the other side^ dhninished by twice the rectangle of the 
hose and the distance from the vertex of tJie acute angle 
to the foot of the perpendicular drawn from the vertex 
of the opposite angle to the hase^ or to the base produced. 



Let AJBG be a triangle, G one 
of its acute angles, BG its base, and 
AD the perpendicular drawn from A 
to jB(7, or BG produced; then will 

AB^ = BG^ + AG^ - 2BG x GB. 




For, whether the perpendicular meets the base, or the 
base produced, we have BB equal to the difference of 
BG and GD : hence (P. IX.), 

B& = BG'' ^CD^ -- 2BG X GB. 

Adding AB^ to both members, we 
have, 

BB^ + AB^ = BC^ + GS" +AB'' - 2BG x GB. 




But, SB" + AB^ = A^, and GB" + AI? = AU^ : 

hence, 

AT^ = .Ba''+ A(3'' - 2BG X GB ; 

which was to be proved. 



108 GEOMETRY. 



PROPOSITION Xni. THEOBEM. 

In any obtuse^ingled triangle^ the Bquare of ths aide cppoaiie 
the obtuse angle is equal to the sum of the squares of 
thA base and the other side^ increased by twice the rect- 
angle of the base and the distance from the vertex of the 
obtuse angle to the foot of the perpendicular dravm from 
the vertex of the opposite angle to the base produced. 

Let ABC be an obtuse-angled triangle, B its obtuse 
angle, BG its base, and AD the perpendicular drawn 
from A to BG produced; then will 

AC^ = BC^ + aW + 2BG X BD. 
For, GB is the sum of BG A 
and BB : hence (P. Vm.), R"^'^^-^ 

GB' = BG^ -i-BB" +2BGxBB. |\ ^"'^^^^.^^^^ 

Adding AJD^ to both members, S ^ 
and reducing, we have, 

AC^ == BG^ + AB" + 2BG x BB; 
which toaa to be proved. 

Scholium. The right-angled triangle is the only one m 
which the sum of the squares described on two sides is 
equal to the square described on the third side. 

PROPOSITION XIV. THEOREH. 

In any triangle, the sum of the squares described on two 
sides is equal to twix:e tJie square of half the third side 
increased by twice the square of the line drawn from 
the middle point of that side to the vertex of the opposite 
angle. 
Let ABC be any triangle, and XA a line drawn from 
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the middle of the base BG to the vertex A : then will 
A^ + J^ = 2-B^ + 2.EZI 

Draw AD perpendicular to BG\ then, from Proposition 
Xn., we have, 

AG^ = EC^ + EA? - 2EG x ED. ;^ 

From Proposition XTTT., we have, X I \ \ 

ZF = BE"^ + EA^ + 2^JSr X JED. ^ ^ ^ 

Adding these equations, member to member (A. 2), reoolleot* 
ing that BE is equal to EG^ we have, 

AB" + AG^ = 2-R^ + 2.E2* • 
toAioA t^a« to he proved. 

Gar, Let ABGD be a parallelogram, and jB2>, ^C, 
its diagonals. Then, smce the diagonals 
mutually bisect each other (B. L, P. 3 C 

XXXI.), we shall have, 

AB" + BG"" = ^AE" + ^BE" : 
and, 

whence, by addition, recollecting that AE is equal to GE^ 
and BE to -DjEJ we have, 

but, ^GE^ is equal to J^', and 4JDE^ to .B^ 
(P. Vm., 0.) : hence, 

AJS" + BC^ + C5^ + .dZ» = AC^ + J^. 

That is, thA mm of the squares of the sides of a parallelo- 
gramj is egucd to the sum of the squares of its diagonals. 
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PlfcOPOSinON" XV. THEOEEM. 

In any triangle^ a line drawn paraUd to the base divides 
the other sides proportionally. 

Let ABC be a triangle, and DE a line parallel to 
the base BG : then 

AJD : DB i: AE I CE. 

Draw EB and DC. Then, because 
the triangles AED and DEB have then- 
bases in the same line AB^ and their 
vertices at the same point JEJ they will 
have a common altitude : hence, (P. VI., 

C.) 

AED : DEB : : AJ) : BB. 

The triangles AEB and JS2X7, have theur bases in the 
same line ACj and their vertices at the same point -D; 
they have, therefore, a common altitude ; hence, 

AEB : EBG : : AE x EC. 

But the triangles BEB and EDG have a common base 
BE^ and their vertices in the line BC^ parallel to BE \ 
they are, therefore, equal : hence, the two preceding propor- 
tions have a couplet in each equal ; and consequently, the 
remaining terms are proportional (B. IT., P. IV.), hence, 

AB : BB : : AE : EC ; 

which was to he proved. 

Cor. 1. We have, by composition (B. 11., P. VL), 
AB + BB : AB : : AE + EG : AE ; 
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<», AB : AD :: AG : AE \ 

and, in like manner, 

AB : DB : : AG : EG. 

Got. 2. If any number of parallels be drawn catting two 
lines, they will divide the lines proportionally. 

For, let be the point where AB 
and CD meet. In the triangle OEF^ 
the line A G being parallel to the base 
EF^ we shall have, 

OE : AE : : OF : GF. 
In the triangle OGH^ we shall have, 

OE \ EG x\ OF X FH\ 
hence (B. H., P. IV., C), 

AE I EG : : GF i 




In like manner, 
EG 
and BO on. 



GB 



FH 



FH. 



EjD ; 



PROPOSITION XVI. THEOREM. 

If a line divides two sides of a triangle prqportioncUly^ it 
wiU he parallel to the third side. 

.Let ABG be a triangle, and let BE 
divide AB and AGy so that 

AB : BB : : AE : EG ; 

tlien will BE be parallel to BG. 

Draw BG and EB. Then the tri- 
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angles ADE and DEB will have a common altitude ; and 
consequently, we shall have, 

ABE : DEB \ x AD x DB. ^ 

The triangles ADE and EDC have also 
a common altitude ; and consequently, we 
shall have, 

ADE : EDC ; ; AE : EG ; 

but, by hypothesis, 

AD : DB : : AE : EG ; 

hence (B. 11., P. IV.), 

ADE : DEB : : ADE : EDC. 

The antecedents of this proportion being equal, the con- 
sequents will be equal ; that is, the triangles DEB and 
EDC are equal But these triangles have a common base 
DE : hence, tneir altitudes are equal (P. VI., C.) ; that is, 
the points B and Cj of the line BCj are equally distant 
from DEj or DE prolonged : hence, BC and DE are 
parallel (B« L, P. XXX., G.) ; tohich teas to be proved. 



PROPOSITION XVn. THEOREM^ 

The line which bisects the vertical angle of a triangle^ 
divides the base into segments proportional to the adjor 
cent sides. 

Let AD bisect the vertical angle A of the triangle 
BAG I then will the segments BD and DC be propor- 
tional to the adjacent sides BA and CA. 

From (7, draw CE paraflel to DA^ and produce it 
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sntil it meetA JBA prolonged, at M Then, because CJS 

and DA are parallel, the angles BAD and AJEC are 

eqiial (B. I, P. XX., C. 3) ; the 

angles DAG and ACE are 

also equal (B. I., P. XX., 0. 2), 

Bat, BAD and DAC are 

equal, by hypothesis ; cojiiSiBquent- 

ly, AEG and AGE are equal: 

hence, the triangle AGE is 

isosceles, AE being equal to 

AC. 

In the triangle BEC^ the line AD is parallel to the 
base EG : hence (P. XV.), 

BA : AE : : BD ^ : DC ; 

or, substituting AC for its equal AE^ 

BA I AG \ X BD \ DO \ 
toAtoA «?a« to be proved. ^^ 



PEOPOsmoN xvm. theobem. 
Triangles which ar^ mutuaXty equiangular^ are similar. 

Let the triangles ABC and DEF have the angle A 
equal to the angle 2>, the angle B to the angle E, sni 
the angle G to the angle E: then will they be similar. 

For, place the triangle 
DEF upon the triangle 
ABC J so that the angle 
E shall coincide with the 
angle B then will the 
point F fell at some ^ H 

point jBf; of BC\ the point 2> at some point O^ of BA\ 

8 
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the Me DF will take the pomtion QH, and BGH will 
be equal to EDF. 



Since the angle BHG 
is equal to BGA, GH 
will be parallel to AG 
(B. I, P. XIX., C. 2) ; 
and consequently, we shall 
have (P. XV.), 


i 


4 A 


ik C E ^ 


BA : BO 


• • 


BG : BH, 



or, since BQ is equal to jEZ>, and BH to EF^ 
BA : ED II BC \ EF. 

In like manner, it may be shown that 

BC : EF :i GA : FD\ 

GA X FD : c AB : BE ; 



and also, 



hence, the sides about the equal angles, taken in the same 
order, are proportional ; and consequently, the triangles are 
omilar (D. 1) ; which was to he proved, 

Gor. If two triangles have two angles in one, equal to 
two angles in the other, each to each, they will be dmilar 
(B. L, P. XXV., C. 2). 



PROPOSITION XIX. THEOREM. 

Triangles which have their corresponding sides proportional^ 

are similar. 

In the triangles ABG and BEF^ let the corresponding 
sides be proportional ; that is, let 
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AB : DE : : BG : EF : CA FD ; 

then will the triangles be similar. 

For, on BA lay off BQ equal to ED \ on BG lay 

off BJET equal to EF, 
and draw GJBT. Then, 

because BG i^ equal to 

BE, and BBT to EF, 
we have, 

hence, GBT is parallel to -4(7 (P. XVI.); and consequently, 
the triangles BAG and BGBT are equiangular, and there- 
fore similar : hence, 

BG : BBT : : GA : MG. 
But, by hypothesis, 

BG : EF : : GA : FD I 

hence (B. 11., P. IV., C), we have, 

BBT : EF : : M& : FD. 

But, BIT is equal to EF ; hence, MG is equal to FD. 
The triangles BHG and EFD have, therefore, their sides 
equal, each to each, and consequently, they are equal in aB 
their parts. Now, it has just been shown that BHG and 
BGA are similar: hence, EFD and BGA are also simi- 
lar ; vohich teas to be proved. 

Scholium. In order that polygons may be similar, they 
must fulfill two conditions : they must be mutually equian- 
gular, and the corresponding sides must he proportional. In 
the case of triangles, either of these conditions involves the 
other, which is not true of any other species of polygons, 

\ 





116 GEOMETRY. 



PBOPOSITION XX. THEOEEM. 

Triangles which ham an angle in each equals and the in- 
duding aides proportional^ are similar. 

In the triangles ABG and BEF^ let the angle B be 
3qiial to the angle JE ; and suppose that 

BA I ED : : BG : EF \ 

then wiU the triangles be similar. 

For, place the angle E 
upon its equal B ; F 
will ' fall at some point 6f 
BG, as JT"; J9 will faU 

at some point of BA, as B H C E" 

G ; BF win take the position QH, and the triangle 
DEF will coincide with GBM, and consequently, will be 
equal to it. 

But, &om the assumed proportion, and because BG is 
equal to EB, and BH to EF we have, 

BA I BG : I BG I BH \ 

hence, GH is parallel to AG \ and consequently, BAG 
and BGH are mutually equiangular, and therefore similar. But, 
EDF is equal to BGH : hence it is also similar to BAG \ which 
was to be proved, 

PROPOSmON XXL THEOREM. 

Triangles which have their sides paraUd, each to each^ of 
perpendicular, ea^h to each, are similar. 

l^. Let the triangles ABG and BEF have the side 
AB paraUel to BE, BG to EF, and CA to FD : 

lU will they be similar. 
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For, since the dde AB is parallel to DE^ and BG 
to EF^ the angle B is equal to the angle E (B. I., P. 
XXIV.) ; in like manner, 
the angle C is equal to 
the angle jFJ and the an- 
gle A to the angle D^\ 
the triangles are, therefore, 
mutually equiangular, and 
consequently, are similar (P. 
Tproved. 





XV 111.) ; vihich was to be 




2\ Let the triangles ABC and DEF have the side 
AlB perpendicular to BE^ BG to EEy and GA to 
ED : then will they be similar. 

For, prolong the ddes of the tri- 
angle BEE tin they meet the sides 
of the triangle ABG, The sum of 
the interior angles of the quadrilateral 
BIEG is equal to four right angles 
(B. I., P. XXVI.) ; but, the angles 
EIB and EGB are each right 

angles, by hypothesis ; hence, the sum of the angles lEO 
IBG is equal to two right angles ; the sum of the angles 
lEG and BEE is equal to two right angles, because they 
are adjacent ; and since things which are equal to the same 
thing are equal to each other, the sum of the angles lEG 
and IBG is equal to the sum of the angles lEG and DEF\ 
or, taking away the common part lEG^ we have the angle 
IBG equal to the angle BEE. In like manner, the angle 
GOH may be proved equal to the angle EEBy and the 
angle SAI to the angle EBF \ the triangles ABG and 
DEF are, therefore, mutually equiangular, and consequently 
similar ; vihich was to be proved. 

Cor. 1. In the first case, the parallel sides are homolo* 
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gous ; in the second case, the perpendicular sides are homo- 
logous. 

Cor. 2. The homologous angles are those included by 
aides respectively parallel or perpendicular to each other. 

Scholium, When two triangles have their sides perpen- 
dicular, each to each, they may have a diiFerent relative 
position from that shown in the figure. But we can always 
construct a triangle within the triangle AJBCy whose sides 
shall be parallel to those of the other triangle, and then the 
demonstration will be the same as above. 



PKOPOSITION XXn. THEOREM. 

If a line he drawn parallel to the base of a triangle^ and 
lines he drawn from the vertex of the triangle to points 
of the hase^ these lines will divide the base and the par- 
allel proportionally. 



Let ABC be a triangle, BG its base, A its vertex, 
DE parallel to J? (7, and AT\ AG^ AH^ lines drawn 
from A to points of the base : then will 



DI : BF 



IK : F& 



KL : GS II LE : MO, 



For, the triangles AID and 
AFB, being similar (P. XXI.), we 
have, 

AI . AF :: BI I BF \ 

and, the triangles AIK and AFG^ 
being similar, we have, 

AI : AF :: IK 




hence, (B. 11., P. IV.), we have, 



DI 
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BF :: IK : FG. 
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In like manner, 

IK : FO 



and. 



\ KL : GS, 

: ZF : HO ; 



KL : QH 
hence (B. H., P. IV.), 
DI I BF '. '. IK : FG : : KL '. GM 

which was to be proved. 



ZF : MOi 



Cor. 1£ BC is divided into equal parts at F, G, and 
ffy then -will BF be divided into equal parts, at i^ JS^ 
and Z, 

PEOPosrrioK xxm. thbobem. 

J^y in a riffht-angled triangle^ a perpendicular he dravm from 

the vertex of the right angle to the hypothenuse : 
1°. The triangles on ea^h aide of the perpendicular mtt be 

similar to the given triangle^ and to each other : 
2^. Mich side about the right angle will be a mean propor- 

tioncd between the hypothenuse and the adjacent segment : 
3**. The perpendicular wiU be a mean proportional between 

the two segments of the hypothenuse. 

1% Let ABC be a right-angled triangle, A the vertex 
of the right angle, BG the hypo- 
thenuse, and AD perpendicular to 
BC I then win ABB and ABG 
be similar to ABC^ and conse- 
quently, similar to each other. 

The triangles ABB and ABG 
have the angle B common, and the angles ABB and 




120 



GEOMETRY. 



BA G equal, because both are right angles ; they are, there- 
fore, siimlar (P. XVIH, 0). In like manner, it may be 
shown that the triangles AJDG and ABG are similar; 
and since ABB and ABG are both similar to ABC^ 
they are similar to «ach other ; which was to be proiDed* 

2^. AB will be a mean pro- 
portional between BG and BB\ 
and AG will be a mean propor- 
tional between GB and GD. 

For, the triangles ABB and 
BAG being similar, their homo- 
logous sides are proportional : hence, 

BG I AB II AB 




In like manner, 

BG : AG 
which was to he proved. 



BB. 



AG : BG \ 



3°. AB will be a mean proportional between BD and 
BG. For, the triangles ABB and ABG being similar, 
their homologous sides are proportional ; hence, 

BB : AB : : AB I BG ; 

which was to be proved. 



and. 



Got. !• From the proportions, 

BG : AB : : AB : 
BG : AG : : AG : 
we have (B. 11., P. L), 

=: BG X BB, 



BB, 
BG, 



and,. 



AG' 



BG A BG 'y 
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whence, by addition^ 

ZB* +AG^ = £G{SD + J)G) ; 
or, 

as was shown in Proposition XI. 

Car. 2. If from any point -4, in a semi-circumference 
BACy chords be drawn to the 
extremities B and G of the diam- 
eter BG^ and a perpendicular AD 
be drawn to the diameter : then = — =- 

will ABG be a right-angled tri- 
angle, right-angled at A ; and from what was proved above, 
each chord will he a mean proportional between the diameter 
and the adjacent segment ; and, the perpendicular wiU be a 
mean proportional between the aegmenta of the diam^eter* 

N 

PROPOSITION XXrV. THEOREM. 

Triangles which have an angle in each equals are to each 
other as the rectangles of the inchiding sides. 

Let the triangles GIHT and ABG have the angles 6 
and A equal : then will they be to each other as the 
rectangles of the sides about these angles. 

For, lay off AD equal 
to GSy AE to GK, and 
draw DJE ; then will the 
triangles ABE and GSK 
be equal in all their parts. 
Draw EB. 
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The triangles ABE and ABE have their bases in the 
same line AB^ and a common vertex E\ therefore, they 
have the same altitude, and consequently, are to each other 
as their bases ; that is, 

ADE : ABE : : AD : AB. 

The triangles ABE and 
ABCy have their bases in 
the same line AC^ and a 
common vertex B ; hence, 

ABE : ABO : : AE : 

multiplying these proportions, term by term, and omitting 
the common factor ABE (B. 11., P. VII.), we have, 

ABE : ABC : : AB x AE : AB x AG; 

substituting for ABE, its equal, QHKy and for AB x AE, 
its equal, GH x GK, we have, 

GHE : ABO : : GH x GK \ AB x AO; 

which was to he proved, 

Oor. If ABE and ABO are similar, the angles B 
and B being homologous, BE will be parallel to BO, 
and we shall have, 

AB : AB : : AE : AO ; 

hence (B. IE., P. IV.), we have, 

ABE : ABE :: ABE ; ABO; 

that is, ABE is a mean proportional be- .. 

tween ABE and ABO. B O^ 
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PROPOSmON XXV. THEOEEM. 

Similar triangles are to each other as the squares of their 
homologous sides. 

Let the triaogles ABC and DEF be Bimilar, the angle 
A being equal to the angle 2>, B to E^ and (7 to F . 
then will the triangles be to each other as the squares of 
any two homologous sides. 

Because the angles A and D are equal, we have (P. 
XXIV.)> 

ABC : DEF :: AB x AG : BE x DF ; 

and, because the triangles 
are similar, we have, 

AB : BE : : AC : BF\ 

multiplying the terms of ^ 
this proportion by the cor- 
responding terms of the proportion, 

AC \ BF '.. AC \ BF, 
we have (B. H., P. XII.), 

AB X AC : BE X BF :i AG^ : BF^\ 

combining this, with the fii-st proportion (B. II., P. IV.), 
we have, 

ABC : BEF : : AG^ : BF\ 

In like manner, it may be shown that the triangles are 
to each other as the squares of AB and BE^ or of BO 
and EF; which was to be proved. 

'P . 
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PROPOSITION XXVI. THEOBEM. 

Similar polygona may be divided into the same number of 
trianglesy similary each to eachy and similarly placed. 

Let ABODE and FQBJK be two siimlar polygons, 
the angle A being equal to the angle F^ B \o G^ (7 to 
Hy and so on : then can they be divided into the same 
number of similar triangles, similarly placed. 

For, from A draw 
the diagonals AG ^ 

AD, and from F, Bp-^^'^/^^'X^^ Gr-^T?^ 
homologous with -4, I / \n 1 "^ J^I 

draw the diagonals A'^^ \/^ Fs;^ y^ 

FS, FI, to the ver- • ^s.X''^ ^K 

tices H and I, hom- 
ologous with G and J9. 

Because the polygons are similar, the triangles AB^G and 
FGII have the angles B and O equal, and the sides 
about these angles proportional ; they are, therefore, similar 
(P. XX.). Since these triangles are similar, we have the 
angle AGB equal to FHG, and the sides AG and FH, 
proportional to BG and GH, or to GB and HL The 
angle BCD being equal to the angle GHI, if we take 
from the first the angle AGB, and from the second the 
equal angle FUG, we shall have the angle AGD equal 
to the angle FTEI \ hence, the triangles AGD and FHI 
have an angle in each equal, and the including sides propor- 
tional; they are therefore similar 

In like manner, it may be shown that ADE and Fli. 
are similar ; Mohich teas to be proved. 

Got. 1. The corresponding triangles in the two polygons 
are homologous triangles, and the corresponding diagonals are 
^omologous diagonals. 
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Car. 2. Any two homologous triangles are like parte of 
the polygons to which they belong. 

For, ABG and FGIT heing similar, we hare, 

^ ' 



AJfC : FGJB^ : : 


AC 


• 
• 


FH' i 


and, fbr a like reason, 








ACD : FJTT : : 
whence, 

ABC : FQH : : 


Jc' 

ACD 


• 
• 


FM'i 
FB1\ 


and, in like manner, 








ACD : FEI : : 


ADJS 


• 
• 


IKF. 



Cor. 3. K two polygons are made up of similar triangles, 
similarly placed, the polygons themselves will be similar. 



PBOPOSinoN xxvn. theorem. 

The perimeters of similar polygons are to each other as arvy 
two homologous sides ; and the polygons are to each 
other as the squares of any two homologous sides. 

lo. Let ABCDJB and FOHIK be similar polygons: 
then will their perimeters be to each other as any two 
homologous sides. 

For, any two homo- 
logous tfdes, as AB 
and -F<?, are like parts 
of the perimeters to 
which thdy belong : 
hence (B. JlI., P. IX.), 
the perimeprs of the 

polygons are to each other as AB to FG^ or as any 
otiier two homologous sides ; which was to be pro^d. 
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2**. The polygons will be to each other as the squares 
of any two homologous sides. 

For, let the poly- ^ 

ffons be divided into ^ ^.^^-"^^^'^^ 5 

homologous triangles I y/ \ \ / J\ 

(P. XXVI., c. 1) ; ^^ '-;;;;^^J^--'^ 

then, because the ^^vX*^ ^K 

homologous triangles E 

JLB(7 and i^ffJT are 

like parts of the polygons to which they belong, the poly- 
gons will be to each other as these triangles ; but these 
triangles, being similar, are to each other as the squares of 
AB and FQ : hence, the polygons are to each other as 
the squares of AB and jP6r, or as the squares of any 
other two homologous sides ; which was to he proved. 

Cor. 1. Perimeters of similar polygons are to each other 
as their homologous diagonals, or as any other homologous 
lines ; and the polygons are to each other as the squares of 
their homologous diagonals, or as the squares of any other 
homologous lines. 

Cor. 2. If the three sides of a right-angled triangle be 
made homologous sides of three similar polygons, these poly- 
gons will be to each other as the squares of the sides of 
the triangle. But the square of the hypothenuse is^ equal 
to the sum of the squares of the other sides, anr A conse- 
quently, th^ polygon on the hypothenuse wiU he mequal to 
the sum of the polygons on the other sides. £ 

PEOPOsmoN xxvni. theoeem. r 

If two chords intersect in a circle^ their segmeA tU wiU be 
reeiprocdUy proportional. \ j 

Let the chords AB and CD mtersect at P : then 

I 

i 
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will their segments be reciprocally proportional ; that is, one 
segment of the first will be to one segment of the second, 
as the remaining segment of the second is to the remaining 
segment of the first. 

For, draw CA and JBD. Then 
will the angles ODJB and OAO be 
equal, because each is measured by half 
of the arc CB (B. m., P. XYHI.). 
The angles OBJ) and OCA, will also 
be equal, because each is measured by 
half of the arc AD: hence, the triangles OBD and OCA 
are similar (P. XVIII., C), and consequently, their homolo> 
gons sides are proportional : hence, 

2)0 : AO : : OB : OG ; 

which was to he proved. 

Cor. From the above proportion, we have, 

BO X OC = AOx OB ; 

that is, the rectangle of the segments of one chord is equal 
to the rectangle of the segments of the other. 



PEOPOSinON XXIX. THEOREM* 

J^ from a point without a circle^ two secants be drawn ter" 
minating in ths concave arc^ they wiU be reciprocdUy 
proportional to their external segments. 

Let OB and OC be two secants terminating in the 
concave arc of the circle BCD : then will 

OB : OC : : OB : OA. 
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For, draw AG and DB. The triangles ODB and 
OAC have the angle common, and the angles OBB 
and OCA equal, because each is measured 
by half of the arc AlB : hence, they are 
similar, and consequently, their homologous 
ddes are proportional; whence, 

OB I OC i. OB X 0A\ 

which w€u to be proved. 

Cor. From the above proportion, we 

have 

OB X OA =^ OG X OB \ 

that is, the rectangles of each secant and its external seg- 
ment are equal. 




PEOPOSinON XXX. THEOREM. 

If from a point without a circle^ a tangent and a secant 
be drawn^ the secant terminating in the concave arc, the 
tangent wiU be a mean proportional between the secant 
and its external segment. 

Let ABG be a circle, OG a secant, and OA a tan- 
gent : then will 

OG I OA 11 OA I OB. 



For, draw AB and AC. The tri- 
angles OAB and OAC will have the 
angle common, and the angles OAB 
and ACB equal, because each is mea- 
sured by half of the arc AB (B. m^ 
P. XYin., P. XXI.) ; the triangles are 
therefore similar, and consequently, their 
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homologous sides are proportional : hence, 

00 I OA I I OA I OD \ 
which VMS to he proved. 

Cor. From the above proportion, we have, 
A& ^ OGy. 0D\ 

that is, the square of the tangent is equal to the rectangle 
qf the secant and its external segment. 



PRACTICAL APPLICATIONS. 



PROBLEM I. 

To divide a given line into parts proportional to given lines^ 
also into equal parts. 

1®. Let AB be a given line, and let it be required to 
divide it into parts proportional to the lines P, Q and H. 

From one extremity A, 
draw the indefinite line AG^ 
making any angle with AS ; 
lay oS AG equal to P, CD 
equal to ft and DJS equal 
to H ; draw jKS, and 
from the points C and -Z>, 
draw CI and DF paraUel to JEB : then win -4 J, JF, 
and JB, be proportional to P, Q, and JB (P XV., C. 2). 

9 
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♦ ' ' / 

^^ / / 



2® Let AH be a given line, and let it be required to 
divide it into any number of equal parts, say five. 

From one extremity 

J, draw the indefinite j^,^_ C P ^ J! B 

lino A G ; take AI equal 

to any convenient line, 

and lay off IK^ KL, 

LM^ and MJB^ each 

equal to AI, Draw ^ 

BH^ and from JT, K^ Z, and Jf, draw the lines IC^ 

KD, LEy and MF, parallel to BH \ then will AH be 

divided into equal parts at (7, i>, JEJ and F (P. XV., 

C. 2). 

PROBLEM U. 



To construct a fourth proportional to three given lines. 

Let A, JSj and C, be 
the ^ven lines. Draw 
DF and DF, making 
any convenient angle with 
feaoh other. Lay off DA 
equal to A^ DJB equal 
to JBy and DC equal 

to ; draw -4(7, and from B draw ^-X" parallel to 
A C : then will DX" be the fourth proportional required. 

For (P. XV., C), we have. 




w. 



DA : DJB : : DO : DX ; 
A : D : : O : DX. 



Cor. H DO ia made equal to DJB^ DX will be 
'ttliird proportional to DA and DD^ or to A and JB. 
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PEOBLEM in. 



To construct a mean proportional between two given lines. 

Let A and JB be the given 
lines. On an indefinite line, lay off 
DJS equal to A^ and jEF equal 
to ^ ; on DF as a diameter de- 
scribe the semi-circle DGJFl and 
draw JEG perpendicular to 2>i^: 
then will ^Q be the mean proportional required* 

For (P. XXm., C. 2), we have, 




w, 



DE : JSG : : JSG : EF \ 
A \ EQ . . EQ . B. 



PR0BLE3I IV. 



To divide a given line into two such parts, that the greater 
part shall be a mean proportional between the whole line 
and the other part. 

Let AJB be the given line. 

At the extremity JB, draw 
BO perpendicular to AB, and 
make it equal to half of AB, 
With (7 as a centre, and OB 
as a radius, describe the are 
DBE ; draw A (7, and produce 

it till it terminates in the concave arc at E ; with A as 
centre and AJD as radius, describe the arc JDF i then 
will AF be the greater part required. 
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For, AB being perpendicular to CB at J?, is tan« 
gent to the arc JDBE : hence 
(F. XXX.), 

AJE I AB II AB I AB I 
and, by division (B. H, P. VL), ^ 




AE-^AB 



AB 



AB-^AD : AB. 



But, BE is equal to twice GB^ or to AB : hence, 

JL& — AB is equal to JLD, or to AFi and ^J? — AD 

is equal to AB — ^jFJ or to FB : hence, by substitution, 

AF : AB : : FB : AF ; 

and, by inversion (B. 11., P. V.), 

AB : AF : : AF : FB. 



Scholium, When a line is divided so that the greater 
segment is a mean proportional between the whole line and 
the less segment, it is said to be divided in extreme and 
mean ratio. 

Since AB and BE are equal, the line AE is divided 
in extreme and mean ratio at B ; for we have, from the 
first of the above proportions, by substitution, 

AE : BE : : BE : AJ>. 
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PROBLEM V. 




Through a given pointy m a given angle, to draw a Une 
80 that the segme^its betwee7i the point and the sides of 
the angle shall be equal, 

t Let BCD be the given angle, and 

Through A, draw AE parallel to 
DC \ lay off EF equal to GE, and 
draw FAB\ then will AF and AB 
be the segments required. 

For (P. XV.), we have, 

FA : AB : : FE : EO ; 
but, FE is equal to EG ; hence, FA 

PROBLEM YL 
To construct a triangle equal to a given polygon. 

Let ABGBE be the given polygon. 

Draw GA ; produce EA, and 
draw BQ parallel to GA ; draw 
the line GG. Then the triangles 
BAG and GAG have the com- 
mon base AG, and because their 
vertices B and G lie in the 
€same line BG parallel to the base, their altitudes are equal, 
and consequently, the triangles are equal : hence, the polygon 
GGBE is equal to the polygon ABGBE, 

Again, draw GE \ produce AE and draw BF parallel 
to GE\ draw also GF \ then will the triangles FGE 
and B GE be equal : hence, the triangle G GF is equal 
to the polygon GGBE, and consequently, to the given 
polygon. In like manner, a triangle may bo constructed 
equal to any other given polygon. 
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PBOBLEM Vn. 

To construct a square equal to a given triangle. 

Let ABC be the given triangle, AD its altitude, and 
£C its base. 

Construct a mean pro- 
portional between AD 
and half oi DO (Prob. 
m.). Let XT be that 
mean proportional, and on 
it, as a side, construct a 

square : then will this be the square required. For, from 
the construction, 

XT = ^DC X AD = area ADC. 

Scholium. By means of Problems VI. and VII., a square 
may be constructed equal to any given polygon. 




PROBLEM Vni. 

On a given line^ to construct a polygon similar to a given 

polygon. 

Let FG- be the given line, and ADCDE the given 
polygon. Draw AC and AD. 

At F^ construct 
tbe angle OFH equal 
to DAC^ and at Q 
the angle FGDC equal 
to ADC ; then will 
FGH be similar to 
ADC (P. xvnL, C.) 




BOOK IV. 



185 



In like maimer, construct the triangle FHI similar to 
ACD^ and FIK similar to AI)E\ then will the polygon 
FGHIK be similar to the polygon ABODE (P. XXVI., 
C). 



PKOBLEM IX 




To construct a square equal to the sum of two given 
squares^ cdso a square equal to the difference of two 
given squares. 

1°. Let A and B be the sides of the given squares, 
and let A be the greater. 

Construct a right angle 
GDE ; make BE equal 
to -4, and BG equal to 
B ; draw CE^ and on it 
construct a square : this square will be equal to the flum 
of the given squares (P. XI.).^ 

2°. Construct a right angle OBE, 

Lay off i>(7 equal to B ; with 
as a centre, and CE^ equal to A^ as 
a radius, describe an arc cutting BE at 
E ; draw CE^ and on BE construct 
a square : this square will be equal to 
the difference of the given squares (P. XI., C. 1). 

Scholium. By means of Probs. VI., VIL, VIH., and IX. 
a polygon may be constructed similar to either of two given 
similar polygons, and equal to their sum, or to their difference. 




BOOK V. 

^XaULAB POLTQ^KS. — ASEA OF IHB CIBOLB. 
DEFINITION. 

1. A Regulae Polygon is a polygon which is both 
equilateral and equiangular. 

PROPOSITION I. THEOREar. 
Megular polygons of the same number of sides are similar. 

Let ABODEF and ahcdef be regular polygons of the 
same number of sides : then will they be similar. 

For, the corresponding 

angles in each are equal, E D 

because any angle in 
either polygon is equal 
to twice as many right 
angles as the polygon 
has sides, less four, di- 
vided by the number of angles (B. L, P. XXVI., C. 4) ; and 
further, the corresponding sides are proportional, because all 
the sides of either polygon are equal (D. 1) : hence, the 
polygons are similar (B. IV., D. 1) ; which was to he proved. 





BOOK V. 187 



pROPOSiriON n. theorem. 

The circumference of a circle may he circumscribed about any 
regular polygon ; a cirde may also be inscribed in it. 

1°. Let AJ3 OF be a regular polygon : then can the 
drciimference of a circle be circumscribed about it. 

For, through three consecutive ver- 
tices -4, J??, (7, desci-ibe the circum- 
ference of a circle (B. in., Problem 
XTTL, S.). Its centre will lie 
on jPO, drawn perpendicular to j5(7, 
at its middle point P; draw OA 
and OJD. 

Let the quadrilateral OPCD be 
tm-ned about the line OP, until PC 

falls on PjB ; then, because the angle C is equal to -B, 
the side CD will take the direction PA ; and because CD 
is equal to BA^ the vertex J!>, will fall upon the vertex 
A ; and consequently, the line OD will coincide with 0-4, 
and is, therefore, equal to it : hence, the circumference which 
passes through -4, P, and O, will pass through D. In 
like manner, it may be shown that it will pass through all 
of the other vertices : hence, it is circumscribed about the 
polygon ; which was to be proved. 

2^. A circle may be inscribed in the polygon. 

For, the sides AB^ BC^ Ac, being equal chords of 
the circumscribed circle, are equidistant from the centre 
hence, if a circle be described from as a centre, with 
OP as a radius, it will be tangent to all of the sides or 
the polygon, and consequently, will be inscriljed in it; which 
was to be proved. 
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Scholium, If the circumference of a circle be divided 
into equal arcs, the chords of these arcs will be sides of a 
regular inscribed polygon. 

For, the sides are equal, because they are chords of equal 
arcs, and the angles are equal, because they are measured by 
halves of equal arcs. 

If the vertices A^ j&, C, Ac, 
of a regular inscribed polygon be 
joined with the centre 0, the tri- 
angles thus formed will be equal, 
because their sides are equal, each 
to each : hence, all of the angles 
about the point are equal to 
each other. 




DEFINITIONS. 

1. The Centre op a Regulab Polygon, is the common 
centre of the circumscribed and inscribed circles. 

2. The Angle at the Centre, is the angle formed by 
drawing lines from the centre to the extremities of either 
side. 

The angle at the centre is equal to four right angles 
divided by the number of sides of the polygon. 



3. The ApoTKBOf, is the distance from the centre to 
either side. 

The apotlem is equal to the radius of the inscribed 
oirde. 



V 
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PJROPOSITIOJSr UL. PROBLEM. 

To inscribe a squure in a given cirde. 

Let AJBCD be the given cir- 
cle. Draw any two diameters AO 
and JBD perpendicular to each 
other ; tliey will divide the circum- 
ference into four equal arcs (B. III., 
P. XVn., S.). Draw the chords 
AJS, BG, CD, and J)A\ then 
will the figure ABGD be the 
square required (P. 11., S.). 

Scholium. The radius is to the side of the inscribed 
square as 1 is to y^ 




PROPOSITION rV. THEOREM. 

-5^ a regular hexagon he inscribed in a circle^ any side toiU 
be equal to the radius of the circle. 

Let ABD be a circle, and ABCDEH a regular in- 
scribed hexagon : then will any side, as AB, be equal to 
the radius of the ch-cle. 

Draw the radii OA and OB. 
Then will the angle AOB 'be 
equal to one-sixth of four right 
angles, or to two-thirds of one 
right angle, because it is an an- 
gle at the centre (P. II., D. 2). 
The sum of the two angles OAB 
and OBA is, consequently, equal 

to four-thkds of a right angle (B. L, P. XXV., 0. 1) ; but, 
the angles OAB and OBA are equal, because the opposite 
sides OB and OA are equal : hence, each is equal to 
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two-thirds of a right angle. The three angles of the triangle 
AOB are therefore, equal, and consequently, the triangle ii 
equilateral : hence, AB is equal to OA ; which was to be 
proved. 

PEOPOSITION V. PROBLEM. 
To inscribe a regular hexagon in a given circle. 

Let ABE bo a circle, and its centre. 

Beginning at any point of 
the circumference, as -4, ap- 
ply the radius OA six times 
as a chord ; then will 
ABGBEF be the hexagon 
required (P. IV.). 

Cor. 1. If the alternate 
vertices of the regular hexagon 
be joined by the lines AG^ 
CE^ and JE4, the inscribed 
triangle AQE will be equilateral (P. II., S.). 

Cor. 2. If we draw the radii OA and 0(7, the figure 
AOCB will be a rhombus, because its sides are equal: 
hence (B. IV., P. XIV., C), we have, 

AS" + BG"" + OA^ + OG^ = AC^ + OB' i 

or, taking away from the first member the quantity 63', 
and from the second its equal 0B% and reducing, we have 




3 OA"^ = AC^ ; 



whence (B. H., P H.), 



AG' 



OA'' 



1; 
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or (B. n., P. Xn., C. 2), 

AC : OA : : ^ : I ; 

that is, the side of an inscribed equilateral triangle is to the 
radiuSj as the square root of 3 is to 1. 

■ r 

PROPOSITION VI. THEOBEM. 

J^ the radius of a circle be divided in extreme and mean 
ratioj the greater segm>ent will be equal to one side of a 
regular inscribed decagon. 

Let AOG be a circle, OA its radius, and AB^ equal to 
OM^ the greater segment of OA when divided in extreme 
and mean ratio : then will AB be equal to the side of a 
regular inscribed decagon. 

Draw OB and BM. We 
have, by hypothesis, 

AO : OM : : OM : AM\ 

or, since AB is equal to 
OMy we have, 

AO X AB i: AB : AM; 

hence, the triangles OAB 
and BAM have the sides 
about their common angle 

BAM, proportional ; they are, therefore, similar (B, IV,, 
P. XX.). But, the triangle OAB is isosceles ; hence, BAM 
is also isosceles, and consequently, the side BM is equal to 
AB. But, AB is equal to OM, by hypothesis : hence, 
BM is equal to OM^ and consequently, the angles MOB 
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and MBO are equal. The angle AMU being an exterior 
angle of the triangle OMJB^ is equal to the sum of the 
angles MOB and MBO^ or 
to twice the angle MOB ; 
and because AMB is equal to 
OAB^ and also to OBA^ the 
sum of the angles OAB and 
OBA is equal to four times 
the angle A OB : hence, A OB 
is equal to one-fifth of two 
right angles, or to one-tenth of 
four right angles ; and conse- 
quently, the arc AB is equal 
to one-tenth of the circumfer- 
ence : hence, the chord AB is equal to the side of a 
regular inscribed decagon ; which was to be proved. 




Cor. 1. If AB be applied ten times as a chord, the 
resulting polygon will be a regular inscribed decagon. 

Cor. 2. If the vertices -4, C, -EJ G, and J, of the 

alternate angles of the decagon be joined by straight lines, 
the resulting figure will be a regular inscribed pentagon. 



Scholium 1. If the arcs subtended by the sides of any 
regular inscribed polygon be bisected, and chords of the serai- 
arcs be drawn, the resulting figure will be a regular inscribed 
polygon of double the number of sides. 

Scholium 2. The area of any regular inscribed polygon 
18 less than that of a regular inscribed polygon of double 
Uie number of sides, because a part is less than the whole 
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PEOPosmoi^ vn. problem. 

To etrcumscribe a polygon about a circle which shall be 
similar to a given regular inscribed polygon. 

Let TJSTQ be a circle, its centre, and ABOBEF 
a regular inscribed polygon. 

At the middle points 
7; N, P, &c., of the arcs 
subtended by the sides of 
the inscribed polygon, draw 
tangents to the cii'cle, and 
prolong them till they in- 
tersect ; then will the re- 
sulting figure be the poly- 
gon required. 

1^. The side H& be- 
ing parallel to BA^ and 

HI to jB(7, the angle H is equal to the angle B. In 
like manner, it may be shown that any other angle of the 
drcumscribed polygon is equal to the corresponding angle of 
the inscribed polygon : hence, the circumscribed polygon is 
^qyAangular. 

2^. Draw the lines Off, OT, OH, ON^ and 01. Then, 
because the lines MT and JZW are tangent to the circle, 
OBT will bisect the angle I^JB^Ty and also the angle J^OT 
(B. in., Prob. XTV., S.) ; consequently, it will pass through 
the middle point B of the arc NBT, In like manner, it 
may be shown that the line drawn from the centre to the 
vertex of any other angle of the circumscribed polygon, will 
pass through the corresponding vertex of the inscribed poly- 
gon. 

The triangles OSQ and OJQT have the angles OSO 
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and OHI equal, from what has just been shown ; the aii- 
gles GOH and HOI equal, because they are measured by 
the equal arcs AB and 
5(7, and the side OH 
common ; they are, there- 
fore, equal in all their 
parts : hence, GH is 
equal to HI, In like 
manner, it may be shown 
that HI is equal to ZffJ 
IK to jffZ, and so on : 
hence, the circtmiscribed 
polygon is equilateral. 

The circumscribed poly- 
gon being both equiangular and equilateral, is regular ; and 
since it has the same number of sides as the inscribed poly- 
gon, it is similar to it. 

Cor, 1. If lines be drawn from the centre of a regular 
circumscribed polygon to its vertices, and the consecutive points 
in which they intersect the circumference be joined by 
chords, the resulting figure will be a . regular inscribed 
polygon similar to the given polygon. 

Cor, 2. The sum of the lines HT and HN is equal 
to the sum of HT and TG^ or to HG ; that is, to one 
of the sides of the circumscribed polygon. 

Cot, 3. If at the vertices -4., B^ (7, <fec., of the in- 
scribed polygon, tangents be drawn to the circle and pro- 
longed till they meet the sides of the circumscribed polygon, 
the resulting figure will be a circumscribed polygon of double 
tilie number of sides. 



Cot. 4. The area of any regular circumscribed polygon 
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is greater than that of a regular circumscribed polygon of 
double -"' iber of sides, because the whole is greater 

parts. • 




y means of a circumscribed and inscribed 
construct, in succession, regular circumscribed 
ygons of 8, 16, 32, i&c., sides. By means 
exagon, we may, in like manner, construct 
of 12, 24, 48, ifec, sides. By means of the 
y construct regular polygons of 20, 40, 80, 



'p 



aOPOSITION Vm. THEOEEM. 

regular polygon is equal to half tM product 
qf its perimeter and apothem. 

^ be a regular polygon, its centre, and 
am, or the radius of the inscribed circle : 
area of the polygon be equal to half the 
perimeter and the apothem. 
ines from the centre 
.^ . )B of the polygon. 
'^N^ • I *'^ divide the polygon 
^-9 1^ ^ whose bases will be 

and 

^- equal to 

"* ' -_. Now, the area of 
any vx^ jle, as OiTff, is equal to 
half the product of the side MQ 
and the apothem : hence, the area 

of the polygon is equal to half the product of the perimeter 
and the apothem; ubhich was to he proved. 

10 



'^ vX N • ^"^ 1. whose bases wi 
«^J^ "les will be equi 
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PBOPOSinON IX, 



THEOBSM. 



The perimeters of similar regular polygons are to each 
otfier as the radii of thsir circumscribed or inscribed 
circles ; and their areas are to each other as the squares 
of those radii. 

1®. Let ABC and KLM be similar regular polygons. 
Let OA and QK be the radii of their circumscribed, OB 
and QR be the radii of their inscribed circles : then will 
the perimeters of the polygons be to each other as OA is 
to CJT, or as OB is to QR. 

For, the lines 
OA and QK are 
homologous lines 
of the polygons 
to which they be- 
long, as are also 
the lines OB and 
QR : hencei the 
perimeter of ABC 

is to the perimeter of KLMy as OA is to QK^ or as 
OB is to QR (B. lY., P. XXVn., C. 1) ; vihich was to bt 
proved. 

2°. The areas of the polygons will be to each other as 
OA^ is to QK^, or as 0& is to QR^. 

For, OA being homologous with QK^ and OB with 
QR^ we have, the area of ABC is to the area of KLM 
as Ol^ is to ^5^, or as OW^ is to ©!«'* (B. IV., P 
3LX.V11., 0. 1) ; vihich was to be proved. 
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PROPOSITION X. THEOEHM. 



"/ 



7\co regular polygons of the same number of sidtis can be 
constructed^ the one circumscribed about a circle and the 
other inscribed in it^ which shall differ from each other 
by less than any given surface. 

Let ABGE be a circle, O its centre, and Q the side 
of a square which is less than the given surface ; then can 
two similar regular polygons be constructed, the one circum- 
scribed about, and the other inscribed within the given circle, 
which shall differ from each other by less than the square 
of Q^ and consequently, by less than the given surfisM^. 

Inscribe a square in the 
given circle (P. HI.), and by 
means of it, inscribe, in succes- 
sion, regular polygons of 8, 16, 
32, &c., sides (P. YJi., S.), unr 
til one is found whose side is 
less than Q ; let AB be the 
fidde of such a polygon. 

Construct a similar circum- 
scribed polygon abcde : then 

will these polygons differ from each other by less than the 
square of §. . ^ 

For, from a and J, draw the lines aO and bO\ they 
will pass through the points A and B. Draw also OK 
to the point of contact K\ it will bisect AB at I and 
be perpendicular to it. Prolong AO to E. 

Let P denote the circumscribed, and jp the inscribed 
polygon ; then, because they are regular and similar, we 
diaU have (P. IX.), , 
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p :: W^ or 03* : Of; 



hence, by division (B, IL, P. VI.), we have. 



or. 



F^p 



OA^ 



OA' 



Ai\ 



OA^ 



or 




JP : F-p : 

Multiplying the terms of the 
second couplet by 4 (B. 11., P. 

VII), we have, a 

P : F-p : : 403^ : ^JT ; 
whence (B. IV., P. VHI,, C), 
F : F--P :: AE^ : A^. 

But F is less than the square of AJE (P. VII., C. 4) ; 
hence, F — p is less than the square of AF^ and conse- 
quently, less than the square of §, or than the given sur- 
face ; which was to be proved. 

Cor. 1. When the number of sides of the inscribed poly- 
gon is increased, the area of the polygon will be increased, 
and the area of the corresponding circumscribed polygon will 
be diminished (P. VII., c. 4) ; and each will constantly 
approach the circle, which is the limit of. both. 

Cor. 2. When • the number of sides of either polygon 
reaches its limit, which is infinity, each polygon will reach 
its limit, which is the circle : hence, under that supposition, 
the difference between the two polygons will be less than 
any assignable quantity, and may be denoted by zero,* and 
either of the polygons will be represented by the circle. 

* Univ. Algebra, Arts. 73, 73. Bourdon, Art. 71. 
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Scholium 1. The circle may be regarded as the 'imit 
of the inscribed and circumscribed polygons; that 'is, '.t is 
a figure towards which the polygons ,may be made ' - ap- 
proach nearer than . any appreciable quantity, but bv^ond 
which they cannot be made to pass.- 

Scholium 2. The circle may, therefore, be regarded as a 
regular polygon of an infinite number of sides; and bec-tuse 
of the principle, that whatever is true of a whole class, is 
true of every individual of that class, we may affirm that 
whatever is true of a regular polygon, having an irjtnite 
number of sides, is true also of the circle. 

Scholium 3. When the circle is regarded as a regular poly- 
gon, of an infinite number of sides, the circumference is to be 
regarded as its perimeter^ and the radius as its apothem. 

PROPOSITION XT. PROBLEM. x^\ / 

X 

Ths area of a regular inscribed polygon^ and that of a 
similar circumscribed polygon being given^ to find the 
areas of the regular inscribed and circumscribed polygons 
having double the number of sides. 

Let AJB be the side of the given inscribed, and JEP 
that of the given circumscribed polygon. Let be their 
common centre, AMB a portion of the circumference of 
the cu'cle, and M the middle point of the arc AMB. 

Draw the chord AM^ and 
at A and B draw the tangents 
AP and BQ\ then wiU AM 
be the side of the inscribed 
polygon, and PQ the side of 
the circumscribed polygon of 
double the number of sides (P. 
VLL). Draw CE, CP, CM, 
and CF. 
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Denote the area of the given inscribed polygon by />, 
the area of the given circumscribed polygon by P, and the 
areas of the inscribed and circumscribed polygons havmg 
double the number of sides, respectively by p* and P\ 



l^ The triangles GAD^ CAM, 
and CEMy are like parts of the 
polygons to which they belong : 
hence, they are proportional to the 
polygons themselves. But CAM 
is a mean proportional between 
CAD and CUM (B. IV., P. 
XXIV., C.) ; consequently p' 
is a mean proportional between 
p and P: hence. 




jp' = ^p X p. 



(1 



:D 



2°. Because the triangles CPM and CPE have the 
common altitude CM, thej are to each other aa their 
bases : hence. 



CPM 



CPE 



PM 



PE; 



and because CP bisects the angle ACM, •we have (B. IV., 

P. xvn.), 



CD 



CA; 



PM : PE : : CM : CE 

hence (B, n., P. IV.), 

CPM : CPE : : CD : CA or CM. 

Bat^ the triangles CAD and CAM have the common 
altitude AD ; they are therefore, to each other as thdr 
bases : hence, 



CAD 



CAM 



CD 



CM; 
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or, becaase CAD and CAM are to eadi other as the 
polygons to which they belong, 

p I p' I : CD : CM ; 
hence (B. II., P. IV.), we have, 

CPM : CFE : : pi p\ 
and, by composition, 

CPM : CPM + CPE or CME :i p : p+p'\ 
hence (B. 11., P. VII.), 

2CPM or GilfP^ : CMET : : 2/> : /)+/?'• 

But, OafP^ and CME are like pai-ts of P' and P, 

hence, 

P : P I : 2p I p +p' ; 
or, 

O _ 2pxP .-. 

O^ - p+p' V2.) 

Scholium. By means of Equation (1), we can find p\ 
and then, by means of Equation (2), we can find P'. 

PROPOSITION Xn. PROBLEM. 
To find the approximate area of a circle tpkose radius is 1. 

The area of an inscribed square is equal to twice the 
Square of the radius, or 2 (P. HI., S.), and the area of a 
circumscribed square is 4. Making p equal to 2, and 
P equal to 4, we have, from Equations (1) and (2) <rf 
Proposition XI., 

p' =z ^ = 2.82842Y1 . . . inscribed octagon; 

jp — ^ == 3.3137086 . . . circumscribed octagon. 

2 4-/8 
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MaJdng p equal to 2.8284271, and F «eqnal to 8.3137085, 
we have, from the same equations, 

p' = 3.0614674 . . . inscribed polygon of 16 sides. 

P' = 3.1825979 . . . circumscribed polygon of 16 sidos. 

By a continued application of these equations, we find 
the areas indicated in the following 





TABLE. 




Kt'MBKIt OF SmBS. 


Inscribed Poltgons. 


dSOUXSCKIBED POLTGOSB. 


4 


2.0000000 


4.0000000 


8 


2.8284271 


3.3137085 


16 


3.0614674 


3.1825979 


32 


3.1214451 


3.1517249 


64 


3.1365485 .. 


3.1441184 


128 


3.1403311 


3.1422236 


256 , . 


3.1412772 


3.1417504 


512 


8.1416138' 


3.1416321 


1024 


3.1415729 


3.1416025 


2048 


3.1415877 


3.1415951 


4096 


3.1415914 


3.1415933 


8192 


3.1415923 


3.1415928 


16384 


3.1415925 


3.1415927 



Now, the areas of the last two polygons diflfer fiom each 
other by less than the millionth part of the measuring nnit. But 
the area of the circle differs from either, by less than they differ 
from each other ; hence, the value of the area of either will differ 
from that of the. circle by less .than a millionth part of the mea- 
suring unit. Taking the figures as far as they agree, and de- 
noting the number of units in the required area by ^r, we have, 

approximately, 

^ = 3.141592 ; 

that is, the area of a circle whose radius is 1, is 3.141592. 

Scholium. For practical computation, the value of * is 
♦-^kcn equal to 3.1416. 
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PROPOsinoK xni. thborem. 

The circumferences of circles are to each oth^ as their radiij 
and the areas are to each other as the squares of their 
radii. 

Let C and bo the centres of two circles whose 
radii are CA .ind OJS : then will the circumferences be 
to each other as their radii, and the areas will be to each 
other as the squares of their radiL 




For, let similar regular polygons MNPST and EFGKL 
be inscribed in the circles : then will the perimeters of these 
polygons be to each other as their apothems, and the areas 
will be to each other as the squares of their apothems, what- 
ever may be the number of their sides (P. IX.). 

K the number of sides be made infinite (P. X. S. 2.), the 
polygons will coincide with the circles, the perimeters with 
the circumferences, and the apothems with the radii : hence, 
the circumferences of the circles are to each other as their 
radii, and the areas are tp each other as the squares of the 
radii ; which was to be proved, ^ 

Cor. 1. Diameters of circles are proportional to their 
radii: hence, the circumferences of circles are proportional 
to their diameters^ and the areas a/re proportional to the 
squares of the diameters. 
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are like parts 




Got. 2. Similar arcs, as AB and DE^ 
of the circamferences to which 
they belong, and similar sectors, 
^ AGB and ^JDOE, are like 
parts of the circles to which 
they belong : hence, similar 
area are to each other as their 
radii^ and similar sectors are 
to each ot?ier as the squares of their radii. 

Scholium. The term infinite^ nsed in the proposition, is to 
be understood in its technical sense. When it is proposed to 
make the number of sides of the polygons infinite^ by the 
method indicated in the scholium of Proposition X., it is sim- 
ply meant to express the condition of things, when the in- 
scribed polygons reach their limits; in which case, the dif- 
ference between the area of either circle and its inscribed 
polygon, is less than any appreciable quantity. We have seen 
(P. XII.), that when the number of sides is 16384, the areas differ 
by less than the millionth part of the measuring unit. By increas- 
ing the number of sides, we approximate still nearer. 



PROPOSITION XIV. THEOEEM. 

The area of a circle is equal to half the prodttct of iis 

circumference and radius, 

I 
Let O be the centre of a circle, 00 its radius, and 

A CDE its circumference : then will 
the area of the circle be equal to half 
the product of the circumference and 
radius. 

For, inscribe in it a regular poly- 
gon AG BE, Then will the area of 
this polygon be equal to half the pro- 
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duct of its perimeter and apothem, whatever may be the 
number of its sides (P, Vlll.). 

If the number of sides be made infinite, the polygon will 
coincide with the circle, the perimeter with the circumference, 
and the apothem with the radius : hence, the area of the 
circle is equal to half the product of its circumference and 
radius ; which was to he proved. 

Cor. 1. The area of a sector is equal to half the pro- 
duct of its arc and radius. 

Cor, 2. The area of a sector is to the area of the circle, 
as the arc of the sector to the circumference. 

PROPOSITION XV. PROBLEM. _Ja^O 

To find an expression for the area of any circle in terms 
of its radiics. 

Let C be the centre of a circle, and CA its radius. 
Denote its area by area CAj its radius 
by jB, and the area of a circle whose 
radius is 1, by ^r (P. XH., S.). 

Then, because the areas of circles 
are to each other as the squares of 
their radii (P. XDI.), we have, 

area CA : it : : IP : I ; 
whence, area CA = «'iP, 

That is, the area of any circle is 3.1416 times the square 
of the radius, 

PROPOSITION XVI, PROBLEM. 

To find an expression f(yr the circumference of a circle, %n 
terms of its radius^ or diameter. 

lA^it C be the centre of a circle, and CA its radius. 





156 GEOMETRY. 

Denote its drcnmference by cire. GA^ its radios by 12, smI 
its diameter by 2>. Prom the last Propoffltion, we have, 

area CA z= ^JR^ ; 

and, firom Proposition XIV., we have, 

€ata GA = icirc. CA x It \ 

hence, ^rc. GA x -B = ^R^ ; 

whence, by redaction, 

dte. CA = 2«'JJ, or, drc. CA = c2>. 

That is, the circumference of any drek is equal to 3.1416 
times its diameter. 

Scholium 1. The abstract nnmber ir, eqnal to 3.1416, de- 
notes the nnmber of times that the diameter of a drde is 
contained in the circumference, and also the nnmber of times 
that the square constructed on the radius is contained in the 
area of the circle (P. XV.). Now, it has been proved by 
the methods of Higher Mathematics, that the value of «* is 
incommensurable with 1 ; hence, it is imposable to express, 
by means of numbers, the exact length of a circumference 
in terms of the radius, or the exact area in terms of the 
square described on the radius. We may also infer that it 
is impossible to square the circle; that is, to construct a 
square whose area shall be exactly equal to that of the ax 
de. 

Scholium 2. Beades the approximate value of c', 3.1416 
usually employed, the fractions ^ and fff are also used, 
\en great accuracy is not required. 
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PLAHBS AND POLYXDBAL ANGLBS. 

DEFINITIONS. 

1. A Straight line is pebpendiculab to a plans, when 
it is perpendicular to every line of the plane which passes 
through its poor ; that is, through the point in which it 
meets the plane. 

In this case, the plane is also perpendicular to the line. 

2. A straight line is parallel to a plane, when it can- 
not meet the plane, how far soever both may be produced. 

In this case, the plane is also parallel to the line. 

3. Two Plaktes aee paballel, when they cannot meet, 
how far soever both may be produced, 

4. A DiEDBAL ANGLE is the amount of divergence of two 
planes. 

The line in Vhich the planes meet, is caUed the edge of 
the angle^ and the planes themselves are called faces of the 
angle. 

The measure of a diedral angle is the same as that of 
a plane angle formed by two lines, one drawn in each face, 
and both perpendicular to the edge at the same point. A 
diedral angle may be acute^ obtuse^ or a right angle. In 
the latter case, the £ices are perpendicular to each other. 
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5. A PoLYEDBAL AXGLE is the amouiit of diyergence of 
several planes meeting at a common point. 

This point is called the vertex of the angle ; the lines in 
which the planes meet are called edges of the angle^ and 
the portions of the planes lying between the edges are 
called faces of the angle. Thus, 8 
is the vertex of the polyedral angle, 
whose edges are 8A^ SB, SO, 
SDy and whose faces are ASB, 
£30, GSD, D8A. 

A polyedral angle which has but 
three faces, is called a triedral 
angle, 

POSTULATE. 

A line may be drawn perpendicular to a plane from any 
point of the plane, or from any point without the plane. 




PROPOSITION I. THEOREM. 



If a straight Une hccs two of its points in a plane, it wiM 
lie whoUy in that plane. 

{ For, by definition, a plane is a surface such, that if any 
two of its points be joined by a straight line, that line will 
lie wholly in the surface (B. L, D. 8). 

Cor. Through any point of a plane, an infinite number 
of straight lines may be drawn which will lie in the plane. 
For, if a line be drawn fi-om the given point to any other 
point of the plane, that line will lie wholly in the plane. 

8choUum. If any /two points of a plane be joined by a 
straight line, the plane may be turned about that line as an 
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axis, so as to take aa infinite number of positions. Hence, 
we infer that an infinite number of pianos may be passed 
through a given line, 

PROPOsmoiar n. thkorem. 

Through three points^ not in the same straight Hnej one 
plane can be passed^ and only one. 

Let -4, J5, and C be the three points : then can one 
plane be passed through them, and only one. 

Join two of the points, as A and 
JB, by the line AB. Through AB 
let a plane be passed, and let this plane 
be turned around AB until it contains 
the point C ; in this position it will 
pass through the three points A^ JB, 
and C. J£ now, the plane be turned 
about ABj in either direction, it will no longer contain the 
point C : hence, one plane can always bo passed through 
three points, and only one ; which toas to be proved. 

Cor. I. Three points, not in a straight line, determine the 
position of a plane, because only one plane can be passed 
through them« 

Cor. 2. A straight line and a point without that line, 
determine the position of a plane, because only one plane 
can be passed through them. 

Cor. 3. Two straight lines which intersect, determine th 
position of a plane. For, let AB and AC intersect at 
A : then will either line, as AB^ and one point of the 
other, as C7, determine the position of a plane. 

Cor. 4. Two parallel lines determine the position of a 
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plane. For, let AB and CD be parallel. By definition 
(B. I., D. 16) two parallel lines always lie in the same plane. 
But either line, as AB^ and any point 

of the other, as F^ determine the posi- A_ -B 

tion of a plane : hence, two parallels 

determine the position of a plane. F 



D 



D 



.E 



B 




PEOPosrrioif m. theoeem. 
The intersection of two planes is a straigJU line. 

Let AB and CD be two planes : then will their inter- 
section be a straight line. 

For, let JE and F be any two 
pomts common to the planes; draw 
the straight line FF. This line hav- 
ing two points in the plane AB^ 
will lie wholly in that plane ; and 
having two points in the plane CZ>, 

will lie wholly in that plane : hence, every point of FF is 
oonmion to both planes. Furthermore, the planes can have 
no common point lying without FFy otherwise there would 
be two planes passing through a straight line and a point 
lying without it, which is impossible (P. IT., C. 2) ; hence, 
the intersection of the two planes is a straight line ; whiek 
was to he proved. 



P^ 



PROPosinoir iv. 



THEOBEM. 



jy a straight line is perpendicvlar to two straight lines at 
their point of intersection^ it is perpendicular to the plane 
of those lines. 

Let JOT be the plane of the two lines jBJ?, CC^ and 
let AF be perpendicular to these lines at P : then will 
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AP "be perpendicular to every line of the plane which 
passes through P, and consequently, to the plane itselC 

For, through P, draw in 
the plane JlfiV", any line JPQ ; 
through any point of this line, 
as Qj draw the line i?(7, so 
that £Q shall be equal to (^G 
(B. IV., Prob. V.) ; draw AB, 
AQ, and AG. 

The base J5(7, of the triangle BPG^ being bisected at 
Q, we have (B. IV., P. XIV.), 

FG^ + PJS" = 2PQ^ + 2QG\ 

In like manner, we have, from the triangle ABC^ 

AG^ + AB^ = ^AQ" + 2§^l 

Subtracting the first' of thes^ equations from the second^ 
member from member, we have, 

AG^ - PC' + AW - PW = 2A^ - 2P^. 

But, from Proposition XI., C. 1, Book IV., we have, 

AG''^PG^^AP\ and AJ? -^ PI? ^ AP ^, 
hence, by substitution, 

2 JIP^ = 2A^ - 2PQ^ ; 
whence, 

AP^ = J^' - PQ^ ; or, ZP* + P©* = A^. 

The triangle -4P§ is, therefore, right-angled at P (B. IV.,' 
P. Xin.^ S.), and consequently, AP is perpendicular to 
PQ : hence, AP is perpendicular to every Ime of the 
plane MN" passing through P, and consequently, to the 
plane itself; which was to be proved. 

11 
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Cbr. 1. Only one perpendicular can be drawn to a plane 
Grom. a point without the plane. 
For, suppose two perpendiculars, 
as AP and AQy could be 
drawn from the point A to the 
plane JfJV. Draw PQ ; then 
the triangle APQ would have ^ 
two right angles, APQ and 
AQP; which is impossible (B. I, P. XXV., C. 3). 

Cor, 2. Only one perpendicular can be drawn to a plane 
from a point of that plane. For, suppose that two perpen- 
diculars could bo drawn to the plane MN'j from the point 
P. Pass a plane through the perpendiculars, and let PQ 
be its intersection with Mlf^; then we should have two per- 
pendiculara drawn to the same straight line from a point of 
that line ; which is impossible (B. I., P. XIV., C). 



PROPOSITION' V. THEOREM. 

J^ from a point without a plancy a perpendicular be drawn 
to the plane^ and oblique lines be drawn to differenZ 
points of the plane : 

1°. The perpendicular will be shorter than any oblique line : 

2°. Oblique lines which meet the plane at equal distances 
from the foot of th^ perpendicular^ will be equal : 

S.^ Of two oblique lines which meet the plane at unequal 
distances from the foot of the perpendicular^ the one which 
meets it at the greater distance wiU be the longer. 

Let ^ be a point without the plane MN ; let Al 
be perpendicular to the plane ; let A. (7, AD^ be any two 
•oblique lines meeting the plane at equal distances from the 
:foot of the perpendicular ; and let A and AJE be any 
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les 



two oblique lines meeting the plane at unequal distances fr<Mr 
the foot of the perpendicular : 

I**. AP will be shorter 
than any oblique line AC. 

For, draw PC; then will 
AP be less than AG (B. 
I., P. XV.) ; which was to 
be proved. 




2**. A G and AD - will be equal. 

FoTy draw PD ; then the right-angled triangles APG^ 
APDy will have the side AP common, and the sides PC, 
P2>, equal : hence, the triangles are equal in all their parts, 
and consequently, A G and AD will be equal ; which vhmb 
to be proved. 

3°. AJEJ will be greater than AC. 

For, draw PjF, and take PD equal to PC ; draw 
AD : then will AJEJ be greater than AD (B. I., P. XV.) ; 
but AD and A C are equal : hence, AJS is greater than 
AC ; which was to be proved. 

Cor. The equal oblique lines AD, AC, AD, meet the 
plane MN in the circumference of a circle, whose centre ia 
Py and whose radius is PD : hence, to draw a perpendi- 
cular to a given plane MN, from a point A, without that 
plane, find three points D, C, D, of the plane equally dis- 
tant from A, and then find the centre P, of the circle 
whose circumference passes through these points : then will 
AP be the perpendicular required. 

Scholium. The angle ADP is called the inclination of 
the oblique line AD to the plane MIT. The equal oblique 
lines AD, AG, AD, are all equally inclined to the plane 
MN. The inclination of AE is less than the inclinatioa of 
any shorter line AD. 
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PROPOSITION VI. THEOREM. 

jff from tJie foot of a perpendicular to a plane^ a line be 
dravm at right angles to any line of that plane, and the 
point of intersection be joined with any point of the per- 
pendicularj the last line wiU be perpendicular to the line 
of the plane. 

Let AP be perpendicular to the plane JfiV^ P its foot, 
BC the given line, and A any point of the perpendicular; 
draw PD at right angles to BC, and join the point D 
with A : then will AI) be perpendicular to BC. 

For, lay off BB equal to 
DC, and draw PB, PC, AB, 
and AC. Because PB is per- 
pendicular to BC, and BB 
equal to BC, we have, PB 
equal to PC (B. I., P. XV.) ; 
and because AP is perpendicu- 
lar to the plane MJST, and PB 

equal to PC, we have AB equal to AC (P. V.). The 
lino AB has, therefore, two of its points A and B, each 
equally distant from B and C : hence, it is perpendicular 
to BC (B. I., P. XVI., S.) ; which was to be proved. 

Cor. 1. The line BC is perpendicular to the plane of 
the triangle APB ; because it is perpendicular to AB and 
PB, at B (P. IV.). 

Cor. 2. The shortest distance between AP and BC is 
measured on P2>, perpendicular to both. For, draw BE 
between any other points of the lines : then w^ill BE be 
greater than PB, and PB will be greater than PB : 
hence, PB is less than BE. 
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Scholium. The lines AF and J3C\ though not in the 
same plane, are considered perpendicular to each other. In 
general, any two straight lines not in the same plane, are 
considered as mkking an angle with each other, w)iich angle 
is equal to that formed by drawing through a given point, 
two lines respectively parallel to the given lines. 

PEOPOsrnoN vn. theorem. 

J^ one of two parallels is perpendicular to a plane^ tlie other 
one is also perpendicular to the same platze. 

Let AP and JE!Z> be two parallels, and let AP bo 
perpendicular to the plane MN \ then will ED be also 
perpendicular to the plane MN. 

For,* pass a plane through the 
parallels ; its intersection with 
MN ^dll be FD ; draw AD, 
and in the plane MN draw 
BG pci-pendicular to FD at 
2>. Now, DD is perpendicular 
to the plane AFDE (P. VI., C.) ; 

the angle BDE is consequently a right angle ; but the an- 
gle EDF is a right angle, because ED is parallel to AP 
(B. I., P. XX., C. 1) : hence, ED is perpendicular to BD 
and PDy at their point of intersection, and consequently, to 
'their plane MN (P. IV,) ; Mohich was to be proved. 

V 

Cor. 1. K the lines AP and ED are perpendicular to 
the plane MNy they are parallel to each other. For, if 
not, draw through D a line parallel to PA ; it will be 
perpendicular to the plane MN", from what has just been 
proved ; we shall, therefore, have two perpendiculars to the 
the plane MNj at the same point ; which is impossible (P, 

rv., 6. 2). 
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Cor. 2. if two lines, A and J?, are parallel tp a third 
line (7, they are parallel to each other. For, pass a plane 
perpendicular to (7 ; it will be perpendicular to both A 
Odd B : hence, A and B are parallel. 

PROPOSITION Vin. THEOEEM. 

J^ a line is parallel to a line of a plane, it is parallel to 

that plane. 

Let the line AB be parallel to the line CD of the 
j^ane MN^ ; then will AB be parallel to the plane MIf. 

For, through AB and CB 
pass a plane (P. 11., C. 4) ; CB 
will be its intersection with 
the plane MNl Now, since AB 
lies in this plane, if it can meet 
Ae plane MN', it will be at ^^ 
some point of CB ; but this is 

impossible, because AB and CB are parallel : hence, AB 
oannot meet the plane MN'j and consequently, it is parallel 
to it ; which was to be proved. 

PROPOSITION' IX. THEOREM. 

J^ two planes are perpendicular to the same straight Itm, 
they are paraUd to ea^h other. 

Let the planes MN and PQ 
be perpendioular to the line AB, 
at the points A and B : then 
will they be parallel to each 
other. 

For, if they are not parallel. 
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they inll meet ; and let be a point common to both. 
From draw the lines OA and OB : then, since OA 
lies in the plane MN^ it will be perpendicular to BA at 
A (D. 1). For a like reason, OB will be perpendicular 
Xxi AB at ^ : hence, the triangle OAB will have two 
right angles, which is impossible ; consequently, the pianos 
cannot meet, and are therefore parallel ; which was to be 
proved. 

PEOPOsrrioN x, theokeic. 

If a plane intersect two parallel planes^ the lines of inter- 
section will be parallel. 

Let the plane JEff intersect the parallel planes MN" and 
PQy in the liiies JEJI" and GM : then will UI" and ff-ff 
be pardllel. 

For, if they are not parallel, 
they will meet if sufficiently pro- 
longed, because they lie in the 
same plane ; but if the lines meet, 
the planes MIT and P§, in 
which they lie, will also meet ; 
but this is impossible, because 
these planes are parallel : hence, 
the lines -E!F and GM cannot meet ; they are, therefore, 
parallel ; which was to be proved. 

PROPOSITION XI. THEOREM. 

jy^ a straight line is perpendicvlar to one of two paraUd 

planeSy it is also perpendicular to the other. 

Let MN and PQ be two parallel planes, and let the 
line AB be perpendicular to PQ then will it also be 
perpendicular to MN. 
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B 



For, through AJB pass any plane ; its intersections "with 
MIT and PQ will be parallel (P. X.) ; but, its intersection 
with FQ is perpendicular to AB at B (D. 1) ; bene 
its intersection with MR is 
also perpendicular to AB at A 
(B. I, P. XX., C. 1) : hence, 
AB is perpendicular to every 
line of the plane MN through 
A^ and is, therefore, perpendicu- 
lar to that plane ; which was to 
be proved. 



_Q 



N 



M 



PEOPOSITIOK Xn. THEOREM. 
JParaUel lines included between parallel planes, are equal. 

Let EG and FH be any two parallel lines included 
between the parallel planes MN and PQ : then will they 
be equaL 

Through the parallels conceive 
a plane to be passed ; it will 
intersect the plane MN in the 
line EFy and PQ in the line 
GH \ and these lines will be 
parallel (Prop. X.). The figure 
EFHQ is, therefore, a parallelo- 
gram : hence, GJS and HF 
are equal (B. I., P. XXVIII.) ; which was to be proved. 

Cor. 1. The distance between two parallel planes is mea- 
sured on a perpendicular to both ; but any two perpendiculars 
between the planes are equal : hence, parallel planes are every- 
where equally distant. 

Cor. 2. If a line GH is parallel to any plane MK, 
then can a plane be passed through GH parallel to MN i 
hence, if a line is parallel to a plane, aU of its points are 
equally distant from that plane. 
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PROPOSITION- Xai. THEOREM 

If two anglesy not situated in tJie same plane^ have iheif 
sides parallel and lying in the same direction^ the angles 
wiU be equal and their planes parallel. 

Let CAS and DBF be two angles lying in the planes 
MN and PQy and let the sides AG and AE be re- 
spectively parallel to BD and BFy and lying in the same 
direction : then wdll the angles CAJE and DBF be equal, 
and the planes MN and BQ will be parallel. 

Take any two points oi AG and AF^ as G and Ef and 
make BD equal to -4.(7, and 
BF to AF\ draw GE, DF, 
AB, GD, and EF. 

1°. The angles GAE and 
DBF will be equal. 

For, AE and BF being 
parallel and equal, the figure 
ABFE is a parallelogram (B, 
L, P. XXX.) ; hence, EF is 
parallel and equal to AB. For 
a like reason, GD is parallel and equal to AB : hence, 
GD and EF are parallel and equal to each other, and 
consequently, GE and DF are also parallel and equal to 
each other. The triangles GAE and DBF have, therefore, 
iheir corresponding sides equal, and consequently, the corres- 
ponding angles GAE and DBF are equal ; which toas to 
be proved. 

2°. The planes of the angles MJf and P^ are parallel 

For, if not, pass a plane through A parallel to P§, 

and suppose it to cut the lines GD and EF in G and 

nr Then will the lines GD and ITF be equal respect- 
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ively to AB (P. XII.), and consequently, GD will be 
equal to CB^ and IIF to EF\ which is impossible : hence, 
the planes MN and PQ must be parallel; which iccw to 
be proved. 

Cor. If two parallel planes JOT and P§, are met by 
two other planes AD and AF, the angles GAJS and 
2>jBJ^ formed by their intersections, will be equal. 



PROPOSITION XIV, THEOREM. 



J^ three straight lines^ not situated in the satne plane, are 
equal and parallel, the triangles formed by joining the 
extremities of these lines vsiU he equal, and their planes 
parallel. 

Let AB, CD, and FF be equal parallel lines not in 
the same plane : then will the triangles A CJS and BDF 
be equal, and their planes parallel. 

For, AB being equal and 
parallel to EF, the figure ABFE 
b a parallelogram, and conse- 
quently, AE is equal and par- 
allel to BF. For a like reason, 
AC is equal and parallel to 
BD : hence, the included angles 
CAE and DBF are equal and 
their planes parallel (P. XIQ.). 
Now, the triangles CAE and 
DBF have two sides and their 

included angles equal, each to each : hence, they are equal 
in all their parts. The triangles are, therefore, equal and 
their planes parallel ; which was to be proved^ 




yl 
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PROPOSITION' XV. THEOBEM. 

If two Straight lines are cut by three parallel planes^ they 
vnU be divided proportionaUy. ^ 

Let tho lines AB and CD be cut by the parallei 
planes MIT^ JPQy and HSy in the points Af £!, B^ and 
G, F, I)\ then 

AE I EB : I CF : FD. 

For, draw the line AD^ and 
suppose it to pierce the plane 
P§ in G\ draw AG^ BD, 
EG, and GF. 

The plane ABD intersects 
the parallel planes R8 and PQ 
m the lines BB and EG ; 
consequently, these lines are par- 
allel (P. X.) : hence (B. IV., 
P. XV), 

AE : EB :: AG : GD. 

The plane A CD intersects the parallel planes MN and 
P§, in the parallel lines AC and GF i hence, 

AG : GD : : CF : FD. 
Combining these proportions (B. 11., P. IV.), we have, 

AE : EB : : CF \ FD \ 

which was to be proved. 

Cor, 1. If two lines are cut by any number of parallel 
planes they will be divided proportionally. 

Cor, 2. If any number of lines are cut by three parallel 
planes, they will be divided proportionally. 
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PEOPOSITION XVL THEOREM. 

.5^ a Ivie is perpendicular to a plane^ every plane parsed 
through the line vnU also he perpendicular to that plane. 

Let AP be perpendicular to the plane MIT^ and let 
BF be a plane passed through AP : then will SF be 
perpendicular to MN", 

In the plane MN^ draw PD 
perpendicular to -B(7, the intersec- 
tion of BF and MN. Since AP 
is perpendicular to MN"^ it is per- 
pendicular to BG and DP (D. 1); 
and since AP and BP^ in the 
planes BF and JOT, are perpendicular to the intersection 
of these planes at the same point, the angle which they 
form is *equal to the angle formed by the planes (D. 4) ; 
but this angle is a right angle : hence, BF is perpendicu- 
lar to Mlf ; vshich was to he proved. 

Cor, If three lines AP^ BP^ and 2>P, are perpen- 
dicular to each other at a common point P, each line will 
be perpendicular to the plane of the other two, and the 
three planes will be perpendicular to each other. 

PROPOSITION XVII. THEOREM. 

If two planes are perpendicular to each other, a line drawn 
in one of them, perpendicular to their intersection^ will 
he perpendicular to the other. 

Let the planes BF and MN be perpendicular to each 
other, and let the line AP, drawn in the plane BF, be 
perpendicular to the intersection BC ; then will AP be 
perpendicular to the plane MN, 
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For, in the plane MN", draw PD perpendicular to JBC 
at P.. Then because the planes J^F and JOT are perpen- 
dicular to each other, the angle APD 
will be a right angle : hence, AP is 
perpendicular to the two lines PD 
and PGj at their intersection, and 
consequently, is perpendicular to their 
plane JfiV; which was to be proved. 

Cor, If the plane JSF is perpendicular to the plane 
JCVi and if at a point P of their intersection, we erect 
a perpendicular to the plane -3f2VJ that perpendicular will 
be in the plane PF, For, if not, draw in the plane PPl 
PA pei-pendicular to PC, the common intersection ; AP 
will be perpendicular to the plane JfiVj by the theorem ; 
therefore, at the same point P, there are two perpendiculars 
to the plane MIf ; which is impossible (P. IV., C. 2). 



PROPOSITIOK XVin. THEOREM. 



If two planes cut each otheVy and are perpendicular to a 
third planCy their intersection ie also perpendicular to- 
that plane. 

Let the planes BF^ DHy be perpendicular to MN : 
then will their intersection AP be perpendicular to MN", 

For, at the point P, erect a per- 
pendicular to the plane MN \ that 
perpendicular must be in the plane 
j^PJ and also in the plane DH 
(P. XVn., C.) ; therefore, it is their 
common intersection AP\ which was 
to be proved. 



H 
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PROPOSITION XTX. THEOEEM. 

The sum of any two of the plane angles formed by the 
edges of a triedral angle^ is greater than the third. 

Let A4, SB J and SC^ be the edges of a triedral 
angle : then will the sum of any two of the plane angles 
formed by them, as ASC and C/SLS, be greater than the 
thu-d ASB. 

If the plane angle ASB is equal to, or less than, either 
of the other two, the truth of the proposition is evident. Let 
us suppose, then, that ASB is greater than either. 

In the plane ASB^ construct 
the angle BSD equal to BSG ; 
draw AB in that plane, at plea- 
sure ; lay off SO equal to /SZ>, 
and draw AC and CB. The 
triangles BSD and BSC have 
the side SC equal to SB^ by 
construction, the side SB com- 

mon, and the included angles BSD and BSC equal, by 
construction ; the triangles are therefore equal in all their 
•parts : hence, BB is equal to BC But, from Propodtion 
Vn., Book I^ we have, 

BC + CA> BB + BA. 
Taking away the equal parts BC and jffi>, we have, 

CA > BA; 
hence (B. L, P. Ef., C), we have, 

angle ASC > angle ASB ; 
imd, addmg the equal angles BSC and BSB^ 
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angle A8G + angle GSB > angle ^Si> + angle D8B ; 
or, angle ASC + angle CSB > angle ASB ; 

which was to be proved. 

PROPOSITIOIT XX. THEOBEM. 

Th^ sum of the plane angles formed by the edges of any 
polyedral angle^ is less than four right angles. 

Let 8 be the vertex of any polyedral angle whose edges 
are SA, SB, SO, SB, and SU ; then will the sum of 
the angles about S be less than four right angles. 

For, pass a plane cutting the edges 
in the points A, B, C, D, and E, 
and the faces in the lines AB, BC^ 
CD, BE, and EA. From any point 
within the polygon thus formed, as 0, 
draw the straight Imes OA, OB, 00, 
OD, and OE 

We then have two sets of triangles, 
one set having a common vertex 8, the 
other having a common vertex 0, and both having com- 
mon bases AB, BO, OD, DE, EA. Now, in the set 
which has the common vertex 8, the sum of all the angles 
is equal to the sum of all the plane angles formed by the 
edges of the polyedral angle whose vertex is 8, together 
with the simi of all the angles at the bases : viz., SAB, 
8BA, SBO, &c. ; and the entire sum is equal to twice 
as many right angles as there are triangles. In the set 
whose common vertex is 0, the sum of all the angles is 
equal to the four right angles about 0, together with the 
interior angles of the polygon, and this sum is equal to 
twioe as many right angles as there are triangles. Sinoe 
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the number of tiiangles, in each set, is the same, it follows 
that these sums are equal. But in the triedral angle whose 
vertex is i?, we have (P. XIX.), 

AB8 + SBC > ABC ; 

and tho' like may be shown at each 

of the other vertices, (7, B^ E^ A : 

hence, the sum of the angles at the 

bases, in the triangles whose common 

vertex is S^ is greater than the sum 

of the angles at the ,bases, in the set 

whose common vertex is : therefore, 

the sum of the vertical angles about S^ is less than the 

sum of the angles about : that is, less than four right 

angles ; which was to be proved. 

Scholium. The above demonstration is made on the sap- 
position that the polyedral angle is convex, that is, that the 
diedral angles of the consecutive faces are each less than two 
right angles. ^ 



PROPOsrrioiT xxi. theorem. 

^ tlie plane angles formed hy the edges of two triedral 
angles ofe equals each to each^ the planes of the equal 
angles are equally inclined to each ot/ier. 

Let S and T be the vertices of two triedral angles, 
and let the angle ASG be equal to BTI\ ASB to BTEy 
and BSG to ETF : then will the planes of the , equal 
angles be equally inclined to each other. 

For, take any point of SB^ as i?, and from it draw 
in the two faces ASB and (7/SLB, the Imes BA and BO^ 
respectively perpendicular to SB : then will the angle ABC 
measure the inclination of these feces. Lay off TE equal 
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to 8B, and from E draw in the faces DTE anc^ JFTjE; 
the lines ED and EF^ respectively perpendicular to TE • 
then will the angle DEF 
measure the inclination of these 
fisices. Draw AG and DF. 
Tlie right-angled triangles 
SBA and TED, have the 
side SB equal to TE, and 
the angle ASB equal to 

DTE \ hence, AB is equal to DE, and AS to TJ?. 
In like manner, it may be shown that BG is equal to EFj 
and G8 to FT. The triangles J^/SC and DTF, have 
the angle -^/SC equal to DTF, by hypothesis, the side AS 
equal to DT, and the side (7/S to FT, from what has 
just been shown ; hence, the triangles are equal in all their 
parts, and consequently, AG is equal to DF, Now, the 
triangles ABG and DEF have their sides equal, each to 
each, and consequently, the corresponding angles are also 
equal ; that is, the angle AB G is equal to DEF : hence, 
the inclination of the planes ASB and CSB, is equal to 
the inclination of the planes DTE and FTE. In like 
manner, it may be shown that the planes of the other equal 
angles are equally inclined ; which was to be proved. 

Scholium, If the planes of the equal plane angles are 
like placed, the triedral angles are equal in all respects, for 
they may be placed so as to coincide. If the planes of the 
equal angles are not similarly placed, the triedral angles are 
eqticU by symmetry. In this case, they may be placed so 
that two of the homologous feces shall coincide, the triedral 
BDglos lying on opposite sides of the plane, which is then 
called a plane of symmetry. In this position, for every point 
on one side of the plane of synametry, there is a correspond- 
ing point on the other idde. 
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POLYEDBONS. 



DEFINITIONS. 

1. A PoLYEDRON is a volume bounded by polygons. 

The bounding polygons are called face% of the polyedron; 
the lines in which the polygons meet, are called edge% of the 
polyedron; the points in which the edges meet, are called 
vertices of the polyedron. 



2. A PmsM is a polyedron, two of whose 
ftces are equal polygons having their homo- 
logous sides parallel, the other faces being 
parallelograms. 

The equal polygons are called haBe» of the 
prism ; one the iipper^ and the other the 
lower bctse ; the parallelograms taken together 
make up the latercU or convex surface of the prism 
lines in which the lateral faces meiet, are called lateral 
of the prism. 




; the 
edges 



3. The Altttudb of a prism b the perpendicular dis- 
tance between the planes of its bases. 



4. A ItiaHT Pkism is one whose lateral 
«dgeB are perpendicular to the planes of the 
bases. 

In this case, any lateral edge is equal to 
the altitude. 



D\ 



q> 
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5. An Oblique Pbism is one whose lateral edges are 
obliqne to the planes of the bases. 

In this case, any lateral edge is gi eater than the altitude. 



6. Prisms are named from the number of sides of their 
a triangular prism is one whose bases are triangles; 

ft quadrangular prism is one whose bases are quadrilaterals; 
a pentangular prism is one whose bases are pentagons, and 
so on. 

7. A Paballelofipedon is a prism whose bases aM 
parallelograms*. 



\ 



A 



A Hectangvlar ' ParaMdopipedon is a right 
parallelopipedon, all of whose faces are rect- 
angles ; a cube is a rectangular parallelo- 
pipedon, all of whose faces are squares. 

8. A Pyramid is a polyedron bounded 
by a polygon called the Ja^e, and by tri- 
angles meeting at a common pointy called the 
vertex of the pyramid. 

The triangles taken together make up the 
lateral or convex aurface of the pyramid ; 
the lines in which the lateral &ces meet^ are 
called the lateral edges of the pyramid. 



9. Pyramids are named from the number of sides of 
their bases ; a triangular pyramid is one whose base is a 
triangle ; a quadrangular pyramid is one whose base is a 
quadrilateral, and so on. 

10. The Altttudb of a pyramid is the perpendicular 
distance from the vertex of the pyramid to the plane of its 
baae. 
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11. A Right Fybamid is one whose base is a regular 
polygon, and in which the perpendicular drawn from the 
Tertex to tiie plane of the base, passes through the centre 
of the base. 

This perpendicular is called the axis of the pyramid. 

12 The Slamt Height of a right pyramid, b the peR 
pendicular distance from the vertex to any side of the base. 

13. A Tbuncated Pyramid is that 
portion of a pyramid included between 
the base and any plane which cuts the 
pyramid. 

When the cutting plane is parallel to 
the base, the truncated pyramid is called 
a FRUSTUM OP A PYRAMID, and the inter- 
section of the cutting plane with the pyramid, is called the 
ujoper base of the frustum ; the base of the pyramid is cal- 
led the lower base of the frustum. 

14. The Alttfudb of a frustum of a pyramid, is the per- 
pendicular distance betweeii the planes of its bases. 

16. The Slant' Height of a frustum of a right pyramid, 
is that portion of the slant height of the pyramid which lies 
between the planes of its upper and lower bases. 

16. Similar Polyedroks are those which are bounded by 
•imilar polygons, similarly placed. 

Parts which are similarly placed, whether fiujes, edges, or 
angles, are called homologous, 

17. A Diagonal of a polyedron, is a straight line join- 
ing the vertices of two polyedral angles not in the 

face. 
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18« The Volume op a Poltedron is its nTunerical valua 
expressed in terms of some other polyedron as a unit. 

The unit generally employed is a cube constructed on tbe 
linear unit as an edge. 



PEOPOSinOlT I. THEOREM. 



V 



The convex evrface qf a right prism is equal to the perioi' 
eter of either base multiplied by the altitude. 

Let ABCBE-K be a right prism : then is its convex 
Boi&ce equal to, 

(AB + BC+ CJ) + DJE+ EA) x AF. 



For, the oonyex surface is equal to 
the sum of all the rectangles A 6?, BM, 
CI^ JDK^ EF^ which compose it. Now, 
the altitude of each of the rectangles 
AF, BGj CS, Ac, is equal to the 
altitude of the prism, and the area of 
each rectangle is equal to its base mul- 
tiplied by its altitude (B. IV., P. V.) : 
hence, the sum of these rectangles, or 
the convex sur&ce of the prism, is equal to, 



A 


5 



{AB + BC + CD -^ I>E+ EA) x AF; 

that is, to the perimeter of the base multiplied by the alti- 
tude ; which toas to be proved. 



Cor. If two right prisms have the same altitude, their 
convex sur&ces are to each other as the perimeters of their 
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PROPOSITION n. THEOREM. 

In any prism^ the sections made by parallel planes are eq^icd 

polygons. 

Let the prism AH be intersected by the parallel planes 
NT, SV: then are the sections NOPQE, STVXT, 
equal polygons. 

For, the sides NO, ST, are parallel, 
being the intersections of parallel planes 
with a third plane ABGF\ these sides, 
NO, ST, are included between the par- 
allels NS, 0T\ hence, NO is equal to 
ST (B. I., P. XXVm., C. 2). For like 
reasons, the sides OP, PQ, QP, Ac.,' 
of NOPQP, are equal to the sides 
TV, VX, &c., of STVXT, each to 
each ; and since the equal sides are par- 
allel, each to each, it follows that the 
angles NOP, OPQ, &c., of the first section, are equal to 
the angles STV, TVX, &c., of the second section, each to 
each (B. VI., P. Xm.) : hence, the two sections N'OPQP, 
STVXY, are equal polygons ; which was to be proved. 

Cor. Every sectior of a prism, parallel to the bases, is 
equal to either base. ^^ 




PROPOSITION III. THEOREM. 
Jff^ a pyramid be cut by a plane parallel to the bas^' 

1". The edges and the altitude will be divided proportio7idUy : 
2^. The section will be a polygon similar to the base. 

Let the pyramid S-ABCPJS, whose altitude is SOy 
be cut by the plane abode, parallel to the base ABGDK 
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1®. The edges and altitude will be divided proportionally. 

Foi, conceive a plane to be passed through the vertex iS^ 
parallel to the plane of the base ; then 
will the edges and the altitude be cut 
by three parallel planes, and consequently 
they will be divided proportionally (B. VI., 

P. XV., C. 2) ; which was to be proved. 
'^ 

2°. The section abcde^ will be similar 
to the base ABODE. For, ab is par- 
aUel to AB, and Jc to BO (B. VI., 
P. X.) : hence, the angle abo is equal to 
the angle ABO. In Uke manner, it may 
be shown ttat each angle of the polygon abcde is equal 
to the corresponding angle of the base : hence, the two 
polygons are mutually equiangular. 

Again, because ab is parallel to AB, we have, 




ab 



AB 



sb 



SB ; 

we have. 



and, because be is parallel to BO, 

be : BO : : 8b : SB i 
hence (B. II., P. IV.), we have, 

ab : AB : : be : BO. 

In like manner, it may be shown that all the sides of 
abcde are proportional to the corresponding sides of the 
polygon ABODE : hence, the section abcde is similar to 
the base ABODE (B. IV., D. 1) ; which was to be proved. 

Cor. 1. If two pyramids S- ABODE, and S-XTZ, 
having a common vertex S, and their bases in the same 
plane, be cut by a plane abc, parallel to the plane of 
their bases, the sections wiQ be to each other as the bases. 
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For, the polygons (Jbcd and ABCD^ bemg similar, are 
to each other as the squares of their homologous sides ab 
and AB (B. IV., P. XXVH) ; but. 



a? : AB^ : : Sa : SA 
hance (B. 11., P. IV.)> ^^ ^a^e, 



abcde : ABODE : : So^ : 80\ 



In like manner, we have, 

xyz : XYZ : : Scl" : SO^ ; ^' 
hence, 



/S? 



sa 




abcde 



ABODE 



xyz 



XTZ. 



Oor. 2. If the bases are equal, any sections at equal di* 
tances from the bases will be equal. 

Oor. 3. The area of any section parallel to the base, is 
proportional to the square of its distance from the vertex. 



r 



PROPOSITION IV. THEOBEM. 



The convex surface of a right pyramid is equaZ to ths 
perimeter of its base multiplied by half the slant heighL 

Let S be the vertex, ABODE the S 

base, and SEy perpendicular to JS4, the 

slant height of a right pyramid : then will 
the convex surface be equal to, 

(AB + B0+ OD + DE+ EA) x iSE. 

Draw SO perpendicular to the plane of the 
base. 




V :! 
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Prom the definition of a right pyramid, the point is 
the centre of the base (D. 11) : hence, the lateral edges, 
SA^ SB, &c.f are all equal (B. VI., P. V.) ; but the sides 
of the base are all equal, being sides of a regular polygon : 
hence, the lateral faces are all equal, and consequently their 
altitudes are all equal, each being equal to the slant height 
of the pyramid. 

Now, the area of any lateral face, as /SLEL4, is equal to 
its base jK4, multiplied by half its altitude SJF^ : hence, 
the sum of the areas of the lateral faces, or the convex sur- 
face of the pyramid, is equal to, 

{AB + BO + CD + JDE^EA) x iSJF" ; 

which fDOs to be proved. 



Scholium. The convex surface of a frustum of- a right 
pyramid is equal to half the sum of the perimeters of its 
upper and lower bases^ multiplied by the slant height. 

Let ABCDE-e be a frustum of a right 
pyramid, whose vertex is S : then will the 
section abode be similar to the base AB CDE^ 
and their homologous sides will be parallel, 
(P. in.). Any lateral face of the frustum, 
as AEea^ is a trapezoid, whose altitude is 
equal to JFf^ the slant height of the frustum ; 
hence, its area is equal to \(EA + ea) x Ff 
(B. IV., P. Vn.). But the area of the con- 
vex surface of the frustum is equal to the sum of the areas 
of its lateral faces ; it is, therefore, equal to the half sum 
of the perimeters of its upper and lower bases, multiplied 
by half the slant height. .^ ' 




186 



GEOMETRY. 



PROPOSITION V. THEOREM. 




Jf the three faces which indude a triedrai angle of a priem 
are equal to tJie three faces which include a triedral an- 
gle of a second prism^ each to eachj and are like placed^ 
the two prisms are equal in aU their parts. 

Let B and b be the vertices of two triedral angles, 
included by faces respectively equal to each other, and simi- 
larly placed : then will the prism ABGJDE-K be equal to 
the prism abcde-Jcy in all of its parts. 

For, place the base 
akcde upon the equal K 

base ABCDE, so that 
they shall coincide ; then 
because the triedral an- 
gles whose vertices are 
h and J?, are equal, 
the parallelogram hh will 
coincide with BH^ and 
the parallelogram hf with 
BF \ hence, the two 

sides fg and g\ of one upper base, will coincide with the 
homologous sides of the other upper base ; and because the 
upper bases are equal, they must coincide throughout ; con- 
sequently, each of the lateral faces of one prism will coincide 
with the corresponding lateral face of the other prism : the 
prisms, therefore, coincide throughout, and are therefore equal 
in all their parts ; which was to he proved. 

Cor. If two right prisms have their bases equal in all their 
parts, and have also equal altitudes, the prisms themselves will 
be equal in all their parts. For, the fiices which include any 
triedral angle of the one, will be equal to the faces which 
include the corresponding triedral angle of the other each to 
ich, and they will be similarly placed. 
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PROPOSITION VI. THEOBEM. 

In any pardUdopipedon^ the opposite faces are eqicalj each 
to eachj and their planes are parallel. 

Let ABCD-H be a parallelopipedon : then will iU 
opposite feces be equal and their planes will be paralleL 

For, the bases, ABCJD and EFGH ' 
are equal, and their planes parallel by 
definition (D. 7). The opposite faces 
AEHD and BFGC, have the sides AE 
and BE parallel, because they are oppo- 
site sides of the parallelogram BE ; 
and the sides EH and FQ parallel, 
because they are opposite sides of the parallelogram EQ\ 
and consequently, the angles AEH and BFQ are equal 
(B. VL, P. Xni.). But the side AE As equal to BE, and 
the side EH to FO ; hence, the faces AEHD and 
BFGG are equal ; and because AE is parallel to BF^ 
and EH to FO^ the planes of the faces are parallel 
(B. VL, P. XrH.). In like manner, it may be shown that 
the parallelograms ABFE and BGOH^ are equal and their 
planes parallel : hence, the opposite faces are equal, each to 
each, and their planes are parallel ; which was to be proved. 

Cor. 1, Any two opposite faces of a parallelopipedon 
may be taken as bases. 

Cor. 2. Li a rectangular parallelo- 
pipedon, the square of either of the 
diagonals is equal to the sum of the 
squares of the three edges which meet 
at the same vertex. 

For, let FB be either of the diagonals, aiid draw JFH 
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Then, in the right-angled triangle FED^ we hare, 
F& = DS^ + FS^. 



But DH is eqnal to FB^ and FH^ 
is equal to FJl plus AH^ or FG^ : 



hence, 



.^5^ = FI^ + JSP + .FO' 




Got. 3. A paraUelopipedon may be constructed on three 
lines AB^ AD^ and AE^ intersecting in a common point 
A^ and not lying in the same plane. For, pass through 
the extremity of each line, a plane parallel to the plane of 
the other two lines ; then will these planes, together with 
the planes of the given lines, determine a paraUelopipedon. 



PBOPOsrrioiT vii. 



THEOBEM. 




If a plane be passed through the diagoncbUy opp^te edges 
of a paralldopipedorij it will divide the paraUelopipedon 
into two equal triangular prisms. 

Let ABCD-H be a paraUelopipedon, and let a plane 
be passed through the edges BF and DH \ then will the 
prisms ABD-H- and BGD-H be equal 
in volume. 

For, through the vertices F and B 
let planes be passed perpendicular to 
FB^ the former cutting the other lateral 
edges in the points e^ h^ g^ and the 
latter cutting those edges produced, in 
the points a, d^ and c. The sections 
Fehg and Bado wiU be paraUelograms, 
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becanse their opposite sides are parallel, each to each (B. VX, 
P. X.) ; they will also be equal (P. 11.) : hence, the poly- 
edron Badc-g is a right prism (D. 2, 4), as are also the 
polyedrons JBad-h and Bcd-h, 

Place the triangle Feh upon Bad^ so that F shall 
coincide with By e with a, and h with d ; then, 
because eJE^ hH^ are perpendicular to the plane Feh^ and 
aAy dDy to the plane Bad^ the line eE will take the 
direction aA^ and the line hH ,the direction dLZ>. The 
lines AE and ae are equal, because each is equal to BF 
(B. I., P. XXVm.). If we take away from the Ime aE 
the part ae^ there will remain the part eE ; and if from 
the same line, we take away the part AE^ there will re- 
main the part Aa : hence, eE and aA are equal (A. 3) ; 
for a like^ reason hH is equal to dD : hence, the point 
E will coincide with A^ and the point H with D^ and 
consequently, the polyedrons Fehr-S and Bad-D will 
coincide throughout, and are therefore equal. 

If .from the polyedron Bad-H^ we take away the 
part Bad-Dy there will remain the prism BAD-H \ 
and if from the same polyedron we take away the part 
Fkh-Hy there will remain the prism Bad-h : hence, 
these prisms are equal in volume. In like manner, it may 
be shown that the prisms BGD-H and Bcd-h are equal 
in volume. 

The prisms Bad-h^ and Bcd-hj have equal bases, be- 
cause these bases are halves of equal parallelograms (B. I., 
P. XXVUI., C. 1) ; they have also equal altitudes ; they are 
therefore equal (P. V., C.) : hence, the prisms BAD-H and 
BGD-H are equal (A^ 1) ; iJoMch was to be proved. 

Cor. Any triangular prism ABB-H^ is equal to half of 
tke parallelopipedon AG^ which has the same triedral angle 
A^ and the same edges AB^ AD^ and AF. 
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PROPOSITION Vni. THEOEEM, 

Jf two paroHdopipedons have a common lower basej and 
tJieir upper bases between the same parallels^ they are 
equal in volum^e. 

Let the parallelopipedons AG and AZ have the com- 
mon lower base ABCD^ and their upper bases EFOH 
and IKLM^ between the same parallels EK and HL : 
then will they be eqnal in volume. 

For, the lines EF and 
IK are equal, because each 
is equal to AS ; hence, 
the sum of EF and Fly 
or El'i is equal to the 
sum of FI and IK^ or 
FK. In the triangular 
prisms AEI—M and 

BFK-Ly we have the line AE equal and parallel to 
BFy and EI equal to FK ; hence, the face AEI is 
equal to BFK. In the faces EIMH and FKLG, we have, 
HEz^.OF, EI=FK and HEI^OFK \ hence, the two faces 
are equal (Bk. I. P. xxviii. C. 3) : the faces AEHD and BFGC 
are also equal (P. VI.) : hence, the prisms are equal (P. 

V.) 

If from the polyedron ABKESy we take away the 
prism BFK~Ly there will remain the paraJlelopipedon AG ; 
and if from the same polyedron we take away the prisia 
AEI-Mj there will remain the parallelopipedon AL : hence, 
these parallelopipedons are equal in volume (A. 3) ; whick 
was to be proved. 

y 
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Jf two paraUdopipedpns have a common lower base and the 
eame altitude^ they wiU be equal in volume. 

Let the paraJlelopipedons AG and AZ have the com- 
mon lower base ABGD and the same altitude: then will 
they be equal in volume. ^ 

Because they have the same altitude, their upper bases 
will lie in the same plane. 
Let the sides IM and KL 
be prolonged, and also the 
sides FE and GS \ these 
prolongations will form a 
parallelogram §, which 
will be equal to the com- 
mon base of the given par- 
allelopipedons, because its 
sides are respectively parallel 
and equal to the correspond- 
ing sides of that base. 

Now, if a third pjarallelopipedon be constructed, having 
for its lower base the parallelogram ABCD^ and for its 
upper base KOPQj this third parallelopipedon will be equal 
in volume to the parallelopipedon AG^ since they have the 
same lower base, and their upper bases between the same 
paraUels, QG, NT (P. Vm.). For a like reason, this 
third parallelopipedon will also be equal in voljime to the 
parallelopipedon AL : hence, the two parallelopipedons AG 
AiZty are equal in volume ; which was to be proved. 

Cor. Any oblique parallelopipedon is equal in volume to 
a right parallelopipedon, having the same base and an equaJ 
altitude. 
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PEOPOSITIOIT X PBOBLEX. 



ii. 



To construct a rectangular paraUdopipedon which shaU be 
equal in volume to a right parallelopipedon whose base 
is any parallelogram. 



MQ 



\ 



^ 



^ 



tK 




Let ABCJy-M be a right parallelopipedon, having for 
its base the parallelogram ABCD. 

Through the edges AI and BK pass 
the planes AQ and BP^ respectively 
perpendicular to the plane AK^ the for- 
mer meeting the face DL in OQ, and 
the latter meeting that face produced in 
NFi then will the polyedron AP be a 
rectangular parallelopipedon equal to the 
given parallelopipedon. It will be a rect- ^ 

angular parallelopipedon, because all of its 
faces are rectangles, and it will be equal to the given 
parallelopipedon, because the two may be regarded as having 
the common base AK (P. YI., C. 1), and an equal altitude 
AO (P. IX.). 

Cor. 1. A right parallelopipedon, whose base is any paral- 
lelogram, is equal in volume to a rectangular parallelopipedon 
having an equal base and the same altitude. For, the base 
AN is equal to the base AC (B. IV., P. I.); and the 
altitude AI is common. 

Cor. 2. An oblique parallelopipedon is equal in volume to 
a rectangular parallelopipedon, having an equal base and aa 
equal altitude. 

Cor. 3. Any two parallelopipedons are equal in volume, 
when they have equal bases and equal altitudes. 



# 



BOOK VII. 



198 



PROPOSITION XL THEOBEM. 

7\oo reetanffular paraUelopipedona having a common lower 
basCi are to each other aa their altitudes. 

Let the paraUelopipedona AG and AJD have the com 
men lower base ABCD\ then will they be to each other 
as their altitades AE and AI. 

1°. Let the altitudes be commensurable, and suppose, for 
example, that AE is to AI^ as 15 is to 8. 

Conceive AE to be divided into 15 equal parts, of 
which AI will contain 8 ; through the points of division 
let planes be passed parallel to ABCD. These planes will 
divide the parallelopipedon AG into 15 parallelopipedons, 
which have equal bases (P. IT. C.) and equal altitudes; 
hence, they are equal (P. X., Cor. 3). 

Now, AG contains 15, and AL 8 
of these equal parallelopipedons ; hence, 
AG ]a Xo AL^ as 15 is to 8, or as 
AE \a \x> AI. In like manner, it may 
be shown that AG \b to AL^ as AE 
is to AI^ when the altitudes are to each 
other as any other whole numbers. 

2^. Let the altitudes be inconmiensur- 
able. 

Now, if J. 6^ is not to AL^ as AE is to AI^ let us 
suppose that, 

AG I AL :i AE : AO, 




in which AO is greater than AI. 

Divide AE into equal parts, such that each shall be 
less than 01; there will be at least one point of diTisioo 

18 
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m, between and L Let P denote the parallelopipe- 
don, whose base is ABCD^, and altitude Am ; since the 
altitudes AE^ Am^ are to each other as two whole num- 
bers, we have, 



AG : P : : AE : Am. 
But, hj hypothesis, we have, 

AG I AL I : AE : AO \ 
therefore (B. II., P. IV., C), 

AL : F : : AO : Am, 



But AO is greater than Am ; hence, if 
ttie proportion is true, AJO must be greater than P. On 
the contrary, it is less ; consequently, the fourth term of 
the proportion cannot be greater than AT. In like manner, 
it may be shown that the fourth term cannot be less than 
AI ; it is, therefore, equal to AZ In this case, therefore, 
AG is to AZj as AE is to AI. 

Hence, in all cases, the given parallelopipedonB are to 
each other Vs their altitudes ; tohich was to be proved. 

Scholium. Any two rectangular parallelopipedons who 
bafies are equal, are to each other as their altitudes. 





PROPOSinoiT xn. theoeem. 

'2\oo rectangular parallelopipedons having equal aUitudeSj are 
to each other <zs their bases. 

Let the rectangular parallelopipedons AG and AE' have 
the samo altitude AE : then will they be to each other as 
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For, place them as sho^vn in the figure, and produce the 



plane of the face iVX, until 
it intersects the plane of the 
face JETC?, in JPQi we shall 
thus form a third rectangular 
parallelopipedon A Q, 

The parallelopipedons AO 
and AQ haye a common 
base A^ ; they are there- 
fore to each other as their 
altitudes AJS and AO 
(P. XI.) : hence, we have 
the proportion. 



^ 



1 



vol. AG : vol.AQ 



E 



I 



^ 



B 
AS : AO. 



^ 



r 



^ 



The parallelopipedons AQ and AK have the common base 
AX ; they are therefore to each other as their altitudes 
AD and AM : hence, 

volAQ : volAK : : AD i AM. 



Multiplying these proportions, term by term (B. 11., P. XIL), 
and omitting the common factor, vol. A Q^ we have, 

vol. AG : volAK : : AS x AD : AO x AM. 

But AB X AlD is equal to the area of the base ABCD\ 
and AO y. AM is equal to the area of the base AMNO : 
hence, two rectangular parallelopipedons having equal alti- 
tudes, are to each other as their bases; vclhich toas to be 
jproved. 
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PKOPOsrrioN xni. theorem. 

An}/ two rectangular paraUdopipedons are to each otJier as 
the products of their bases and altitudes / that iSy as the 
^products of their three dimensions. 



V 



X 



1 



Let AZ Bxxd AG be 
any two rectangular paral- 
lelopipedons : then will they 
be to each other' as the 
products of their three di- 
mensions. 

For, place them as in the 
figure, and produce the face3 
necessary to complete the 
rectangular parallelopipedon jf 

AIT, The parallelopipedons 
AZ and JUT have a com- 
mon base Alf; hence (P. XL), 

vol. AZ : vol. AK : : AX : AE. 

The parallelopipedons AK and AQ have a common 
altitude AE \ hence (P. XII.), 

V0I.AK I V0I.4G :: AMNO : ABCD. 

Multiplying these proportions, term by term, and omitting 
the common factor, vol. AK^ we have, 

V(A.AZ : vol. AG :: AMIfOxAX : AECD x AE\ 

or, since AMNO is equal to AM x AOy and ABCB to 
AB X AD, 

V0I.AZ : volAG : : AMxAOxAX : ABxADxAE; 
which teas to be proved. 
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Cot. 1. If we make the three edges AM^ AO^ and 

AX^ each equal to the linear unit, the parallelopipedon AZ 

will be a cube constructed on that unit, as an edge ; and 

consequently, it will be the unit of volume. Under thin 
supposition, the last proportion becomes, 

1 : vol AG : : 1 : AB x AD x AJS ; 
whence, 

vol AG = AB X AD x AK 

Hence, the volume of any rectangular parallelopipedon ia 
equal to the product of its three dimensiorhs / that is, the 
number of times which it contains the unit of volume, is 
equal to the number of linear units in its length, by the 
number of linear units in its breadth, ' by the numbet* of 
linear units in its height. 

Cor, 2. The volume of a rectangular paraMelopipedon U 
equal to the product of its base and altitude / that is, the 
number of times which it contains the unit of volume, is 
equal to the number of superficial units in its base, multi- 
plied by the number of linear units in its altitude. 

Cor. 3. The volume of any parallelopipedon is equal to 
the product of its base and altitude (P. X., C. 2). 

PROPOSITIOIT XrV. THEOREM. 

The volume of any prism is equal to the product of itM 
base and altitude. 

Let ABGDE^K be any prism : then is its volume 
equal to the product of its base and altitude. 

For, through any lateral edge, as AF^ pass the planei 
AH^ AI^ dividing it into triangular priisms. These prisma 
will all have a common altitude equal to that of the given 
prisnu 
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Now, the volume of any one of the triangular prLraiiB, afi 
ABC-Hj is equal to half that of a parallelopipedon con- 
structed on the edges BAy BC^ BQ 
(P. Vn., C.) ; but the volume of this par- 
allelopipedon is equal to the product of its 
l>asc and altitude (P. XIII., C. 3) ; and 
because tlie base of the prism is half 
that of the parallelopipedon, the volume 
of the prism is also equal to the pro- 
duct of its base and altitude : hence, 
the sum of the triangular prisms, which 
make up the given prism, is equal to the sum of their 
bases, which make up the base of the given prism, into 
tiieir common altitude ; which was to be proved. 

Cor, Any two prisms are to each other as the products 
•f their bases and altitudes. Prisms having equal bases are 
to each other as their altitudes. Piisms having equal alti- 
tudes are to each other as their bases. 




PROPOSITION XV. THEOEiar. 



ThiDO triangular pyramids having equal bases and equal aUu 
tudes, are equal in volume. 

Let S-ABCj and S-abCj be two pyramids having their 
equal bases ABO and abc in the same plane, and let AT 
be their common altitude : then will they be equal in vol- 
ume. 

For, if they are not equal in volume, suppose one of 
them, as S-ABCj to be the greater, and let their differ- 
ence be equal to a prism whose base is ABCy and whose 
altitude is Aa. 
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DiTide the altitude AT into equal parts Ax^ asy, Aa, 
each of which is less than Aa, and let k denote one of 
these parts ; through the points of division pass planes par- 
allel to the plane of the bases ; the sections of the two 
pyramids, by each of these planes, will be equal, namely, 
DJEP to cfe/, GBI to ghi, &c. (P. IIL, C. 2). 



t^- 





On the triangles ABC^ DEF^ Ac, taken as lower bases, 
construct exterior prisms whose edges shall be parallel to 
ASj and whose altitudes shall be equal to h : and on the 
triangles def^ ghi^ &c., taken as upper bases, construct 
interior prisms, whose edges shall be parallel to /Sa, and 
whose altitudes shall be equal to k. It is evident that the 
sum of the exterior prisms is greater than the pyramid 
8-ABCy and also that the sum of the interior prisms is less 
than the pyramid S-^abc : hence, the difference between the 
sum of the exterior and the sum of the interior prisms, is 
greater than the difference between the two pyramids. 

Now, beginning at the bases, the second exterior 
prism EFD-G^ is equal to the first interior prism efd-Oy 
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because they hava the same altitade kj and their bases 
EFD^ efd^ are equal : for a like reason, tie third exterior 
prism HIG-K^ and the second interior prism hig-dy are 
equal, and so on to the last in each set : hence, each of the 
exterior prisms, excepting the first BCA-JD^ has an eqnid 
corresponding interior prism ; the prism BCA-D^ is, there- 
fore, the difference between the sum of all the exterior 
prisms, and the sum of all the interior prisms. But the 
difference between these two sets of prisms is greater than 
that between the two pyramids, which latter difference was 
supposed to be equal to a prism whose base is BCX^ and 
whose altitude is equal to Aa^ greater than k ; conse- 
quently, the prism BCA-D is greater than a prism having 
the same base and a greater altitude, which is impossible . 
hence, the supposed inequality between the two pyramids 
cannot exist ; they are, therefore, equal in volume ; vihich 
ioas to be proved. 

PEOPOSinOK XVI. ' THEOREM. '^ 

Anj/ triangular prism may be divided into three triangular 
pyramids^ equal to each other in volume. 

Let ABC-D be a triangular 
pri&m : then can it be divided into 
three equal triangular pyramids. 

For, through the edge AC^ 
pass the plane ACF^ and through 
the edge JEF pass the plane 
EFG. The pyramids ACE-F and 
EGD-Fy have their bases ACE 
and EGD equal, because they are 
halves of the same parallelogram 
AGDE\ and they have a common 
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altitude, because their bases are in the same plane AD^ and 
their vertices at the same point F\ hence, they are equal 
m volume (P. XV.) .^ The pyramids ABG-F and DEF-C^ 
have their bases ABC and DEF^ equal because they are 
the bases of the given prism, and their altitudes are equal 
because each is equal to the . altitude of the prism ; they 
are, therefore, equal in volume : hence, the three pyramids 
into which the prism is divided, are all equal in volume ; 
which was to he proved. 

Cor. 1. A triangular pyramid is one-third of a prism, 
having an equal base and an equal altitude. 

Cor, 2, The volume of a triangular pyramid is equal to 
one-third of the product of its base and altitude. 



PKOPOSITION XVn. ITOEOREM. 

The volume of any pyramid is equal to one-third of the 
product of its base and altitude. 

Let jli-^ABCDE^ be any pyramid: then is its volume 
equal to one-third of the product of its base and altitude. 

For, through any lateral edge, as SE^ 
pass the planes SEB^ SEC^ dividing the 
pyramid into triangular pyramids. The alti- 
tudes of these pyramids will be equal to 
each other, because each is equal to that 
of the given pyramid. Now, the volume 
of each triangular pyramid is equal to one- 
third of the product of its base and alti- 
tude (P. XVI., C. 2) ; hence, the sum of 
the volumes of the triangular pyramids, is 
equal to one-third of the product of the sum of their basef 
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by their common altitude. But the sum of the triangular 
pyramids is equal to the given pyramid, and the sum of 
their bases is equal to the base of the given pyramid : 
hence, the volume of the given pyramid is equal to one* 
third of the product of its base and altitude ; to^^cA toas to 
be proved. 

Cor. 1. The volume of a pyramid is equal to one-third 
of the volume of a prism having an equal base and an equal 
altitude. 

Cor, 2. Any two pyramids are to each other as the 
products of their bases and altitudes. Pyramids having equal 
bases are to each other as their altitudes. Pyramids having 
equal altitudes are to each other as their bases. 

Scholium. The volume of a polyedron may be found by 
dividing it into triangular pyramids, and computing their 
volumes separately. The sum of these volumes will be equal 
to the volume of the polyedron. 



PROPOSITION XVin. THEOREM. 

The volume of a frustum of any triangular pyramid is 
equal to the sum of the volumes of three pyramids 
whose common altitude is that of the frustum^ and whose 
bases are the lower base of the frustum^ the upper base 
of the frustum^ and a mean proportional between the two 
bases. 

Let FOH-h be a fixistum of any triangular pyramid : 
then will its volume be equal to that of three pyramids 
whose common altitude is that of the frustum, and whose 
bases are the lower base FQH^ the upper base fg\ and 

mean proportiooal between their bases. 
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For, through the edge FH^ pass the plane FHg^ and 
through the edge fg^ pass the plane fgS^ dividing the 
frustum into three pyramids. The pyra- 
mid g-FGH^ has for its base the lower 
base FGH of the frustum, and its al- 
titude is equal to that of the frustum, 
because its %'ertex g^ is in the plane of 
the upper base. The pyramid H-fgh^ 
has for its base the upper base fgh of 
the frustum, and its altitude is equal to 
that of the frustum, because its vertex 
lies in the plane of the lower base. 

The remaining pyramid may be regarded as having the 
triangle FfH for its base, and the point g for its vertex. 
From g^ draw gK . parallel to fF^ and draw also KH and 
Kf, Then will the pyramids K-FfM and g-FfH^ be equal; 
for they have a common base, and their altitudes are equal, 
because their vertices K and g are in a line parallel to 
the base (B. VI., P. XII., C. 2). 

Now, the pyramid K-FfH may be regarded as having 
FKJEL for its baae and / for its vertex. From K^ draw 
KL parallel to GH \ it will be parallel to gh : then will 
the triangle FKL be equal to fgh^ for the side FK is 
equal to fg^ the angle F to the angle /, and the angle K 
to the angle g. But, FKH is a mean proportional between 
FKL and FGH (B. IV., P. XXIV., C), or between fgh 
and FGH. The pyramid f-FKH, has, therefore, for its 
base a mean proportional between the upper and lower bases 
of the frustum, and its altitude is equal to that of the frus- 
tum ; but the pyramid f-FKH is equal in volume to the 
pyramid g-FfH\ hence, the volume of the given frustum is 
equal to that of three pyramids whose common altitude is 
equal to that of tlie frustum, and whose bases are the upper 
base, the lower base, and a mean proportional between 
them ; which was to he proved. 
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Cot. The volume of the frustum of any pyramid is 
equal to the sum of the volumes of three pyramids whose 
common altitude is that of the frustum^ and whose bases 
are t/ie lower base of the frustum^ the upper base of the 
frustum^ and a mean proportional between them. 

For, let ABCDJS-e be a frustum of 
any pyramid. Through any lateral edge, as 
eEy pass the planes eJSBb^ eECc^ divid- 
ing it into triangular frustums. Now, the 
sum of the volumes of the triangular frus- 
tums is equal to the sum of three sets of 
pyramids, whose common altitude is that of 
the given frustum. The bases of the first 
set make up the lower base of the given 
frustum, the bases of the second set make up the upper base 
of the given frustum, and the bases of the third set make 
up a mean prpportional between the upper and lower base 
of the given frustum : hence, the sum of the volumes of 
the first set is equal to that of a pyramid whose altitude is 
that of the frustum, and whose base is the lower base of 
of the frustum ; the sum of the volumes of the second set 
is equal to that of a pyramid whose altitude is that of the 
frustum, and whose base is the upper base of the frustum; 
and, the sum of the third set is equal to that of a pyra- 
mid whose altitude i^ that of the frustum, and whose base 
is a mean proportional between the two bases. 




PROPOSITION XIX. THEOREM. 

Similar triangular prisms are to each other as the cubes of 
their homologous edges. 

Let CBD'P^ cbd'P^ be two similar triangular prisms, 
and let i?C, 5c, be any two homologous edges: then will 
the prism CBB-F be to the prism cbd-p^ as BC"^ to be 
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For, the homologous angles B and h are equal, and 
the feces which bound them are shnilar (D. 16) : hence, 
these triedral angles may be 
applied, one to the other, so 
that the angle cbd wijil coin- 
cide with CBD^ the edge la 
with BA. In this case, the 
prism cbd-p will take the 
position Bcd-p, From A 
draw AS perpendicular to 

the common base of the prisms : then will the plane BAH 
be perpendicular to the plane of the common base (B. VI., 
P. XVI.). From a, in the plane BAHy draw ah 
perpendicular to BH : then will ah also be perpendicular 
to the base BBC (B. VI., P. XVH.) ; and AH, a\ wiU 
be the altitudes of the two prisms. 

Since the bases CBD, cbd, are similar, we have (B. IV., 
P. XXV.), 




base CBD : base cbd 



CW : c^. 



Now, because of the similar triangles ABH, aBhy and of 
the similar parallelograms AC, ac, we have, 

AH : ah : : CB : cb ; 

hence, multiplying these proportions term by term, we have, 

base CBD x AH : base cbd X ah : : CB^ : cb^. 

But, base CBD x AH is equal to the volume of the prism 
CDB-A, and base cbd x ah is equal to the volume of 
the priam cbd-p ; hence. 



prism CDB'-P : prism cbd-p 
which was to be proved. 



CW 
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Cor, 1. Any two similar prisms are to each other a» 
the cubes of their homologous edges. 

For, since the prisms are similar, their bases are similar 
polygons (D. 16) ; and these similar polygons may each be 
divided into the same number of similar triangles, similarly 
placed (B. IV., P. XXVI.) ; therefore, each prism may be 
divided into the same number of triangular prisms, having 
their faces similar and like placed ; consequently, the tri- 
angular prisms are similar (D. 16). But these triangular 
prisms are to each other as the cubes of their homologous 
edges, and being like parts of the polygonal prisms, the 
polygonal prisms themselves are to each other as the cubes 
of their homologous edges. 

Cor. 2. Similar prisms are to each other as the cubes 
of their altitudes, or as the cubes of any other homologous 
lines. 



PROPOSITION XX THEOREM. 

Similar pyramids are to each other as the cubes of their 
homologous edges. 

Let 8-ABCDE^ and S-abcde^ be two similar pyrar 
mids, so placed that their homologous angles at the vertex 
shall coincide, and let AB and ab be 
any two homologous edges : then will the 
pyramids be to each other as the cubes 
of AJ^ and ab. 

For, the face SAB^ being similar to 
Saby the edge AJB is parallel to the 
edge aJ, and the face SBC being simi- 
lar to Sbc^ the edge BC is parallel to 
be; hence, the planes of the bases are 
paraUel (B. VI., P. Xm.). 
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Draw 80 perpendicular to the base ABCDE \ it will 
alflo be perpendicular to the base abode. Let it pierce that 
plane at the point o : then ' will SO 
be to 80^ as 8A is to Sa (P. IIL), 
or as AB is to ab \ hence, 

\80 : \8o : : AB : ab. 

But the bases being similar polygons, we /T^. 

have (B. IV., P. XXVH), A< 

base ABODE : baseaicde :: AW : a^. 

Multiplying these proportions, term by term, we have, 

base ABODE x \S0 : base abode X \8o : : AB^ : o^'. 

But, base ABODE X \80 is equal to the volume of the 
pyramid 8-ABODE^ and ba>se abode X \8o is equal to 
the volume of the pyramid 8-abode ; hence, 

pyramid S-AB ODE : pyramid S-abode :: AB^ • aft'; 
which was to be proved. 

Cor. Similar pyramids are to each other as the cubes of 
their altitudes, or as the cubes of any other homologous 
lines. * A 
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GEN£RA.L FOBMULAS. 

If we denote the volume of any prism by F", its base 
by -B, and its altitude by JHJ we shall have (P. XIV.), 

r ^ B X H (1.) 

If we denote the volume of any pyramid by F", its 
base by J5, and its altitude by JBJ we have (P. XVIL), 

F= \B X H (2.) 

If we denote the volume of the frustum of any pyramid 
by FJ its lower base by J?, its upper base by ft, and 
its altitude by H^ we shall have (P. XVm., C), 



F = 4(^ + * + VBxb) X JSr . . (3.) 



BEOULAB POLYEDBONS. 

A Begulab Poltedbon is one whose faces are all equal 
regular polygons. 

There are five regular polyedrons, namely : 

1. The Teteaedboit, or regular pyramid — a polyedron 
bounded by four equal equilateral triangles. 

2. The Hbxaedbon, or cube^-2k polyedron bounded by 
BIZ equal squares. 

3. The Octaedbon — a polyedron bounded by eight equal 
equilateral triangles, 

4. The DoDECAEDBON — a polyedron bounded by twelve 
equal and regular pentagons. 
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5. The IcosABDBON — a polyedron bounded hj twenty 
equal equilateral triangles. 

In the Tetraedron, the triangles are grouped about the 
polyedral angles in sets of three, in the Octaedron they are 
grouped in sets of four, and in the Icosaedron they are 
grouped in sets of five. Now, a greater number of equi- 
lateral triangles cannot be grouped so as to form a salient 
polyedral angle ; for, if they could, the sum of the plane 
angles formed by the edges would be equal to, or greater 
than, four right angles, which is impossible (B. VI., P. XX.). 

In the Hexaedron, the squares are grouped about the 
polyedral angles in sets of three. Now, a greater number 
of squares cannot be grouped so as to form a salient polye- 
dral angle ; for the same reason as before. 

In the Dodecaedron, the regular pentagons are grouped 
about the polyedral angles in sets of three, and for the same 
reason as before, they cannot be grouped in any greater 
number, so as to form a salient polyedral angle. 

Furthermore, no other regular polygons can be grouped 
BO as to form a salient polyedral angle ; therefore, 

Ow/y five regular polyedrons can be formed. 
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THE CYLINDER, THE CONE, AND THE SPHBEB. 



DEIXNrnONS. 
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1. A Cyunder is a volume which may be generated by 
a rectangle revolving about one of its sides as an axis. 

Thus, if the rectangle AJBCD be turned about the side 
ABj as an axis, it will generate the cylinder FGGQ-P. 

The fixed line AB is called tlie axis 
of the cylinder ; the curved surface generated 
by the side (7Z>, opposite the axis, is called 
tlie convex surface of the cylinder ; the equal 
circles FGCQ^ and EBDF^ generated by 
the remaining sides BG and AD^ are called 
hoses of the cylinder ; and the perpendicular 
distance between the planes of the bases, is 
called the altitude of the cylinder. 

The line BG^ which generates the convex surface, is, in 
any position, called an element of the surface ; the elements 
are all perpendicular to the planes of the bases, and any 
one of them is equal to the altitude of the cylinder. 

Any line of the generating rectangle ABGB^ as IK^ 
which is perpendicular to the axis, will generate a circle 
whose plane is perpendicular to the axis, and which is equa 
1^ either base : hence, any section of a cylinder by a plan 
pierpendicular to the axis, is a circle equal to either base. 
Any section, FGBE^ made by a plane through the axis 
ifi a rectangle double the generating rectangle. 
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2. SnoLAB Gyundehs are those which may be generated 
by similar rectangles revolving about homologous sides. 

The axes of similar cylinders are proportional to the radB 
of their bases (B. IV., D. 1) ; they are also proportional im 
any other homologous lines of the cylinders. 



3. A prism is said to be inscribed 
in a cylinder^ when its bases are in- 
scribed in the bases of the cylinder. 
In this case, the cylinder is said to 
be circumscribed about the prism. 

The lateral edges of the inscribed 
prism are elements of the surface of 
the circumscribing cylinder. 

4. A prism is said to be circum- 
scribed about a cylinder^ when its 
bases are circumscribed about the 
In this case, the cylinder is said to 
prism. 

The lines which join the corres- 
ponding points of contact in the upper 
and lower bases, are common to the 
surface of the cylinder and to the 
lateral faces of the prism, and they 
are the only lines which are comcmon. 
The lateral faces of the prism are said 
to be tangent to the cylinder along 
these lines, which are then called ele- 
ments of contact. 




J 




of the cylinder, 
be inscribed in the 




6. A Cone is a volume which may be generated by a 
right-angled triangle revolving about one of the sides adjft- 
oent to the right angle, as an axis. 
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of a conej when its bases are inscribed in the bases of the 
^stiim of the cone. ' 

The lateral edges of the inscribed frustum of a pyramid 
are elements of the surface of the circumscribing frustum of 
a cone. 

11. A frustum of a pyramid is circumscribed about a 
firustum of a cone, when its bases are circumscribed about 
Aose of the frustum of the cone. 

Its lateral faces are tangent to the surface of the frustum 
0f the cone, along lines which are called elements of contact. 

12. A Sphere is a volume bounded by a surface, every 
point of which is equally distant from a point mthin called 
the centre, 

A sphere may be generated by a semicircle revolving 
about its diameter as an axis. 

13. A Radius of a sphere is a straight line di-awn from 
tioie centre to any point of the surface. A Diameter is any 
straight line drawn through the centre and limited at both 
extremities by the surface. 

All the radii of a sphere are equal : the diameters are 
also equal, and each is double the radius. 

14. A Spherical Sector is a volume which may ^ be gen- 
erated by a sector of a circle revolving about a diameter of 
ike circle lying without it. 

The surface generated by the arc is called the base of 
the sector. 

15. A plane is. Tangent to a Sphere when it touches 
(t in a single point. 

16. A Zone is a portion of the surface of a sphere 
included between two parallel planes. The bounding lines 
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of the sec? ons are called bases of the zone, and the distance 
between tf.3 planes is called the altitude of the zone. 

If one of the planes is tanger^t to the sphere, the zone 
has but one base. 

17. A Spherical Segment is a portion of a sphere in- 
cluded between two parallel planes. The sections made by 
the planes are called bases of the segment, and the distance 
between them is called the altitude of the segment. 

If one of the planes is tangent to the sphere, the seg- 
ment has but one base. 

The Cylinder, the Cone, and the Sphere, are sometimes 
called The Three Round Bodies. 



0' 



PROPOSITION I. THEOREM. 



The convex surface of a cylinder is equal to the circun^ 

ference of its base multiplied by ^ the altitude. 

Let ABD be the base of a cylinder whose altitude is 
S : then will its convex surface be equal to the circum*. 
ference of its base multiplied by the altitude. 

For, inscribe within the cylinder a 
prism whose base is a regular polygon. 
The convex surface of this prism will 
be equal to the perimeter of its base 
multiplied by its altitude (B. VII., P. I.), 
whatever may be the number of sides 
of its base. But, when the number of 
«des is infinite (B. V., P. X., C. 1), the 
convex surface of the prism coincides with 
that of the cylinder, the perimeter of 
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the base of the prism coincides with the ciijcuinferenoe of 
the base of the cylinder, and the altitude of the prism is 
the same as that of the cylinder : hence, the convex surface 
of the cylinder is equal to the circumference of its base 
multiplied by the altitude ; which was to be proved. 

Cor. The convex surfiices of cylinders having equal alti- 
tudes are to each other as the circumferences of their bases. 



PROPOSITION n. THEOREM. 

ITie volume of a eylinder is equal to the product of its 
base and altitude. 

Let ABD be the base of a cylinder whose altitude is 
J7*; then will its volume be equal to the product of its 
base and altitude. 

For, inscribe within it a prism whose 
base is a regular polygon. The volume 
of this prism is equal to the product 
of its base and altitude (B. VII., P. 
XIV.), whatever may be the number of 
sides of its base. But, when the num- 
ber of sides is infinite, the prism coin- 
cides with the cylinder, the base of the 
prism with the base of the cylinder, and 
the ^titude of the prism is the same 
as that of the cylinder : hence, the volume of the cylinder 
is equal to the product of its base and altitude ; which was 
to be proved. 

Cor. 1. Cylinders are to each other as the products of 
their bases and^ altitudes ; cylinders having equal bases are 
to each other as their altitudes ; cylinders having equal alti- 
tudes are to each other as their bases. 
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Cot. 2. Similar cylinders are to each other as the cubes 
of their altitudes, or as the cubes of the radii of their 
bases. 

For, the bases are as the squares of their radii (B. V., 
P. Xni.), and the cylinders being similar, these radii are to 
each other as their altitudes (D. 2) : hence, the bases are 
as the squares of the altitudes ; therefore, the bases multiplied 
by the altitudes, or the cylinders themselves, are as the 
cubes of the altitudes. 



PROPOSITION in. THEOREM. 

The convex surface of a cone is equal to the circumference 
of its base multiplied by half the slant height. 

Let S-ACD be a cone whose base is ACDy and whose 
slant height is ISA : then will its convex surface be equal 
to the circumference of its base multiplied by half the slant 
height. 

For, inscribe within it a right pyramid. 
The convex surfece of this pyramid is 
equal to the perimeter of its base mul- 
tiplied by half the slant height (B. VIL, 
P. IV.)j whatever may be the number 
of sides of its base. But when the num- 
ber of sides of the base is infinite, the 
convex sur&ce coincides with that of the 
cone, the perimeter of the base of the pyramid* coincides with 
the circumference of the base of the cone, and the slant height 
of the pyramid is equal to the slant height of the cone : 
hence, the convex surface of the cone is equal to the cir- 
cumference of its base multiplied by half the slant height j 
tcAich was to be proved. 
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PROPOSITION. rV". THEOREM. 

The convex surface of a frustum of a cone is equal to 
half the sum of the circumferences of its two bases 
multiiylied by tJie slant height. 

Let BIA-D be a frustum of a cone, BIA and EGD 
its two bases, and EB its slant height : then is its convex 
surface equal to half the sum. of the circumferences of its 
two bases multiplied by its slant height. 

For, inscribe within it the frustum 
of a right pyramid. The convex sur- 
face of this frustum is equal to half 
the sum of the perimeters of its bases, 
multiplied by the slant height (B. VIE., 
P. IV., C), whatever may be the 
number of its lateral faces. But when 
the number of these faces is infinite, 

the convex surface of the frustum of the pyramid coincides 
with that of the cone, the perimeters of its bases coincide 
with the circumferences of the bases of the frustum of the 
cone, and its slant height is equal to that of the cone : 
hence, the convex surface of the fiTistum of a cone is equal 
to half the sum of the circumferences of its bases multiplied 
by the slant height ; which was to be proved. 

Scholium. From the extremities A and 2>, and from 
the middle point ?, of a line AD^ let the lines AQ^ 2>(7, 
and IK^ be drawn perpendicular to a line 0(7: then will 
IK be equal to half the sum of AO and j9(7. For, 
draw Bd and li^ perpendicular to AO i then, because Al 
is equal to IB^ we shall have Ai equal to id (B. IV., P. 
XV.), and consequently to Is ; that is, ^ exceeds IK 
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as much as IK exceeds DCi hence, IK is equal to the 
half sum of -40 and BC. 

Now, if the line AD be revolved about 0(7, as an 
axis, it "will generate the surface of a frustum of a cone ^ 
whose slant height is AD ; the point I will generate a 
circumference which is equal to "^ half the sum of the circum- 
ferences generated by A and D : hence, if a straight line 
he revolved about another straight line^ it will generate a 
surface whose measure is equal to tJie prodiict of the gene- 
rating line and tJie circumference generated by its middle 
point. 

This proposition holds true when the line AD meets 
0(7, and also when AD is parallel to OC, 

PROPOSITION V. THEOEEM. 

The volume of a cone is equal to its base multiplied by 
one-third of its altitude. 

Let ABDE be the base of a cone whose vertex is 5, 
and whose altitude is So : then will its volume be equal to 
the base multiplied by one-third of the altitude. 

For, inscribe in the cone a right 
pyramid. The volume of this pyramid 
is equal to its base multiplied by one- 
third of its altitude (B. VH., P. XVH.), 
whatever may be the number of its 
lateral faces. But, when the number 
of lateral faces is infinite, the pyramid 
coincides with the cone, the base of 
the pyramid coincides with that of the 

cone, and their altitudes are equal : hence, the volume of a 
cone is equal to the base multiplied by one-third of the 
latitude ; which was to he proved. 
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C(yr, 1. A cone is equal to one-third of a cylinder hav- 
ing an equal base and an equal altitude. 

Cor. 2. Cones are to each other as the product* of 
their bases and altitudes. Cones having equal bases ' are to 
each other as their altitudes. Cones having equal altitudes 
are to each other as their bases. 



PEOPOSmON VI. THEOREM. 

The volume of a frustum of a cone is equal to the sum 
of the volumes of three cones^ having for a common 
altitude the altitude of the frustum^ and far buses the 
lower base of the frustum, the upper base of the frus- 
tum, and a mean proportional between the bases. 

Let £IA be the lower base of a frustum of a cone, 
jE'6r2> its upper base, and 00 its altitude: then will its 
volume be equal to the sum of three cones whose common 
altitude is 00, and whose bases are the lower base, the 
upper base, and a mean proportional between them. 
' For, inscribe a frustum of a right 
pyramid in the given frustum. The 
volume of this frustum is equal to 
the sum of the volumes of three 
pyramids whose common altitude is 
that of the frustum, and whose bases 
are the lower base, the upper base, 
and a mean proportional between the 
two (B. Vn., P. XVm.), whatever 

may be the number of lateral faces. But when the numbei 
of faces is infinite, the frustum of the pyramid coincides 
with the frustum of the cone, its bases with the bases of 
the cone, the three pyramids become cones, and their altitudes 
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are equal to that of the frustum ; hence, the yolume of the 
frustum of a cone is equal to the sum of the volumes of 
three cones whose common altitude is that of the frustum, 
and whose bases are the lower base of the frustum, the 
upper base of the frustum, and a mean proportional between 
them ; tiohich toas to be proved. 



PBOPOsmoN vn. tejsoksul 
Any section of a sphere made by a plane^ is a circle. 

Let G be the centre of a sphere, CA one of its 
radii, and AMB any section made by a plane : then will 
this section be a circle. 

For, draw a radius CO perpen- 
dicular to the cutting plane, and let 
it pierce the plane of the section at 
O. Draw radii of the sphere to any 
two points -MJ Jfcf ', of the curve which 
bounds the section, and join these 
points with : then, because the radii 
CM^ CM' are equal, the points 

Jf, M\ will be equally distant from (B. VI,, P. V., C.) ; 
hence, the section is a circle ; which vhm to be proved. 

Cor, 1. When the cutting plane passes through the centre 
of the sphere, the radius of the section is equal to that of 
the sphere ; when the cutting plane does not p<xss through 
the centre of the sphere, the radius of the section will be 
less than that of the sphere. 

A section whose plane passes through the centre of the 
sphere, is called a great circle of the sphere. A section 
whose plane does not pass through the centre of the spheroi 
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is called a small circle of the sphere. AH great circles of 
the same, or of equal spheres, are equal 

Cor. 2. Any great circle divides the sphere, and also 
the surface of the sphere, into equal parts. For, the parts 
may be so placed as to coincide, otherTvise there would be 
some points of the surface unequally distant from the centre, 
which is impossible. 

Cor. 3. The centre of a sphere, atid the centre of any 
small circle of that sphere, are in a straight line perpen- 
dicular to the plane of the circle. 

Cor. 4. The square of the radius of any small circle is 
equal to the square of the radius of the sphere diminished 
by the square of the distance from the centre of the sphere 
to the plane of the circle (B. IV., P. XI., C. 1) : hence, 
circles which are equally distant from the centre, are equal; 
and of two circles which are unequally distant fi-om the 
centre, that one is the less whose plane is at the greater 
distance from the centre. 

Cor. 5. The circumference of a great circle may always 
be made to pass through any two points on the surface of 
a sphere. For, a plane can always be passed through these 
points and the centre of the sphere (B. VI., P. 11.), and its 
section will be a great circle. If the two points are the 
extremities of a diameter, an infinite number of planes can 
be passed through them and the centre of the sphere (B. VI., 
P. I., S.) ; in this case, an infinite number of great circles 
can be made to pass through the two points. 

Cor, 6. The bases of a zone are the circumferences of 
circles (D. 16), and the bases of a segment of a sphere are 
circles. ^--r^- 
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Any plane perpendicular to a radius of a sphere at its 
extremity^ is tangent to the sphere at that point. 

Let C be the centre of a sphere, GA any radius, and 
FAG a plane perpendicular to CA at A : then will the 
plane FAG be tangent to the sphere at A. 

For, from any other point of the 
plane, as 3f^ draw the line MG : 
then because GA is a perpendicular 
to the plane, and GM an oblique 
line, GM will be greater than GA 
(B. YI., P. V.) : hence, the point 31 
Hes without the sphere. The plane 
FAGy therefore, touches the sphere 

at Ay and consequently is tangent to it at that point , 
which was to be proved. 

Scholium. It may be shown, by a course of reasoning 
analogous to that employed in Book III., Propositions XI., 
XTT., Xm., and XIV., that two spheres may have any one 
of six positions with respect to each other, viz. : 

1°. When the distance between their centres is greater than 
the sum of their radii, they are external, one to the other : 

2°. When the distance is equal to the sum of their 
radii, they are tangent, externally : 

3°. When this distance is less than the sum, and greater 
than the difference of their radii, they intersect each other : 

4®. Wfcen this distance is equal to the difference of theii 
radii, they are tangent internally : 

6°. When this distance is less than the difference of their 
radii, one is wholly within the other : 

6®. When this distance is equal to zero, they hxive a 
cofnmon centre^ or, are concentric. 
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DEFINinOKS. 



1°. If a semi-drcumferenpe be divided into equal arcs, the 
chords of these arcs form half of the perimeter of a regular 
inscribed polygon ; this half peruneter is called a regvlar 
semi-perimeter. The figure bounded by the regular semi- 
perimeter and the diameter of the semi-circumference is called 
a regular semipolygon. The diameter itself is called the 
axis of the semi-polygon. 

2^. If lines be drawn from the extremi- 
ties of any side, and perpendicular to the 
axis, the intercepted portion of the axis is 
called the projection of that side. 

The broken line ABCJDGJP is a regu- 
lar semi-perimeter ; the figure bounded by 
it and the diameter AP^ is a regular 
semi-polygon, AJP is its axis, HK is the 
projection of the side JBCy and the axis, 
APy is the projection of the entire semi-perimeter. 
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PROPOSITION IX. LEMMA. 



X 



If a regvlar semi-polygon he revolved abov^ its axisy the 

surface generated by the semiperimMer win be equal to 

the axis multiplied by the circumference of the inscribed 
circle. 

Let ABCJDEF be a regular semi-polygon, AlF its axis, 
and ON its apothem : then will the surface generated by 
the regular semi-perimeter be equal to AF x circ. ONi 

Prom the extremitJes of any side, as DJS, draw DI 
and .EH" perpendicular to AF ; draw also JOf perpen- 
dicular to AFy and FK perpendicular to DI. Now, the 
Bor&ce generated by FB is equal to JDF x ctre^NM 
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(P. IV., S.). But, because the triangles EBK and ONM 
are siniilar (B. IV., P. XXI.), we have, 

BE : EK or IH : I ON : NM : : circON : czrcNM; 

whence, 

BE X circ. NM = IS x circON ; 

that is, the surface generated by any side 
is equal to the projection of that side 
multiplied by the circumference of the in- 
scribed circle : hence, the surface gene- 
rated by the entire semi-perimeter is equal 
to the sum of the projections of its sides, 
or the axis, multiplied by the circumfer- 
ence of the inscribed circle ; which was to be proved. 

Cor, The surface generated by any portion of the perim- 
eter, as QBE, is equal to its projection JPS'^ multiplied 
by the circumference of the inscribed circle. 




PROPOSITION X. 



THEOREM. 



The surface of a sphere is equal to its diameter mtdtiplied 
by the circumference of a great circle. 
Let AJBCBE be a semi-circumference, 
O its centre, and AE its diameter : then 
will the surface of the sphere generated 
by revolving the semi-circumference about 
^tEy be equal to AE x circ, OE 

For, the semi-circumference may be re- 
garded as a regular semi-perimeter with an 
infinite number of sides, whose axis is AE, 
and the radius of whose inscribed circle 
IB OE : hence (P. IX.), the surface generated by it is equal 
to AE X ciro. OE; which was to be proved. 
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C(yr, 1. The droumference of a great circle is equal to 
^n(OE (B. v., P. XVI.) : hence, the area of the siirfikje 
of the sphere is equal to 20E X 2neOE, or to ^neOE^\ 
that is, the area of the surface of a sphere is equal to four 
great circles. 

Cor. 2. The surface generated by any 
arc of the senaicircle, as i?(7, will be a 
zone, whose altitude is equal to the pro- 
jection of that arc on the diameter. But, 
the arc jB (7 is a portion of a semi- 
perimeter having an infinite number of 
sides, and the radius of whose inscribed 
circle is equal to that of the sphere : 
hence (P. IX., C), the surface of a zone 
is equal to its altitude multiplied by the circumference of a 
great circle of the sphere. 

Cor, 8. Zones, on the same sphere, or on equal spheres, 
are to each other as their altitudes. 
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PROPOSITION XI. 



LEMMA. 



JIf a triangle and a rectangle having the same base and 
eqital altitudes^ be revolved about the common base, the 
volume generated by the triangle wiU be one-third of that 
generated by the rectangle. 

Let ABC be a triangle, and EFBC a rectangle, having 
the same base J5(7, and an equal altitude AD^ and let 
them both be revolved about BC\ then will the volume 
.generated by ABC be one-third of that generated b) 
EFBC. 

For, the cone generated by the ^ght-angled triangl 
JLDBy is equal to one-third of the cylinder generated by 
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the rectangle ADBF (P. V., C. 1) ; and the cone generated 
by the triangle ABC^ is equal to one-third of the cylinder 
generated by the rectangle ADCJS. 
But, when AD falls within the 
triangle, the sum. of the cones 
generated by ADB and ADCy 
is equal to the volume generated 
by the triangle ABC; and the 
Bom of the cylinders generated by 

ADBF and ADGEy is equal to the volume generated by 
the rectangle EFBC. When AD falls without the triangle, 
the difference of the cones generated by ADB and ADC^ 
is equal to the volume generated by ABC\ and the differ- 
ence of the cylinders generated by ADBF and ADGE^ is 
equal to the volume generated by EFBCi hence, hi either 
case, the volume generated by the triangle ABC^ is equal 
to one-thirdr of the volume generated by the rectangle 
EFBG\ which was to he proved. 

Cor. The volume of the cylinder generated by EFBC^ 
is equal to the product of its base and altitude,, or to 
leAJf' X BC: hence, the volume generated by the triangle 
ABCy is equal to \'^AD^ x BC. 

PEOPOSITION Xn. LEMMA. 

J^ an isosceles triangle be revolved about a straight line 
passing through its vertex^ the volume generated wiU be 
equal to the surface generated by the base multiplied by 
one-third of the altitude. 

Let CAB be an isosceles triangle, C its vertex, AB 
its base, CI its altitude, and let it be revolved about the 
line CDy as an axis : then will the volume . generated be 
equal to surf.AB x \CI. 
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There may be two cases : the base, or base produced, 
may meet the axis ; or, the base may be parallel to the axis. 

1°. Suppose the base, when 
produced, to meet the axis at 
D ; draw AM^ IK, and BN, 
perpendiculai: to (7Z>, and BO 
parallel to DC. Now, the 
volume generated by CAB is ^^ 
equal to the difference of the 
volumes generated by CAD and CBD ; hence (P. XL, C), 

mlOABz=:\KAJpy. GD--\nfBWx CD=i^{AW^BlP) x CD. 

But, aW - BW is equal to {AM + BN) {AM- BN), 
(B. IV., P. X.) ; and because AM + BN is equal to "lIK 
(P. IV., S,), and AM— BN to AG, we have, 

vol. CAB = \^IK X AO X CD. 

But, the right-angled triangles A OB and CDI are sum- 
lar (B. IV., P. XXI.) ; hence, 

AO : AB : : CI : CD; or, AO x CD = AB x OZ 

Substituting, and changing the order of the factors, we have, 
vol. CAB = AB X 2itIKx \CI. 

But, AB X 2'jfIK is equal to the surface generated by 
AB ; hence, 

vol. CAB =: surf. AB x \CI. 

This demonstration holds good when the axis CD coin- 
cides with one side of the triangle CAB. 

2^. Suppose the base of the triangle to be parallel to 
the axis. 
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Praw AM and BN perpendicular to the axis. The 
volume generated by CAB^ is equal » 
to the cylinder generated by the rectan- 
gle ABNMy diminished by the sum of 
the cones generated by the triangles 
CAM and BGN \ hence, 

vol. GAB = nsCT X AB ■-- i^CI^ x AI ^ \^GT x IB. 

But the sum of AI and IB is equal to AB : hencei 
we have, by reducing, and changing the order of the factors, 

vol CAB =z AB X 2itCI X \CL 

But AlB X 2'jfCI IB equal to the surface generated by AB ; 

consequently, 

vol. CAB = surf. AB X JCT; 

h^nce, in all cases, the volume generated by CAB is equal 
to surf. AB X JCT; which was to be proved. 



PROPOSITIOIT Xlir. LEMMA. 

If a regular semi-polygon be revolved about its axis^ tha 
volume generated will be equal to the surface generated 
by the semi-perimeter multiplied by one-third of th/e 
apothem. 

Let FBBQ be a regular semi-poly- 
^gon, FG its axis, 01 its apothem, and 

let the semi-polygon "be revolved about 

FG : then will the volume generated 

be equal to surfFDBG X \0L 

For, draw lines from the vertices to 

the centre 0. These lines will divide 

the semi-polygon into isosceles triangles 

lirhose bases are sides of the semi-polygon, 

and whose altitudes are equal to 01 
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Now, the sum of the volumes generated by these rtriaih 
gles is equal to the volume generated by the semi-polygon. 
But, the volume generated by any triangle, as OAJB^ is 
equal to surf. AB X \0I (P. XII.) : hence, the volume 
generated by the semi-polygon is equal to surf. FBDG y.\OI\ 
which wds to be proved. 

Cor. The volume generated by a portion of the semi- 
polygon, OABCj limited by radu 0(7, OAy is equal to 
mrf.ABO x \0I. 



PROPOSITION XrV. THEOREM. 



^ 



The volume of a sphere is equal to its surface multiplied 
by one-third of its radius. 

Let ACE be a semicircle, AJS its 
diameter, its centre, and let the semi- 
rircle be revolved about AE\ then will 
the volume generated be equal to the 
surface generated by the semi-circumfer- 
ence multiplied by one-third of the radius 
OA. 

For, the semicircle may be regarded 
as a regular semi-polygon having an infi- 
nite number of sides, whose semi-perimeter 
coincides with the semi-circumference, and whose apothem is 
equal to the radius : hence (P. Xm.), the volume gene- 
rated by the semicircle is equal to the surface generated by 
fche semi-circumference multiplied by one-third of the radius; 
\ohich was to he proved. 

Cor. 1. Any portion of the semicircle, as OBG, bounded 
' ▼ two radii, will generate a volume equal to the surjEuje 
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generated by the arc JBC multiplied by one-third of the 
radius (P. XTTT., C). But this portion of the semicircle is 
a circular sector, the volume which it generates is a spheri- 
cal sector, and the surface generated by the arc is a zone : 
hence, the volume of a spherical sector is equal to the zone 
which forms its base multiplied by one-third of the radius 

Cor. 2. K we denote the volume of a sphere by Fi 
and its radius by i?, the area of the surface will be equal 
to 4 9^722 (P. X., C. 1), and the volume of the sphere will be 
equal to 4fli'JK2xJi2; consequently, we have, . 

Again, if we denote the diameter of the sphere by 7>, we 
shall have H equal to iD^ and B^ equal to \D^^ and 
consequently, 

hence, the volumes of spheres are to each other as the cubes 
of their radiiy or as the cubes of their diameters. 

Scholium. If the figure EBBF^ 
formed by drawing lines from the ex- 
tremities of the arc BD perpendicular 
to (7-4, be revolved about CM, as an 
axis, it will generate a segment of a 
sphere whose volume may be found by 
adding to the spherical sector generated 
by iJBB^ the cone generated by CBE^ and subtracting 
fi-om their sum the cone generated by CBF. If the ai-o 
BB is so taken that the points E and F fall on oppo- 
eite sides of the centre (7, the latter cone must be added, 
instead of subtracted : hence, 

segmentEBBF=: zoneBDx\CB+^BlS^ X \CEr-^BWy.\CF. 
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PEOPOSinON XV. THEOREM 

TAe surface of a sphere is to the entire surface of the 
circumscribed cylinder^ including its hases^ as 2 is to 3 : 
and the volumes are to each other in the same ratio. 

Let PMQ be a semicircle, and JPADQ a rectangle, 
whose sides JPA and QI> are tangent to the semicircle at 
jP and Qj and whose side AD^ is tangent to the semi- 
circle at -3/1 If the semicircle and the rectangle be revolved 
about JPQy as an axis, the former will generate a sphere, 
and the latter a circumscribed cylinder. 

1®. The surface of the sphere is to the entire surface ot 
the cylinder, as 2 is to 3. 

For, the surface of the sphere is 
equal to four great cu'cles (P. X., C. 1), 
the convex surface of the cylinder is 
equal to the circumference of its base 
multiplied by its altitude (P. I,) ; 
that is, it is equal to the circumfer- 
ence of a great circle multiplied by 
its diameter, or to four great circles 
(B. v., P. XV.) ; adding to this the 

two bases, each of which is equal to a great circle, we have 
the entire surface of the cylinder equal to six great circles : 
hence, the surface of the sphere is to the entire surface of 
he circumscribed cylinder, as 4 is to 6, or as 2 is to 3 ; 
which was to be proved. 

2°. The volume of the sphere is to the volume of the 
cylinder as 2 is to 3. 

For, the volume of the sphere is equal to ^^H^ (P. XIV., 

C. 2) ; the volume of the cylinder is equal to its base 

^tiplied by its altitude (P. 11.) ; that is, it is equal to 
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«'1P X 2J?, or to f -jr'ijs : hence, the volume of the sphere 
is to that of the cylinder as 4 is to 6, or as 2 is to 3 ; 
which was to be proved. 

Cor. . The surface of a sphere is to the entire surface of 
a circumscribed cylinder, as the volume of the sphere is to 
volume of the cylinder. 

Scholium. Any polyedron which is circumscribed about a 
sphere, that is, whose faces are all tangent to the sphere, 
may be regarded as made up of pyramids, whose bases are 
the faces of the polyedron, whose common vertex is at the 
centre of the sphere, and each of whose altitudes is equal 
to the radius of the sphere. But, the volume of any one 
of these pyramids is equal to its base multiplied by one- 
third of its altitude : hence, the volume of a circumscribed 
polyedron is equal to its surface multiplied by one-third of 
the radius of the inscribed sphere. 

Now, because the volume of the sphere is also equal to 
its surface multiplied by one-third of its radius, it follows 
that the volume of a sphere is to the volume of any cir- 
cumscribed polyedron, as the surface of the sphere is to the 
surface of the polyedron. 

Polyedrons circumscribed about the same, or about equal 
spheres, are proportional to their surfaces. 



GENERAL FORMULAS. 

If we denote the convex surface of a cylinder by /S, its 
volume by T] the radius of its base by J?, and its alti- 
tude by JBT, we have (P. I., 11.), 

S = 2fli'iJ X ^ (1.) 

r= ^n'xJa' (2.) 
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If we denote the convex surface of a cone by S^ ita 
Tolumo by F, the radius of its base by iJ, its altitude by jHJ 
and its slant height by IT^ we have (P. III., V.), 

s = ^Hxsr (3.) 

F= *^'x JJET (4.) 

If we denote the convex surface of a frustum of a cone 
by /S, its volume by Fi the radius of its lower base by jR, 
the radius of its upper base by J2', its altitude by -iE?J and its 
slant height by JET, we have (P. IV., VI.), 

S = *(i2 + iJ') X JT (5.) 

F= i<iP + i2" + iJx JB') xiSr. . . (6.) 

If we denote the surface of a sphere by Sj its volume 
by F, its radius by -K, and its diameter by J9, we have 
(P. X., C. 1, XIV., C. 2, XIV., C. 1), 

S = 4flr'jR2 . • . (7.) 

F = A-ri23 = |flr2>? (8.) 

If we denote the radius of a sphere by JJ, the area of 

any zone of the sphere by >S, its altitude by JT, and the 

volume of the corresponding spherical sector by V] we 
shall have (P. X., C. 2), 

S = 2flriJ X IT (9.) 

F= |*J?»x^ (10.) 

If we denote the volume of the corresponding spherical 
segment by F, the radius of its lower base by i2', the 
radius of its upper base by -B", the distance of its lower 
base from the centre by JZ', and the distance of its upper 
base from the centre by iT", we have (P. XIV., S.), 

-. i^{2Ji' X 11+ H"* xH"z^R''xir) . . (11.) 
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r SPHSBICAL GEOMETBT. 

V DEFIKITIONS. 

1. A Spherical Ajstgle is an angle included between the 
arcs of two great circles of a sphere meeting at a point. 
The arcs are called sides of the angle, and the point at 
which they meet is called the vertex of the angle. 

The measure of a spherical angle is the same as that of 
the diedral angle included between the planes of its sides. 
Spherical angles may be acute^ rights or obtuse. 

2. A Spherical Polygon is a portion of the surface of 
a sphere bounded by arcs of three or more great circles. 
The bounding arcs are called sides of the polygon, and the 
points in which the sides meet are called vertices of the 
polygon. Each side is supposed to be less than a semi-cir- 
cumference. 

Spherical polygons are classified in the same manner aa 
plane polygons. 

3. A Spherical Teiakglb is a spherical polygon of three 
sides. 

Spherical triangles are classified in the same manner as 
plane triangles. 

4. A LuNB is a portion of the surface of a sphere 
bounded by semi-circumferences of two great circles. 

5. A Spherical Wedge is a portion of a sphere bounded 
by a lune and two semicircles meeting in a diameter of the 
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K we denote the convex surface of a oo^ 
Tolumo by F, the radius of its base by iJ, its 
and its slant height by jET, we have (P. HI., " 



S = ^Hx JI' ^ . . . 
F= ^IPx^S. . . . 

If we denote the convex surface | 
by S, its volume by F, the radir ^ 
the radius of its upper base by .' 
slant height by ff\ we have (P ' 



i 



S = *{B + JR'^ 



; 



F= i<^' J J 



^e of 
the cir 



jn is an arc of a 
two angles which are 



■< 
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If we denote the f ^ 
by F, its radius b' 
(P. X., C. 1, XIV. . 

^erical triangle is less than the sum of 
the other two. 



S 

T 



A he a spherical triangle situated on a sphere 

^ ^® ^'^ is 0: then will any side, as AB, be less 
any zone^^ J^ ^^ ^^^ g-^^g j^g ^^^ ^q^ 

volume ^V^^ ^j^^ radii OA, OB, and 
^'^i^se radii form the edges of a 
angle whose vertex is 0, and 
jgjie angles included between them 
f^^easured by the arcs AB, AC, 

li ^o (B. m., p. xvn, sch.). 

pi any plane angle, as A OB, is less 
0M1 the sum of the plane angles AOC 
3od BO a (B. VL, P. XIX.) : hence, 
rfie arc .^^ ig less than the sum of the arcs AC aa4 
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"de AB^ of a spherical polygon ABCBE^ 
\ of all the other sides. 

^jnals AC and AD^ dividing the 

<) arc AB is less than the sum 

AC is 

DC, 

the 

-oe, AB 

BC, CD,. 



arc of a great circle joining any two points 
^e of a sphere, is less than the arc of a small 
^mg the same points, 
^r, divide the arc of the small circle into equal parts, 
^nd through the extremities of each part pass the arc of a 
great circle. The arc of the great circle joining the given 
points will be less than the sum of these arcs (C. 1), what- 
ever may be their number. But when this number is infinite, 
the arcs of the great circle coincide with the corresponding 
arcs of the small circle, and their sum is equal to the entire 
arc of the small circle. 

Cor, 8. The shortest distance between two points on 
the surface of a sphere, is measured on the arc of a great 
circle joining them. ./y. 

PROPOSITIOIT n. THEOREM. 

The sum of the sides of a spherical polygon is less than 
the circumference of a great circle. 

Let ABCDE be a spherical polygon situated on a 
sphere whose centre is : then will the sum of its cddea 
be less than the circumference of a great circle. 
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For, draw the radii OA^ OB^ OC^ OB^ and OEi 
these radii form the edges of a polyedral angle whose vertex 
is at 0, and the angles included between 
them are measured by the arcs AB^ BCj 
CJDy BE, and EA. But the sum of 
these angles is less than four right angles 
(B. VI., P. XX.) : hence, the sum of the 
arcs which measure them is less than the 
circumference of a great circle ; uihich vxzs 
to be proved. 




PKOPOSmON IIL THEOREM. 

^ a diameter of a sphere be draum perpendicular to tJie 
plane of any circle of the sphere^ its extremities toiU be 
poles of that circle. 

Let O be the centre of a sphere, ElfG any circle of 
tl^e sphere, and BE a diameter of the sphere perpendicular 
to the plane of FlfG : then will the extremities B and J^ 
be poles of the circle FNG. 

The diameter BE, being 
perpendicular to the plane of 
ENG, must pass through 
the centre (B. VIIL, 
P. VH, C. 3). If arcs of 
great circles BUT, BE, BG, 
Ac, be drawn from B to 
different points of the cir- 
cumference ENG, and chords 
of these arcs be drawn, these 
chords will be equal (B. VI., 

P. v.), consequently, the arcs themselves will be equal But 
these arcs are the shortest lines that can be drawn from the 
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point 2>, to the different points of the circumference (P. I., 
C. 2) : hence, the point 2>, is equally distant from all the 
points of the circumference, and consequently is a pole of 
the circle (D. *!), In like manner, it may be shown that 
the point -E' is also a pole of the circle : hence, both J>, 
and J5J are poles of the circle JFWG ; wJiich was to be 
proved. 

Cor, 1. Let AMJB be a great circle perpendicular to 
DJEI: then will the angles DCMy EGM, &c., be right 
angles ; and consequently, the arcs DM^ JEM^ &c., will 
each be equal to a quadrant (B. HI., P. XVII., S.) : hence, 
the two poles of a great circle are at equal distances from 
the circumference,*^ 

Cor, 2. The two poles of a small circle are at unequal 
distances from the circumference, the sum of the distances 
being equal to a /4emi-circumference. 

Cor. 3. The line DC being perpendicular to the plane 
AMB^ any plane, as DMC^ passed through it, will also 
be perpendicular to the plane AMB : hence, the spherical 
angle DMA^ is a right-angle ; that is, if any point, in the 
circumference of a great circle, be joined with either pole by 
the arc of a great drcle, such arc will be perpendicular to 
the circumference of the given circle. 

Cor. 4. If the distance of a point -Z>, from each of the 
points A and M^ in the circumference of a great circle, 
is equal to a quadrant, the point -Z>, is the pole of the 
arc AM. 

For, let C be the centre of the sphere, and draw the 
radii OZ), CA, CM. Since the angles ACT>, MCJD, are 
right angles, the line CD is perpendicular to the two 
straight lines C4, CM: it is, therefore, perpendiculai' to their 
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plane (B. VI., P. IV.) : hence, the point 2>, is the pole of 
the arc AM, 

Scholium. The properties of these poles enable us to 
describe arcs of a circle on the surface of a sphere, with 
the same facility as on a plane surface. For, by turning 
the arc DF about the point J9, the extremity F will 
describe the small circle FNG ; and by turning the quad- 
rant DFA round the point -Z>, its extremity A will 
describe an arc of a great circle. 
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PROPOSITION IV, THEOBEM. 



The angle formed by two area of great circles, is eqical to 
that formed by the tangents to these arcs at their point 
of intersection, and is measured by ths arc of a great 
circle described from the vertex as a pole, and limited 
by the sides, produced if necessary. 

Let the angle BAG be formed by the two arcs AB, 
AC I then is it equal to the angle FAG formed by the 
tangents AF, AG, and is measured by the arc JDE of 
a great circle, described about J. as a pole. 

For, the tangent AF, drawn in the 
plane of the arc AB, is perpendicular 
to the radius A ; and the tangent 
AG, drawn in the plane of the arc 
AC, \a perpendicular to the same radius 
A : hence, the angle FA G is equal 
to the angle contained by the planes 
ABDH, ACER (B. VI., D. 4) ; which 
b that of the arcs AB, A C. Now, if 
the arcs AD and AE are both quad- 
rants, the lines CD, OE, are perpendicular to OA, and 
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the angle DOE is equal to the angle of the planes AJBBH^ 
AC EH', hence, the arc BE is the measure of the angle 
contained by these planes, or of the angle GAB ; uihich 
teas to be proved. 

Cor, 1. The angles of spherical triangles may be com- 
paied by means of the arcs of great circles described from 
their vertices as poles, and included between their sides. 

A 'spherical angle can always be constructed equal to a 
given spherical angle. 

Cor. 2. Vertical angles, such as 
ACQ and BGN are equal; for 
either of them is the angle formed 
by the two planes AC By OCJST. 
When two arcs ACB, OCHT, in- 
tersect, the sum of two adjacent 
angles, as ACO^ OCB^ is equal 
to two right angles. 

PROPOSITION V. THEOREM. 

If from the vertices of the angles of a spherical triangle^ 
as poUSy arcs he described forming a spherical triangle^ 
the vertices of the angles of this second triangle wiU be 
respectively poles of the sides of the first. 

From the vertices A^ -B, (7, 
as poles, let the arcs EF^ FB^ 
EB^ be described, forming the 
triangle BFE\ then will the 
vertices B^ Ey and jFJ be 
respectively poles of the sides 
BCy AC, AB. 

For, the point A being 

16 
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the pole of the arc EFj the distance AE^ is a qaadratit; 
the point C bemg the pole of the arc DJEy the distance 
CS^ is likewise a quadrant : hence, the point j& is at a 
quadrant's distance from the points A and C: hence, it is 
the pole of the arc AG (P. HI., C, 4). It may be shown, 
in like manner, that D is the pole of the arc J5(7, and 
F that of the arc AB ; which was to he proved. 

Scholium. The triangle ABC^ may be described by 
means of DEF^ as JDEF is described by means of ABC. 
Triangles thus related are called polar friangleSy or supple- 
mental triangles. 



PROPOSITION VI. THEOREM. 

Any angle^ in one of two polar triangles^ is measured by a 
semirdrcumferencey minus the side lying opposite to it in 
ths other triangle. 

Let ABCy and EFD^ be any two polar triangles: 
then will any angle in either triangle be measured by a 
semi-circumference, minus the side lying opposite to it in the 
other triangle. 

For, produce the sides ABy 
ACy if necessary, till they 
meet EF^ in (? and JZ The 
point A beiag the pole of 
the arc GS, the angle A is 
measured by that arc (P. IV.). 
But, since E is the pole of 
AMy the arc ES is a quad- 
irant ; and since F is the 

pole of AQy FQ is a quadrant : hence, the sum of tha 
sarcs EH and GF^ is equal to a semi-circumference. But, 
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the sum of the arcs EH and GF^ is equal to the sum 
of the arcs EF and GH : hence, the arc GH^ whiA 
measures the angle A^ is equal to a semi-circumference, 
minus the arc EF. In like manner, it may be shown, that 
any other angle, in either triangle, is measured by a semi^ 
circumference, minus the side lying opposite to it in the 
other triangle ; Mohich was to be proved. 

Scholium. Besides the triangle DEF^ 
three others may be formed by the 
intersection of the arcs DE^ EF^ JDF. 
But the proposition is applicable only 
to the central triangle, which is dis- 
tinguished from the other three by the 
circumstance, that the two vertices, A 

and i>, lie on the same side of JBC\ the two vertices, 
B and E^ on the same side oi AG \ and the two verti- 
ces, G arid F^ on the same side of AB. 



PROPOSITION Vn. THEOREM. 

If from the vertices of any two angles of a spherical tri- 
angUy as poksy arcs of circles be described passing 
through the vertex of tlie third angle; and if from the 
second point in which these arcs intersect^ arcs of great 
circles be drawn to the vertices^ used as poles^ ths parts 
of the triangle thus formed mU be equal to those of the 
given triangle^ each to ecuih. 

Let ABG be a spherical triangle situated on a sphere 
whose centre is 0, CED and CFD arcs of circles 
described about B and A as poles, and let JDA and 
DB be arcs of great circles : then will the parts of the 
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taiangle ABD be equal to those of the given triangle 
ABGy each to each. ^j^ 

For, by construction, the side AD 
IB equal to -4.(7, the side BB is 
equal to J? (7, and the side AB is 
eommon : hence, the sides are equal, 
each to each. Draw the radii 0-dl, 
Oj5, OC, and OB. The radii OA^ 
OB J and 0(7, will form the edges 
of a triedral angle whose vertex is 
; and the radii OAj OB^ and 
edges of a second triedral angle whose vertex is also at ; 
and the plane angles formed by these edges will be equals 
each to each : hence, the planes of the equal angles are 
equally inclined to each other (B. VI., P. XXI.). But, the 
angles made by these planes are equal to the corresponding 
sf^erical angles ; consequently, the angle BAB is equal to 
BACy the angle ABB to ABC, and the angle ABB 
to ACB: hence, the parts of the triangle ABB are equal 
to the parts^ of the triangle A CBy each to each ; which 
was to be proved, ' 




form the 



Scholium 1. The triangles ABO and ABB, are not, 
in general, capable of superposition, but their parts are 
eymmetricaUy disposed with respect to AB. Triangles 
which can be so placed are called symmetrical triangles. 

Scholium 2. If symmetrical triangles are isosceles, they 
ean be so placed as to coincide throughout : hence, they 
M*e egual in area. 
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PROPOSITIOK Vni. THEOREM, 



If ttoo spherical triangles^ on the same^ ,or on eqiuzl spheres^ 
have two sides and the induded angle of the one equal 
to two sides and the included angle of the other^ each 
to eachj the remaining parts are equals each to each. 

Let the spherical triangles ABC and JEFGy have the 
side EF equal to AB^ the side EG equal to AC<, and 
the angle FEQ equal to BAG \ then will the side FG be 
equal to BC^ the angle EFG to ABC^ and the angle 
EGF to ACB. 

For, the triangle EFG may 
be placed upon ABC^ or upon 
its symmetrical triangle ADB^ so 
as to coincide with it throughout, 
as may be shown by the same 
course ' of reasoning as that em- 
ployed in Book I., Proposition V. : 
hence, the side FG is equal to 

J? (7, the angle EFG to ABC, and the angle EGF to 
A CB ; which was to he proved. 
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^ If two spherical triangles on the same, or on eqical spheres^ 
have two angles and the included side of the one equal 
to two angles and the included side of the otJier, each 
to each, the remaining parts will be equal, each to each 

Let the spherical triangles ABG and EFG, have the 
angle FEG equal to BAG, the angle EFG equal to 
ABC, and the side EF equal to AB i then will the 
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6. A SPHEBiciLL Pybamid is a portion of a Bpliere 
bounded by a Bpherical polygon and sectors of circles wbose 
common centre is the centre of the sphere. 

The spherical polygon is called the base of the pyramid, 
and *the centre of the sphere is called the vertex of the 
pyramid. 

7. A Pole of a Circle is a point on the sor&ce of 
the sphere, equally distant from all the points of the cir 
cnmference of the circle. 

8. A Dla^gonal of a spherical polygon is an arc of a 
great circle joining the vertices of any two angles which are 
not consecutive. 

PROPOSITION I. THEOREM. 

Any side of a spherical triangle is less than the sum of 
the other two. 

Let ABO be a spherical triangle situated on a sphero 
whose centre is Ox then will any side, as AB^ be less 
than the sum of the sides AG and BC. 

For, draw the radii OA^ OB^ and 
0(7: these radii form the edges of a 
triedral angle whose vertex is 0, and 
the plane angles included between them 
are measured by the arcs AB^ AC^ 
and BC (B. HI., P. XVH., Sch.). 
But any plane angle, as AOB^ is less 
than the sum of the plane angles AOG 
and BOG (B. VI., P. XIX.) : hence, 

the arc AB is less than the sum of the arcs AG and 
BG \ which was to he proved. 
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Cot. 1. Any side AB^ of a spherical polygon ABGDE^ 
18 less than the sum of all the other sides. 

For, draw the diagonals AC and AB^ dividing the 
polygon into triangles. The arc AB is less than the sum 
of AC and BC^ the arc AC is 
less than the sum of AB and 2>(7, 
and the arc AB is less than the 
sum of BE and EA ; hence, AB 
is less than the sum of BC^ CBy 
BEy and EA. 

Cor. 2. The arc of a great circle joining any two points 
on the sur&ce of a sphere, is less than the arc of a small 
circle joining the same points. 

For, divide the arc of the small circle into equal parts, 
and through the extremities of each part pass the arc of a 
great circle. The arc of the great circle joining the given 
points wiU be less than the sum of these arcs (C. 1), what- 
ever may be their number. But when this number is infinij;e, 
the arcs of the great circle coincide with the corresponding 
arcs of the small circle, aad their sum is equal to the entire 
arc of the smaU circle. 

Cor. 3. The shortest distance between two points on 
the surface of a sphere, is measured on the arc of a great 
circle joining them. , /\^ 

pROPOsrnoiT n. theorem. 

The Bum of the sides of a spherical polygon is less than 
the circumference of a great circle. 

Let ABCBE be a spherical polygon situated on a 
q[>here whose centre is : then will the sum of its sides 
be less than the circumference of a great circle. 
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the side BG common, and the included angle ACB equal 
to the included angle OJBCy by bypothesLa : hence, the 
remaining parts of the triangles are equal, 
each to each, and consequently, the angle 
OCJB is equal to the angle ABC, But, 
the angle ACB is equal to ABCj by 
hypothesis, and therefore, the angle OCB 
is equal to AC By or a part is equal to 
the whole, which is impossible : hence, the 
supposition that AB and AC are un- 
equal, is absurd ; they are therefore equal, and consequently, 
the triangle ABC is isosceles; which was to be proved. 

Cor. The triangles ABB and ADC^ having all of 
their parts equal, each to each, the angle ABB is equal 
to ABCy and the angle DAB is equal to BAC ; that 
iSy if an arc of a great circle be drawn from the vertex 
of an isosceles spherical triangle to the middle of its base^ 
it win be perpendicular to the base, and win bisect the verti- 
cal angle of the triangle. 

PROPOSmOK" XII. THEOREM. 

In any spherical triangle^ the greater side is opposite the 
greater angle; and conversely, the greater angle is oppo- 
site the greater side. 

1°. Let ABC be a spherical triangle, in which the angle 
A IS greater than the angle B: then will the side BC 
be greater than the side AC. 
For, draw the arc AB, 
making the angle BAB equal 
to ABB: then wiU AB be 
equal to BB (P. XL). But, 
the sum of AB and BO is 
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greater than AC (P. I.); or, putting for AD its equal 
BD^ we liave the sum of BD and 2) (7, or BG^ greater 
than AC\ which was to be proved. 

2°. In the triangle ABC, let the side BG he greater 
than AG: then will the angle A be greater than the 
angle B. 

^ For, if the angles A and B were equal, the sides BO 
and AG would be equal ; or if the angle A was less 
than the angle J?, the side BG would be less than AG^ 
either of which conclusions is contrary to the hypothesis : hence, the 
angle A is greater than the angle B ; which was to be proved, 

PROPOSITION Xni. THEOREM. 

^ two triangles on the same, or on equal spheres, are 
mutually equiangular, tJiey are also mutually equilateral* 

Let the spherical triangles A and B, be mutually equi- 
angular : then will they also be mutually equilateral. 

For, let P be the polar triangle of A, 
and Q the polar triangle of B : then, be- 
cause the triangles A and B are mutually 
equiangular, their polar triangles P and Q, 
must be mutually equilateral (P. VI.), and con- 
sequently mutually equiangular (P. X.). But, 
the triangles P and Q being mutually equi- 
angular, their polar triangles A and B, are 
mutually equilateral (P. VI.) ; which was to be proved. 

Scholium, This proposition does not hold good for plane 
triangles, for all similar plane triangles are mutually equi- 
angular, but not necessarily mutually equilateral. Two 
spherical triangJes on the same or on equal spheres, cannot 
be similar without being equal. 
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PROPOsmoK xrv. thbobem. 

The sum of tJie angles of a spherical triangle is less t/um 
six right angles^ and greater than two right angles. 

Let AJBC be a spherical triangle, and DJ^F its polar 
triangle : then will the sum of the angles -4, jB, and (7, 
be less than six right angles and greater than two. 

For, any angle, as -4, be- 
ing measured by a semi-cir- 
cumference, minus the side 
jEF (P. VI.), is less than two 
right angles: hence, the sum 
of the three angles is less than 
six right angles ; and because 
the measure of each angle is 
equal to a semi-circumference, 
minus the side lying opposite 

to it, in the polar triangle, the measure of the sum of the 
three angles is equal to three semi-circumferences, minus the 
sum of the sides of the polar triangle BEF. But the 
latter sum is less than a circumference ; consequently, the 
measure of the sum of the angles JL, jB, and C, is 
greater than a semi-circumference, and therefore the sum of 
the angles is greater than two right angles : hence, the sum 
of the angles -4, jB, and C, is less than six right angles, 
and greater than two ; which was to be proved. 

Cor. 1. The sum of the three angles of a spherical tri- 
angle is not constant, like that of the angles of a rectilineal 
triangle, but varies between two right angles and six, with- 
out ever reaching either of these limits. Two angles, there- 
fore, do not serve to determine the third. 
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Cor. 2. A spherical triangle may have two, or even three 
of its angles right angles ; also two, or even three of its 
angles obtuse. 

Gor, 3. If the triangle ABC is hi-rectanr 
guLar^ that is, has two right angles B and 
C, the opposite sides of the polar triangle 
will be quadrants, and their point of interseo- 
tion will be the pole of the other side (P. 
in., C. 4). The angles opposite the equal 
sides are right angles (P. LI., C. 3) : hence, the sides AB 
and AC are quadrants. 

If the angle A is also a right angle, the triangle ABO 
is tri-rectangvlar ; each of its angles is a right angle, and 
its sides are quadrants. Four tri-rectangular triangles make 
up the surface of a hemisphere, and eight the entire surface 
of a sphere. 

Scholium. The right angle is taken as the unit of mea- 
sure of spherical angles, and is denoted by 1. 

The excess of the sum of the angles of a spnerical tri- 
angle over two right angles, is called the spherical excess. 
II we denote the spherical excess by JEJ and the three 
angles expressed in terms of the right angle, as a unit, by 
Aj jB, and (7, we shall have, 

EzzzA + B+C-^. 

The sjph&rical excess of any spherical polygon is equal to 
the excess of the sum of its angles over two right angles 
taken as many times as the polygon has sides, less two. 
If we denote the spherical excess by ^ the sum of the 
angles by S^ and the number of sides by n, we shall 
have, 

E z=z S -- 2{n - 2) = S - 2n + 4. 
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PROPOSITION XV. 



THEOBEH. 



Any lune^ is to the surface of the sphere^ as the angk 

of the lune is to four right angles^ or as the arc which 

measures that angle is to the oircumference of a grecA 
circle* 

Let AMBN be a lane, and MGN the angle of the lune 
then will the area of the lane be to the Burfece of the sphere, 
as the arc MN is to the circumference of a great circle 
MNFQ\ or, which is the same thing, as the angle MGN '^ 
to four right angles. 

In the first place, suppose the arc 
MN and the circumference MNPQ 
to be commensurable. For example, 
let them be to each other as 6 is 
to 48. Divide the circumference 
MNPQ into 48 equal parts, be- 
ginning at M ; MN will contain 
five of these parts. Join each point 

of division with the points A and S^ by a quadrant: 
there will be formed 96 equal isosceles spherical triangles 
(P. Vn., S. 2) on the surface of the sphere, of which the 
lune will contain 10 : hence, in this case, the area of the 
lune is to the surface of the sphere, as 10 is to 96, or 
as 5 is to 48 ; that is, as the arc MN is to the circum- 
ference MNFQy or as the angle of the lune is to four 
riglit angles. 

In like manner, the same relation may be shown to 
exist when the arc JfZV, and the circumference MNPQ 
are to each other as any other whole numbers. 

If the/ arc MN^ and the circumference MNPQ^ are not 
commensurable, the same relation may be shown to exist by 
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a course of reasoning entirely analogous to that employed in 
Book IV., Proposition HE. Hence, in all cases, the area of 
a lune is to the surface of the sphere, as the angle of the 
lune is to fbur right angles, or as the arc which measures 
that angle is to the circumference of a great circle ; which 
was to he proved. 

Cor. 1. Lunes, on the same or on equal spheres, are to 
each other as their angles. 

Cor. 2. K we denote the area of a tri-rectangular triangle 
by T, the area of a lune by X, and the angle of the 
lune by -4, the right angle being denoted by 1, we shall 
have, 

i : 85^ : : J. : 4 ; 
whence, 

Z = T X 2A \ 

hence, the area of a lune is equal to the area of a tri- 
rectangular triangle multiplied by twice the angle of the 
lone. » 

Scholium. The spherical wedge, whose angle is MCN^ 
is to the entire sphere, as the angle of the wedge is to four 
right angles, as may be shown by a course of reasoning 
entirely analogous to that just employed : hence, we infei 
that the volume of a spherical wedge is equal to the lune 
which forms its base, multiplied by one-third of the radius. - 

PROPOSITION XVI. THEOREM. \/ 
Symmetrical triangles are equal in area. 

Let AJ3G and 2>jEF be symmetrical triangles, the 
side DU being equal to AJB, the side DF to ACy and 
the side JEF to JBG : then will the triangles be equal in 
area. 
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For, conceive » small circle to be drawTi through A, JB*, 
and (7, and let P be its pole ; draw arcs of great drdea 
from P to A^ JSy and G: these 
arcs will be equal (D. 7). Draw 
the arc of a great circle FQ, 
making the angle DJ^Q equal to 
A OP J and lay off on it, PQ 
equal to CP; draw arcs of great 
circles QD and QM 

In the triangles PAO and 
FDQ, we have the side ID 

equal to -4(7, by hypothesis; the side J^Q equal to PCj 
by construction, and the angle DFQ equal to ACPj by 
construction : hence (P. Vlll.), the side J)Q is equal to 
AF, the angle FDQ to FAC, and the angle FQI) to 
AFC. Now, because the triangles QFD and FAC are 
isosceles and equal in aU their parts, they may be placed so 
as to coincide throughout, the side DF falling on AC, 
and the side QD on FA : Jience, they are equal in area. 

If we take from the angle DFF the angle DFQ, and 
from the angle A CB the angle A CF, the remaining 
angles QFE and FCB, will be equal. In the triangles 
FQE and FCB, we have the side QF equal to PC, 
by construction, the side FE equal to P(7, by hypothesis, 
and the angle QFE equal to FCB, from what has just 
been shown ; hence, the triangles are equal in all their 
parts, and being isosceles, they may be placed so as to 
coincide throughout, the side QE falling on PP, and the 
side QF on FC \ these triangles are, therefore, equal in 
area. 

In the triangles QDE and FAB, we have the sides 
CA QE, FA, and FB, all equal, and the angle DQE 
equal to APB, because they are the sums of equal angles: 
hence, the triangles are equal in all their parts, and 
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because they are isosceles, they may be so placed as to 
coincide throughout, the side QD felling on PJ?, and the 
mde QE on PA ; these triangles are, therefoie, equal in 
area. 

Hence, the sum of the triangles QFD and QFEy is 
equal to the sum of the triangles PAO and PBC. If 
from the former sum we take away the triangle QDEy 
there will remain the triangle DFE\ and if from the latter 
sum we take away the triangle PAB^ there will remain 
the triangle ABG : hence, the triangles ABH and T>EIi 
are equal in area ; which was to be proved. 

Scholium, If the point P falls within the triangle ABC^ 
the point Q will fall within the triangle BEE. In this 
case, the triangle BEE is equal to the sum of the triangles 
QED, QEE, and QBE, and the triangle ABC is equal 
to the sum of the equal triangles PAC, PBC^ and PAB ; 
the proposition, therefore, still holds good. 



.^,. -.','%i 



PROPOSITION XVn. THEOREM. 



■1 



If the circumferences of two great circles intersect on the 
surface of a hemisphere^ the sum of the opposite triangles 
thus formed, is equal to a lune whose angle is equal to 
t/uMt formed by the circles. 

Let the circumferences A OB, COD, 
intersect on the surface of a hemis- 
phere : then will the sum of the oppo- 
site triangles AOC, BOB, be equal 
to the lune whose angle is BOB. 

For, produce the arcs OB, OB, 
on the other hemisphere, tiU they meet 
at i\7I Now,, since A OB and OBIf 
are semi-circumferences, if we take away the common part 




256 



GEOMETRY. 



OjB, we shall have BN equal to AO. For a like rea- 
son, we have DN equal to CO, and BD equal to AC: 
hence, the two triangles AOC^ BDN^ 
have their sides respectively equal : 
they are therefore symmetrical ; con- 
eequently, they are equal in area 
(P. XVL). Bat the sum of the tri- 
angles BDN^ BOD^ is equal to 
the lune OBNDO^ whose angle is 
B OD : hence, the sum of AOC and 
BOB is equal to the lune whose 
angle is B OB ; which was to he proved. 

Scholium, It is evident that the two spherical pyramids, 
which have the triangles A 00^ BOB^ for bases, are 
together equal to the spherical wedge whose angle is BOB. 




PROPOSITION XVni. THEOREM. 

Ths area of a spherical triangle is equal to its spherical 
excess multiplied hy a tri-rectangular triangle. 

Let ABC be a spherical triangle : then will its sur&ce 
be equal to 

{A + B +C ^2) X T. 

For, produce its sides till they meet 
the great circle BEFQ^ drawn at plea- 
sure, without the triangle. By the last 
theorem, the two triangles ABE^ AQH^ 
are together equal to the lune whose 
angle is A ; but the area of this lune 
b equal to lAx T (P. XV., C. 2) : 
hence, the sum of the triangles ABE and AQH^ is equal 
to ^A X T, In like manner, it may be shown that the 
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sum of the triangles JBFQ and JB72>, is equal to 2B x T, 
and that the sum of the triangles CIS and CFEy is 
equal to 2C X T. 

But the sum of these six triangles exceeds the hernia* 
phere, or four times T^ by tTvice the triangle ABC. yVe 
shall therefore have, 

2 X area ABC = 2 J. x T+ 2B x T+ 2(7 x T - 4T ; 

or, by reducing and factoring, 

area ABC =: {A + B + C ^ 2) X T ; 
which was to be proved. 

Scholium 1. The same relation which exists between the 
spherical triangle ABC^ and the tri-rectangular triangle, 
exists also between the spherical pyramid ' which has ABC 
for its base, and the tri-rectangular pyramid. The triedral 
angle of the pyramid is to the triedral angle of the tri- 
rectangular pyramid, as the triangle ABC to the tri-rectan- 
gular triangle. From these relations, the following conse- 
quences are deduced : 

1**. Triangular spherical pyramids are to each other as 
their bases ; and since a polygonal pyramid may always be 
divided mto triangular pyramids, it follows that any two 
spherical pyramids are to each other as their bases. 

2**. Polyedral angles at the centre of the same, or of 
equal spheres, are to each other as the spherical polygons 
intercepted by their faces. 

Scholium 2. A polyedral angle whose faces are perpen- 
dicular to each other, is called a right polyedral angle ; 
and if placed at the centre of a sphere, its faces will inter- 
cept a tri-rectangular triangle. The right polyedral angle * 

17 
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taken aa the unit of polyedral angleBi and the tri-rectangnlar 
spherical triangle is taken as its measore. If the vertex of 
a polyedral angle be taken as the centre of a sphere, the 
portion of the surface intercepted hj its faces will be the 
measure of the polyedral angle, a tri-rectangnlar triangle of 
the same sphere, being the unit. 



PROPosinoia" xix. theorem. 

The area of a spherical polygon is equal to its spherical 
excess multiplied by the iri-reetanffular triangle. 

Let ABODE be a spherical polygon, the sum of whose 
angles is ^S", and the number of whose oides is n : then 
will its area be equal to 

(^ - 2n + 4) X T. 

For, draw the diagonals AC^ AD^ 
dividing the polygon into spherical tri- 
angles : there will be w — 2 such tri- 
angles. Kow, the area of each tri- 
angle is equal to its spherical excess 
into the tri-rectangular triangle : hence, 
the sum of the areas of all the triangles, or the area of the 
polygon, is equal to the sum of all the angles of the tri- 
angles, or the sum of the angles of the polygon diminished 
by 2(n — 2) into the tri-rectangular triangle ; or, 

'area ABODE = [/S - 2(n - 2)] x 37; 

whence, by reduction, 

area ABODE = (S -- 2n + 4) x T; 

^hich teas to be proved. 
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GEKEBAL SCHOLIUM. 

From any point on a hemisphere, two arcs of great drcl . 
can always be drawn which shall be perpendicular to the cL- 
cnmference of the base of the hemisphere, and they will in 
general be unequal Now, it may be proved, by a course of 
reasoning analogous to that employed in Book L, Proposition 
XV.: 

1^. That the shorter of the two arcs is the shortest arc 
that can be drawn from the given point to the circum- 
ference ^ 

2^. That two oblique arcs draMm from the same point, to 
points of the circumference at equal distances from the foot 
of the perpendicular, are equal : 

3®. That of two oblique arcs, that is the longer which 
meets the circumference at the greater distance from the foot 
of the perpendicular. 

This prq^erty of the sphere is used in the discussion of 
triangles in spherical trigonometry. 
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MENSURATION. 



INTRODUCTION TO TRIGONOMETRY. 



LOOABITHHS. 

!• Thb LoGABiTEac of a number is the exponent of the 
power to which it is necessary to rake a fixed number, to 
produce the given number. 

The fixed number is called the base of the eyetem. Any 
positive number, except 1, may be taken as the base of a 
system. In the common system, the base is 10. 

2. If we denote any positive number by n, and the 
corresponding exponent of 10, by x^ we shall have th« 
exponential equation, 

10' = n. (1.) 

In this equation, « is, by definition, the logarithm of n, 
which may be expressed thus, 

X = logn. (2.) 

3. From the definition of a logarithm, it follows that, ihe 
logarithm of any power of 10 is eqiud to the eaponent of 
that power : hence the formula, 

\og{ioy ^p. (8.) 

If a number is an exact power of 10, its logarithm is 
a loAoZd number. 



4 INTRODUCTION. 

If a number is not an exact power of 10, its logarithm 
will not be a whole number, but will be made up of an 
entire part plus a fractional part, whidi is generally expres- 
sed decimally. The entire part of a logarithm is called the 
eharacteristiCf the decimal part, is called the mantissa. 

4. 1^ in Equation (3), we make p succesavely equal 
to 0, 1, 2, 3, Ac, and also equal to — 0, — 1, — 2, — 8, 
Ac, we may form the following • 
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log 1 = 






log 10 = 1 




log' .1 = -1 


log 100 = 2 




log .01 = - 2 


log 1000 = 3 




log fcOOl = — 3 


<fec., Ao, 




Ac, Ac 


number lies between 


1 and 10, its logarithm lies 



between and 1, that is, it is equal to plus a deci- 
mal ; if a number lies between 10 and 100, its logarithm 
is equal to 1 plies a decimal ; if between 100 and 1000, 
its logarithm is equal to 2 plies a decimal ; and so on : 
hence, we have the following 

BULE. 

The characteristic of the logarithm of an entire number is 
positive^ and numerically/ 1 less than the number of places 
of figures in the given number t 

If a decimal fraction lies between .1 and 1, its loga- 
rithm lies between — 1 and 0, that is, it is equal to — 1 
plus a decimal ; if a number lies between .01 and .1, its 
logarithm is equal to -- 2, plus a decimal ; if between .001 
and .01, its logarithm is equal to — 3, plus a decimal ; 
and so on : hence, the following 
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BULS. 

The characteristic of the logarithm of a decimal fraction 
is negative^ and numericaUy 1 greater than the number 
of O'a that immediately/ foUoio the decimal point 

The characteristio alone is negative, the mantissa being 
always positive. This &ct is indicated by writing the neg- 
ative sign over the characteristic : thus, 2.871465, is equiv- 
alent to — 2 + .371465. 

It is to be observed, that the characteristic cf the logarithm 
of a mixed number is the same as that of its entire part. 
Thus, the mixed number 74.103, lies between 10 and 100; 
hence, its logarithm lies between 1 and 2, as does the logarithm 
of 74. 



GENERAL PRINOIPLES. 

6. Let m and n denote any two numbers, and x 
and y their logarithms. We shall have, from the defini- 
tion of a logarithm, the following equations, 

10* = fw. ...... (4.) 

10^ = w. (5.) 

Multiplymg (4) and (5), member by member, we have, 

10'"*"^ = mn ; 
whence, by the definition, 

aj + y = log(mn) (6.) 

That is, the logarithm of the product of two nunJbere U 
equal to the sum of the logarithms of the numbers. 
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6. Dividing (4) by (6), member by member, we hove, 
10' 
whenee, by the definition, 



10-' = *"; 



X 



y = iog(f) ii-) 



That 18) the logcnrithm af a quotient is equal to the logct- 
rithm of the divioknd diminished iff that of the divisor. 

7. Raising both members of (4) to the power denoted 
by py we have, 

10*' = m'; 

whttice, by the definition, 

a^p = log wF (8.) 

That is, ths logarithm of any potoer of a manber is equal 
to the logarithm of the numier multiplied by the eaqnment 
of the power. 

8. Extracting the root, indicated by r, of both membera 

•of (4), we have, 

■ 
10^ = ^y/m ; 

whence, by the definition, 

- r= logyW .... (9.) 

That is, the logarithm of any root of a number is equal 
io the logarithm of the number divided by the index af th^ 
root. 

The preceding principles enable ns to abbreyiate the oper 
«tu>n8 of multiplication and divirion, by converting .them into 
tiie ampler ones of addition and subtraction. 



TRIGONOMETRY. 



TABLE OF LOGARITHMS. 



9. A Tablb of Logabithms, is a table by means of 
which we can find the logarithm corresponding to any nnm* 
ber, or the nnmber conresponding to any logarithm. 

In the table appended, the complete logarithm is givea 
for ail numbers from 1 up to 100. For other numbers, the 
mantissas alone are given; the characteristic may be found be 
one of the rules of- Art. 4. 

Before explaining the use of the table, it is to be shown 
that the mantissa of the logarithm of any number is not 
changed by multiplying or dividing the number by any exact 
power of 10. 

Let n represent any number whatever, and 10' any 
power of 10, p being any whole number, either positive 
or negative. Then, in accordance with the principles of Arts. 
5 and 8, we shall have, 

log (n X lO') = log n 4- lojg lO' = p + log n ; 

but |> is, by hypothesis, a whole number: hence, the deci- 
mal part of the log {n x 10') is the same as that of log n ; 
which tD<z8 to be proved. 

Hence, in finding the mantissa of the logarithm of a num- 
ber, we may regard the number as a dedmal, and move the 
decimal point to the right or left, at pleasure. Thus, the 
mantissa of the logarithm of 456357, is tJie same as that of 
the number 4563.57 ; and the mantissa of the logarithm of 
2.00857, is the same as that of 2003.57. 



8 INTRODUCTION. 

j HANNEB OP XJSIKa THE TABLE. 

> 1®. To find the hgarithm of a nuwber less than 100. 

10. Look on tlie first page, in the column headed "N,»* 
fbr the given nnmber ; the number opposite is the logarithm 
required. Thus, 

log 67 = 1.826076. 

»•• To find the logarithm of a number between 100 and 

10,000. 

11. Find the characteristic by the first rule of Art. 4, 
To find the mantissa, look in the column headed "N,** 

for the first three figures of the number; then pass along 
a horizontal line until you come to the column headed with 
tiie fourth figure of the number ; at this place will be found 
four figures of the mantissa, to which, two other figures, 
taken ftom the column headed "0," are to be prefixed. If 
the figures found stand opposite a row of six figures, in the 
column headed "0,*' the first two of this row are the ones 
to be prefixed ; if not, ascend the column till a row of six 
figures is found ; . the first two, of this row, are the ones to 
be prefixed. 

I^ however, in passing back firom the four figures, first 
found, any dote are passed, the two figures to be prefixed 
must be taken firom the Ime immediately below. If the 
figures first found Ml at a place where dots occur, the dots 
must be replaced by O's, and the figures to be prefixed must 
be taken &om tte line below. Thus, 

Log 8979 = 3.953228 
Log 3098 - 3.491081 
Log 2188 = 3.340047 
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3^. To find the logaritJkm of a number greater than 10,000. 

12. Find tho characteristic by the first rule of Art. 4. 

To find the mantissa, place a decimal point after the fourth 
figure (Art. 9), thus converting the number into a mixed 
number. Find the mantissa of the entire part, by the me- 
thod last given. Then take from the column headed "D,»' 
the corresponding tabular difference^ and multiply this by the 
decimal part and add the product to the mantissa just founds 
The result will be the required mantissa. 

It is to be observed that when the decimal part of tbe 
product just spoken of is equal to or exceeds .5, we add 
1 to the entire part, otherwise the decimal part is rejected. 

EXAMPLE. 

1. To find the logarithm of 672887. 

The chai*actcristio is 5. Placing a decimal point aiter tke 
fourth figure, the number becomes 6728.87. The mantissa 
of the logarithm of 6728 is 827886, and the correspondiii^ 
number in the colunm "D" is 65. Multiplying 65 by .87, 
we have 56.55 ; or, since the decimal part exceeds .5, 57. 
We add 57 to the mantissa already found, giving 82794e, 
and we finally have, 

log 672887 = 5.827943. 

The numbers in the column "D'* are the differences be- 
tween the logarithms of two consecutive whole numbers, and 
are found by subtracting the number inder the heading "4» 
from that under the heading "5.** 

In the example last given, the mantissa of the logarithm 
of 6728 is 827886, and that of 6729 is 827951, an^ 
their difference is 65 ; 87 hundredths of this differenc 
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67 : hence, the mantissa of the logarithm of 6728.87 is fonnd 
by adding 67 to ^27886. The principle employed is, that 
the differences of numbers are proportional to the difference*, 
of their logarithms, when these differences are smalL 



4®. To find the logarithm of a decimal, 

13. Find the characteristic by the second rule of Art. 4* 

To find the mantissa, drop the decimal point, thus reduo- 

mg the decimal to a whole number. Find the mantissa of 

the logarithm of this number, and it will be the mantiflsa 

required. Thus, 

log .0327 = 5.514648 
log 378.024 = 2.677620 



6°. To find the number corresponding to a given logarithm. 

14. The rule is the reverse of those just, given. Look 
in the table for the mantissa of the given logarithm. If it 
cannot be found, take out the next less mantissa, and also 
the corrcjsponding number, which set aside. Find the differ- 
ence between the mantissa taken out and that of the given 
logarithm ; annex as many O's as may be necessary, and 
divide this result by the corresponding number in the coluj 
**D." Annex the quotient to the number set aside, and th 
point off, from the left hand, a number of places of figure 
equal to the characterististic plus 1 : the result will be the 
number required. If the characteristic is negative, the result 
iriU be a pure decimal, and the number of O's which im- 
mediately follow the decimal point will bo one less than the 
Bumber of units in the characteristio. 
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1. Let it be required to find tlio number corresponding ' 
to the logaritlim 5.233568. 

llie next less mantissa in the table is 233504 ; the cor- 
responding number is 1712, and the tabular difference is 
263. 

OPBRATION. 

I 

Given mantissa, 233568 

Next less mantissa, • • > 233504 > > 1712 

253 ) 6400000 ( 25206 

• *• The required mumber is 171225.296. 
The number corresponding to the logarithm ¥.283568 is 
.0171226. 

2. What is the number corresponding to the logarithm 
2.7864P7? Ana. .06101084. 

3. What is the nimiber corresponding to the logarithm « 
1.846741 ? Am. .702663. 



MULTIPLIOATION BT MEAI^S OP LOGAEITHMS. 

16. From the principle proved in Art. 6, we deduce the 
following 

BULB. 

Mnd the logarithms of the factors^ and take their eum, 
thenrjind the nwnher corresponding to the resulting logarithm^ 
and it wiU be the product required. 



1» INTBODUOTIOir. 

BZAXPLXS. 

1. Multiply 23.14 by 5.062. 

OPEBATIOK. 

log 23.14 • • • 1.364363 
log 6.062 . • • 0.704322 



2.068685 .•. 117.1347, product. 



2. find the contmued product of 3.002, 597.16, and 
0.0314728. 

OFERATIOK. 

log 3.902 • . • 0.591287 

log 597.16 • • • 2.776091 
log^ 0.0314728 • • • 1.497936 

1.865314 .*. 73.3354, product 

Here, the 2 cancels the + 2, and the 1 carried from 
the decimal part is set down. 

8. Fmd the continued product of 3.586, 2.1046, 0.8372, 
and 0.0294. Ana. 0.1857615. 



DIVISION BY MEANS OF LOaABTTHMB. 

16. From the principle proved >in Art. 6, we have the 
following 

BULK. 

jFSnJ th^ logcarUhms of th^ dividend^ and divtaoTj and 
Mubfyraci the latter from the former; then find the number 
corresponding to the resulting logarithm^ and it will be the 
quotient required. 
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EXAMPLES. 

1. Divide 24163 by 4567. 

OPERATION. 

log 24163 • • . 4.383161 
log 4567 • • • 3.659631 









0.723620 


Divide 0.7438 


by 


12.9476. 






OPERATION. 


log 


0.7438 . 


. • 


1.871466 


log 


12.9476 . 


. . 


1.112189 




2.769267 



*. 6.29078, quotient. 



0.067447, quotient. 



Here, 1 taken from 1, gives 2 fbr a result. The 
subtraction, as in this case, is always to be perfonned in the 
algebraic sense. 



3. Divide 37.149 by 623.76. 



Ana. 0.0709274. 



The operation of division, particularly when combined with 
that of multiplication, can often be simplified by using the 
principle of 



THE ARITHMETIOAL COMPLEMENT. 

17. The Arithmetical Compubiboint of a logarithm is the 

result obtained by subtracting it from 10. Thus, 8.130466 

is the arithmetical complement of 1.869644. The arithmetical 

complement of a logarithm may be written out by commeno- 

ing at the left hand and subtracting each figure from 9, 

18 
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untU the last significant figure is reached, which must be 
taken from 10. The arithmetical complement is denoted hj 
the symbol (a. c). 

Let a and h represent any two logarithms whateyer, 
and a — b their difference. Since we may add 10 to, 
and subtract it from, a — by without altering its value, we 
have, 

a — 5 = a + (10 - J) - 10. . . . ( 10.) 

But, 10 — J is, by definition, the arithmetical complement 
of b : hence, Equation ( 10 ) shows that the difference be- 
tween two logarithms is equal to the first, plus the arithr 
mstical complement of the second, minus 10. 

Hence, to divide one number by another by means of 
the arithmetical complement, we have the following 

BULB. 

JFHnd the logarithm of the dividend, and the arithmetical 
'Complement of the logarithm of the divisor, add them toge- 
ther, and diminish the sum by 10 ; the number correspond- 
ing to the resulting logarithm toiU be the quotient required 

EXAMPLES. 

1. Divide 327.6 by 22.07. 

OPERATION. 



log 327.5 . • - 2.616211 
(a. c.) log 22.07 • • • 8.656198 

1.171409 



14.839, quotient 



2. Divide 87149 by 523.76. 



Ans. 0.0709278. 
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3. Multiply 358884 by 5672, and divide the piodiMBt 
by 89721. 

OPEEAHON. 

log 358884 . . . 5.554964 

log 6672 • • • 3.753736 

(a. c.)log 89721 • • • 6.047106 

4.355796 •*. 22688, result 



4. Solve the proportion, 

3976 : 7952 : : 6903 : a. 



log 7962 « 

log 5903 • 

(a, a) log 3976 • 


OPERATION. 

. . 3.900476 

. . . 3.771073 

• . 6.400564 






4.072103 


.'. « = 11806 



The operation of subtracting 10 is always performed 
mentally. 

BAISma TO POWEES BY MEANS OF LOGAEITHMB. 

18. From the principle proved in Art. 7, "we have the 
following 

BULB. 

Mnd the logarithm of the numier^ and multipli/ it by 
the exponent of the power ; then find the number correspond- 
ing to th>e residting logarithm, and it mU be the povyer 
required. 
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EXAMPLES. 




1. Kad the 6th power of 9. 




OFEBATIOK. 




log 9 • • • 0.954243 
5 




4.771215 .• 


• 59049, power. 


2. Find the 7th power of 8. 


Am. 2097162. 



KXTRACnNG BOOTS BY MEANS OP LOGABTEHMS. 

19. From the principle proved in Art. 8, we have the 
following 

BULE. 

Find ths logarithm of the number^ and divide it by the 
i$idex of the root ; then find the number corresponding to 
^ resulting logarithm^ and it wiU be the root required. 

EXAMPLES. 

1. Find the cube root of 4096. 

The logarithm of 4096 is 8.612360, and one-third of 
iMs is 1.204120. The .corresponding number is 16, which 
is the root sought 

When the characteristic is negative and not divisible by 
the indexy add to it the smelliest negative number that toiU 
make it divisible^ and then prefix the same number^ with a 
plm signy to the mantissa. 

2. Fmd the 4th root of .00000081. 

The logarithm of .00000081 is 7".908485, which is equal 
to 8 + 1.908486, and one-fourth of this is 2.477121. 

The number corresponding to this logarithm is OS : 
^ence, ,03 is the root required. 



1? 
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20 Plans Tkigonometby is that branch of MatkematieB 
which treats of the solution of plane triangles. 

In every plane triangle there are six parts : three sides 
and three angles. When three of these parts are given, oae 
being a side, the remaining parts may be found by compxct- 
ation. The operation of finding the unknown parts, is called 
the solution of the triangle. 




21. A plane angle is measured by the arc of a circle 
included between its sides, the centre of the circle being at 
the vertex, and its radius being equal to 1. 

Thus, if the vertex A be taken 
as a centre, and the radius A3 be 
equal to 1, the intercepted arc JBO 
will measure the angle A (B, lH., P. 

xvn., S.). 

^ Let ABGD represent a circle whose radius is equal to 
J, and ACj BD^ two diameters per- 
pendicular to each other. These dia- 
meters divide the circumference into 
foirr equal parts, called quadrants ; and 
because each of the angles at the cen- 
tre is a right angle, it follows that a 
Tight angle is measured by a qitad- 
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rant An acute angle is measured by an arc less than a 
quadrant^ and an obtitse angle^ hj an arc greater than a 
quadrant. \ 

22. In Geometry, the unit of angular measure is a right 
angle ; so in Trigonometry, th^ primary unit is a quadrant^ 
which IS the measure of a right angle. 

For convenience, the quadrant 13 divided into 90 equal 
parts, each of which is called a degree ; each degree into 
00 equal parts, called minutes; and each minute into 60 
equal parts, called seconds. Degrees, minutes, and seconds, 
are denoted by the symbols °, ', ". Thus, the expression 
7* 22' 33", is read, 7 degrees^ 22 minutes^ and 33 seconds. 
Fractional parts of a second are expressed decimally. 

A quadrant contains 324,000 secondS| and an arc of 7^ 
22' 33" contains 26553 seconds ; hence, the angle measured 
by the latter arc, is the ff^^^ part of a right angle. 
Tm, like manner, any angle may be expressed in terms of a 
right angle. 

23. The comjilement of an arc is the difference between 
tbat arc and 90^, The compUmenJt 

of an angle is the difference be- 
tween that angle and a right angle. 

Thus, EB is the complement of 
AE^ and FB is the complement 
of AF. In like manner^ EOB 
is the complement of AOEy and 
FOB is the complement of A OF. 

In a right-angled triangle, the 
acute angles are complements of each other. 

24. The supplement of an arc is the difference between 
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that arc and leo"". The supplement of an angle is the dij& 
ference between that angle and two right angles. 

Thus, JSG is the supplement of AJEJy and FO the 
supplement of AF[ In like manner, JSOG is the supple^ 
ment of AOJS, and JFOG the supplement of A OF. 

In any plane triangle, either angle is the supplement of 
the sum of the other two. 



25. Instead of employing the arcs themselves, we usually 
employ certain functions of the arcs, as explained below. 
A function of a quantity is something which depends upon 
that quantity for its value. 

The following functions are the only ones needed for solv- 
ing triangles : 

26. The sine of an arc is the distance of one extremity 
of the arc from the diameter, through the other extremity. 

Thus, PM is the sine of 
AM, and JP^M' is the sine of 
AM\ 

If AM is equal to M'Cj 
AM and AM^ will be supple- 
ments of each other ; and be- 
cause MM' is parallel to ACj 
PM Avill be equal to P'JIf' 
(B. I., P. XXm.) : hence, the 
sine of an arc is equal to the 
wie of its supplement, 

27. The cosine of an arc is the rine of the complement 
of the arc. 

Thus, NM is the cosine of AM, and iOf ' is the 
cosine of AM'. These lines are respectively equal to OP 
and 0P\ 



rjyff 




B 




T' 
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ly^ 


N^ 
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/ 


P' \ 
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T" 


\ 







I 



so 
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It is eyidenti from the equal triangles of the figure, that 
the cosine of an arc is equal to the cosine of its suppU* 
tnent* _^ 




28. The tangent of an arc is the perpendicular to the 
radius at one extremity of the arc, limited by the prolon- 
gation of the diameter through the other eztremity 

Thus, AT h the tangent of 
the arc AM^ and AT'" is 
the tangent of the arc AM\ 

K AM is equal to M'C, 
AM and AM' will be supple- 
ments of each other. But AM'" 
and AM' are also supplements 
of each other : hence, the arc 
AM is equal to the arc AM"'j 
and the corresponding angles, 

AOM and AOM'"^ are also equal. The right-angled tri- 
angles AOT and AOT'"^ have a common base AO^ and 
the angles at the base equal ; consequently, the remaining 
parts are respectively equal : hence, AT is equal to AT'". 
But AT is the tangent of AM^ and AT'" is the tangent 
of AM' : hence, the tangent of an are is equal to the tan- 
gent of its supplement. 

It is to be observed that no accoimt is taken of the alge- 
braic signs of the cosines and tangents, the numerical values 
alone being referred to. 

29. The cotangent of an arc is the tangent of its com* 
plement. 

Thus, JST' is the cotangeni of the arc J.Jf, and ST" 
18 the cotangent of the are AM', 

The sine, cosine, tangent, and cotangent of an arc, a, 
are, for convenience, Vmtten sin a, cos a, tan a, and cot a. 
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These functions of an arc have been defined on the sap- 
position that the radius of the arc is equal to 1 ; in this 
case, they may also be considered as functions of the angle 
which the arc measures. 

Thus, iW, iOT, AT^ and BT\ are respectively the 
sine, cosine, tangent, and cotangent ^ of the angle AOM^ as 
well as of the arc AM, 



30. It is often convenient to use some other radius than 
1 ; in such case, the functions of the arc, to the radius 1, 
may be reduced to corresponding functions, to the radius It. 

Let AOM represent any angle, 
AM an arc described from as 
a centre with the radius 1, PM 
its sine ; A'M' an arc described 
from as a centre, with any ra- 
radius J?, and P'M' its sine. 
Then, because 0PM and OP'M' 
are similar triangles, we shall have. 




OM : PM : : OM' : P'M\ or, 1 : PM : : B : P'M' ; 
P'M' 



whence, 

PM = 



B 



and, P'M' = PM X B ; 



and similarly for each of the other functions. 

That is, any function of an arc whose radiua is 1^ is 
eqtud to the ccyrresponding^ function of an arc whose radius 
is Bj divided by that radius. Also, any function of an 
arc whose radius is J2, is equal to the corresponding funo' 
tion of an arc whose radius is 1, multiplied by t/ie ror 
dius B, 

By making these changes in any formula, the formula will 
be rendered homogeneous. 
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31. A Natusal SmB, Cosine, Tangent, ob Cotakgknt, 
is the sine, cosine, tangent, or cotangent of an arc whose 
radius is 1. 

A Table op Natural Sines is a table by means of which 
the natural sine, cosine, tangent, or sotangent of any arc, 
may be found. 

Such a table might be used for all the purposes of tri- 
gonometrical computation, but it is found more convenient to 
employ a table of logarithmic sines, as explained in the next 
article. 



/ 



TABLE OF LOGAEITHMIO SENES. 



32. A LoGAEiTHMic SiNE, CosiNE, Tangent, or Cotan- 
gent is the logarithm of the sine, cosine, tangent, or cotan- 
gent of an arc whose radius is 10,000,000,000. 

A Table op Logaeithmio Sines is a table from which the 
logarithmic sine, cosine, tangent, or cotangent of any arc may 
be found. 

The logarithm of the tabular radius is 10, 
Any logarithmic function of an arc may be found by mul- 
tiplying the corresponding natural function by 10,000,000,000 
(Art. 30), and then taking the logarithm of the result ; or 
more simply, by taking the logarithm of the corresponding 
natural ftinction, and then adding 10 to the result (Art. 5). 

33. In the table appended, the logarithmic functions are 
giren for every minute from 0° up to 90**. In addition, 
their rates of change for each second^ are given in the 
oolunm headed "D." 

The method of computing the numbers in the colunm 
"ed "D," will be understood from a smgle example. The 
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logarithmio sines of 27° 34', and of 27° 35', are, respect- 
ively, 9.665375 and 9.665617. The difference between their 
mantissas is 242 ; this, divided by 60, the number of sec- 
onds in one minute, gives 4.03, which is the change in the 
mantissa for 1", between the limits 27° 34' and 27° 35'. 

For ihe sine and cosine, there are separate columns of 
differences, which are written to the right of the respective 
columns ; but for the tangent and cotangent, there is but a 
single column of differences, which is written between them. 
The logarithm of the tangent increases, just as fast as that 
of the cotangent decreases, and the reverse, their sum being 
always equal to 20. The reason of this is, that the product 
of the tangent and cotangent is always equal to the square 
of the radius ; hence, the sum of their logarithms must 
always be equal to twice the logarithm of the radius, or 20. 

The angle obtained by taking the degrees from the top 
of the page, and the minutes fi'om any line on the left hand 
of the page, is the complement of that obtained by taking 
the degrees fi-om the bottom of the page, and the minutes 
from the same line on the right hand of the page. But, 
by definition, the cosine and the cotangent of an arc are, 
respectively, the sine and the tangent of the complement of 
that arc (Arts. 26 and 28) : hence, the columns designated 
sine and tang^ at the top of the page, are designated cosini 
and cotang at the bottom. 

USB OF THE TABLE. 

2b find the logarithmic functions of an arc which is ese- 
pressed in degrees and minutes. 

34. If the arc is less than 45°, xook for the degrees at 
the top of the page, and for the minutes in 4ihe left hand 
column ; then follow the corresponding horizontal line till you 

( 
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come to the colanm designated at the top hj ainCj cosine^ 
tanffj or cotang^ as the case may be ; the number there 
found is the logarithm required. Thus, 

log sin 19^ 65' . • . 9.532312 
log tan 19*» 65' • . • 9.559097 

If the angle is greater than 45^, look for the degrees at 
the bottom of the page, and for the minutes in the right 
hand column ; then follow the corresponding horizontal line 
backwards till you come to the column designated at the bot- 
tom by sine^ cosine^ tang^ or eotarig^ as the case may be ; 
the number there found is the logarithm required. Thus, 

log cos 62^ 18' . . . 9.786416 
log tan 62° 18' • • • 10.111884 

To find the logarithmic functions of an arc which is ex- 
pressed in degrees^ mintUes^ and seconds. 

35. Find the logarithm corresponding to the degrees and 
minutes as before ; then multiply the corresponding nimiber 
taken from the column headed "D," by the number of sec- 
onds, and add the product to the preceding result, for the 
sine or tangent, and subtract it therefrom for the cosine or 
cotangent. , 

SXAMPLSS. 

1. Find the logarithmic sine of 40° 26' 28". 

OFEBATION. 

log sin 40° 26' 9.811952 

Tabular difference 2.47 
No. of seconds 28 

Product • • . 69.16 to be added • • 69 

log sin 40° 26' 28" 9.812021 
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The same rule is followed for decimal parts^ as in Art. 12. 

2. Find the logarithmio cosine of 63® 40' 40". 

0PEBA.TI0N. 

log COS 53** 40' 9.772675 

Tabular difference 2.86 

No. of seconds 40 

Product '^ • • 114.40 to be subtracted 114 

log cos 63® 40' 40" • • 9.772561 

If the arc is greater than 90®, we find the required 
fimction of its supplement (Arts. 26 and 28). 

3. Find the logarithmio tangent of 118® 18' 25". 

ofsbahok. 

180® 

Given arc 118® 18' 25" 

Supplement 61° 41' 85" 

log tan 61® 41' 10.268566 

Tabular difference 5.04 

No. of seconds 85 

Product • • • 176.40 to be added • 176 

log tan 118® 18' 25" 10.268732 



4. Find the logarithmio sine of 82® 18' 35". 

Ans. 9.727945. 

5. Find the logarithmic cosine of 95® 18' 24". 

Ans. 8.966080. 

6. Find the logarithmio cotangent of 125® 23' 50". 

Ans. 9,851619. 
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To find Via arc corresponding to any logarithmic function, 

36. This is done by reyersing the preceding rule : 
Look in the proper column of the table for the given log- 
Biithm ; if it is found there, the degrees are to be taken 
from the top or bottom, and the minutes from the left or 
right hand column, as the case may be. If the given log- 
arithm is not found in the table, then find the next less 
logarithm, and take from the table the corresponding degrees 
and minutes, and set them aside. Subtract the logarithm 
found in the table, from the given logarithm, and divide the 
remainder by the corresponding tabular difference. The quo- 
tient will be seconds, which must be added to the degrees 
and minutes set aside, in the case of a sine or tangent, and 
8vbtracted^ in the case of a cosine or a cotangent. 

SXAMFLES. 

1. Find the arc corresponding to the logarithmio 
one 9.422248. 

OPKBAHON. 

Given logarithm • • • 9.422248 

Next less in table • • • 9.421857 • • • 16*» 19' 

Tabular difference 7.68) 891.00(51", to be added 

Hence, the required arc is 15® 19' 61". 

2. Find the arc corresponding to the logarithmic 
comne 9.427485. 

OPERATION. 

Given logarithm • • • 9.427485 

Next less in table . • 9.427354 . . . 74** 29'. 
Tabular difference 7.58 ) 131.00 ( 17 , to be snbt 

Hence, the required arc is 74® 28' 43". 
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3. Find the arc corresponding to the logarithmic 
dne 9.880054. Ans. 49° 20' 50". 

4. Find the arc corresponding to the logarithmic 
cotangent 10.008688. Ans. 44® 25' 3V". 

6. Find the arc corresponding to the logarithmic 
cosine 9.944599. Ans. 28° 19' 45". 



SOLUTION OF EIGHT-AKGLED TEIANGLES. 

/^S7. In what follows, we shall designate the three angles 
of every triangle, by the capital letters -4, jB, and (7, A 
denoting the right .angle ; and the sides lying opposite the 
angles, by the corresponding small letters a, b, and c. 
Since the order in which thepe letters are placed may be 
changed, it follows that whatever is proved with the letters 
placed in any given order, will be equally true when the 
letters are correspondingly placed in any other order. 

Let CAB represent any triangle, 
right-angled at A. With (7 as a 
centre, and a radius (7Z>, equal to 1, 
describe the arc 2>ff, and draw GJF 
and DJS perpendicular to CA : then 
will JF'G be the sine of the angle (7, CF will be its 
cosine, and D^ its tangent. 

Since the three triangles OJFG^ CDJEJy and CAJB are 
similar (B. IV., P. XVJIJ.), we may write the proper 
tions. 




FD 



CB \ CG \\ AB : FG, or, a : 1 
CB I CG i: CA i CF, or, a : 1 
CA I CD : : AB : BF, or, ft : 1 



c : sin (7 
ft : cos (7 
c : tan (7 ' 



> 
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hence, we have (B. IL, P. L), 



e =z a anC • 


• • (1.) 




Bin (7 = — , • • 
a 


' {*') 


4 = a cosG • • 


• (2.) 


* • • * 


COS (7 = — , • 


' • (6) 


e = b tan • 


- • (3.), 




tan (7 = — , • 




• • (6-) 



Translating these formulas into ordinary language, we have 
the following 

PEINCIPLES. 

1. The perpendicular of any righi^ngled triangle is egucu 
to the hypothervuse into the sine of the angle at the base. 

2. The hose is equal to the hypothenuse into the cosine 
of the angle at the base. 

3. The perpendicular is equal to the base into the tan' 
gent of the angle at the base, 

4. The sine of the angle at the base is equal to the 
perpendicular divided by the hypothenuse. 

5. The cosine of the angle at the base is equal to the 
base divided by the hypothenuse, 

6. The tangent of the angle at the base is equal to the 
perpendicular divided by the base. 

Either side about the right angle may be regarded as the 
base ; in which case, the other is to be regarded as the 
perpendicular. We see, then, that the above principles are 
sufficient for the solution of every case of right-angled tri- 
•C- angles. When the table of logarithmic sines is used, in the 

solution. Formulas (1) to (6) must be made homogeneous, 
by substituting for sin (7, cos (7, and tan C7, respectiYely, 
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em C cos O , tan (7 » i. . • ^ 

— g— , —^ , and — ^— , JB being equal to 

10,000,000,000, as explained in Art. 80. 

Making these changes, and reducing, we have, 

a sin G , . V • •> -Kc / , ^w 

c = — ^ — •••(?•) sin (7 = — • • • (10.) 

- a cos (7 , ^ . ^ -Rft , , , . 

6 = — =5 — • • • (8.) cos(7 = — . . (11.) 

e = — p — • • • (9.) tan(7 = -T- • • • (12.) 

In applying these formnlas, four cases may arise » 

^ CASE I. 

Cfiven the hypothenuse and one of the acute angles^ to find 
the remaining parts, 

38. The other acnte angle may be found by subtracting 
the given one from 90° (Art. 23). B 

The sides about the right angle may 
be found by Formulas ( 7 ) and ( 8 ). 

EXAMPLES. 

1. Given a = 749, and C = 47° 03' 10" ; required 
Sj by and c. 

OPERATION. 

J? = 90° — 47° 03' 10" = 42° 56' 60". 

Applying logarithms to Formula (7), remembering that the 
logarithm of 72 is equal to 10, we have, 

log c = log a + log sin C — 10 ; 

log a (749) .... 2.874482 

log sin C (47° 03' 10") . 9.864501 

log C ••••.•• • 2.738983 ••. c = 648.255. 
19 - 
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Applying logarithms to Formula (8), we have, 

log d = log a -h log cos (7 — 10 ; 

log a (749) .... 2.874481 
log cos G (47° 03' 10") . 9.833354 

log ft 2.707835 r. b = 610.81 

Ana. B = 42** 66' 60", b = 510.31, and c = 548.255 

2. Given a = 439, and ^ = 27° 38' 50", to find 
C, d, and c. 

OPSBATION. 

C = 90° — 27° 38' 60" = 62° 21' 10" ; 

log a . (439) .... 2.642465 
log sm C (62° 21' 10") • 9.947346 

log c 2.689811 ••. c = 388.875' 

logn . (439) .... 2.642465 
log cos (62° 21' 10") . 9.666543 

log 5 2.309008 .-. b =z 203.708. 

Ans. C =z 62° 21' 10", b = 203.708, and c = 388.875. 

3. Given a = 125.7 yds., and J5 = 76° 12', to find 
•the other parts. 

Ana. G = 14° 48', b = 121.53 yds., and c = 32.11 yds 

4. Given a = 825 ft,, and G = 27° 34', to find th 
other parts. 

Ans. B = 62° M', c = 150.4 ft., and ft = 268.1 ft. 
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CASE n. 

Given one of the sides about the right angle and one of 
the acute angles^ to find the remaining parts. 

39. The other acute angle may be found by subtracting 
die given one from 90°. 

The hypothenuse may be found by Formula (7), and 
the nnknown side about the right angle, by Formula (8). 

EXAMPLES. 

!• Given c = 66.293, and (7 = 64° 27' 39", to find J?, 
a, and b. 

OPEItATION. 

J? = 90° — 64° 27' 39" = 35° 32' 21". 

Applying logarithms to Formula (7), we have, 

log c = log a + log sin C — 10 ; whence, 

log a = log c + 10 — log sin (7 = log c + (a. c.) log sin C\ 

log e (56.293) • • • 1.750454 

(a. c.) log sin G (64° 27' 39") • 0.089527 

log a 1.839981 .'. a = 69.18. 

Apply mg logarithms to Formula (8), we have, 

log 6 = log a + log cos (7 — 10 ; 

log a (69.18) .... 1.839981 

log cos G (54° 27' 39") • • 9.764370 

log 6 1.604351 .-. 6 = 40.2114. 

Am. B = 35° 32' 21", a = 69.18, and 5 ss 40.21 
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2. QiTen o = 358, and ^ = 28^ 47', to find (7, a, 
and b 

OPERATION. 

(7 = 90** - 28*^ 47' = ei** 13'. 

We have, as before, 

log a = log c 4- (a. c.) log sin (7, 

and, log ft = log a + log cos (7' — lO ; 

log c (358) • • • 2.558883 

(a. c.) log Bin (61° 13') • • 0.057274 

log a 2.611157 .-. a = 408.466; 

log a (313.776) • • 2.611157 

log cos O (61° 13') . . 9.682595 

log ft ...... 2.293752 .-. ft = 196.676. 

Ans. C = 61° 13', a = 408.466, and ft = 196.676. 

3. Given ft = 152.67 yds., and (7 = 50° 18' 82", to 
find the other parts. 

Ans. B = 39° 41' 28", c = 183.95, and a = 239.05. 

4. Given c = 379.628, and C = 39° 26' 16", to find 
JS, a, and ft. 

Ana. B = 50° 83' 44", a = 697.613, and ft = 461.65. 

CASE m. 

Oi%tn the tvoo sides about the right angle^ to find the re 
maining parts. 

40. The angle at the base may be found by Formula 
(12), and the solation may be completed as in Case H 
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EXAMPLES. 

1. Given b = 26, and c = 15, to find (7, Jf, and a. 

OPERATION, 

Applying logarithms to Formula (12), we have, 

*'log tan C = logc + 10 — log ft = log e + (a. c.) log J; 

log e (15) .... 1.176091 
(a. c.) log b (26) .... 8.585027 

log tan (7 . . . 9.761118 ••.(?= 29^ 68' 54" ; 

i? = 90'» - (7 = 60«* 01' 06", 

As in Case 11., log a = log c + (a. c.) log sin C ; 

log a • • (15) . • 1.176091 
(a. 0.) log sin O (29« 68' 64") 0.301271 

log a 1.477362 .'. a = 80.017. 

Ans. C = 29° 58' 54", J5 = 60° 01' 06", and a = 30.017. 

2. Given b = 1052 yds., and c = 347.21 yds., to fi»d 
Jff, (7, and a. 

B = IV 44' 05", G = 18° 15' 55", and a = 1108.05 yds. 

8. Given b = 122.416, and c = 118.297, to find J5, 
C^ and a. 

B = 46*^ 68' 60", C = 44° 1' 10", and a = 170.285 

4. Given b = 103, and c = 101, to fird JB, C 
and a. 

^ = 45<> 33' 42", C = 44° 26' 18", and a = 144.25«. 
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CASK IV. 

Given the hypoth^nuse and either side about the right nngU^ 
to find the remaining parts. 

41. The angle at the base may be found by one of 
Formulas (10) and (11), and the remaining side may then 
be found by one of Formulas ( 7 ) and ( 8 ), 

EXAKPLSS. 

1. Given a = 2391.76, and ft = 385.7, to find jB, 
Cj and c. 

OFSBATIOK. 

Applying logarithms to Formula (11), we have, 

log cos (7 = log 6 4- 10 — log a = log ft + (a. c.) log a ; 

log 6 (385.7) • • • 2.686250 
(a. c.) log a (2391.76) • • 6.621282 

log cos C • . • 9.207532 .-. (7 = SO** 43' 11"; 

i? = 90° - 80° 43' 11" = 9° 16' 49". 

Prom Formula ( 7 ), we have, 

log c = log a + log sin (7 — 10 ; 

log a (2391.76) • 3.378718 

log sin G (80° 43' 11") 9.994278 

log c 3.372996 .'. c = 2360.46. 

Am. JB = 9«* 16' 49", C = 80° 43' 11", and c = 2360.45. 
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2. Given a = 127.174 yds., and c = 126.7 yds., to 
find J5, C, and b. 

OPERATION, 

From Formula (10), we have, 

log Bin (7 = log c + 10 — log a = log e + (a. c.) log a ; 

log c (125.7) • • • 2.099336 
(a. p.) log a (127.174) . • 7.895602 

log sin c . • . . 9.994937 .-. (7 = 81° 16' 6" ; 

jr = 90° — 81° 16' 6" = 8° 43' 54". 
From Formula (8), we have, 

log 6 = log a + lof cos (7 — 10 ; . 

log a (127.174) • 2.104398 

log cos C (81° 16' 6") • 9.181292 

log 6 1.285690 .-. 5 = 19.3. 

Ans. ^ = 8° 43' 54", C = 81° 16' 6", and ft = 19.3 yds. 

8. Given a = 100, and ft = 60, to find ^, (7, and ^ 
Ana. B = 36*" 52' 11", C = 53° 7' 49", and c = 80. 



4. Given a = 19.209, and c = 15, to find -B, (7, 
and ft. 

^na. JB = 38° 39 30" C = 51° 20' 30", ft =s 12. 
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SOLUTION OF OBLIQUE-ANGLED TmAKOLES. 

42. In the solution of oblique-angled triangles, four cases 
may arise. We shall discuss these cases in order. 




CASE L 

Given one side and two angles, to determine the remaining 

parts. 

43. Let ABC represent any 
oblique-angled triangle. From the 
vertex (7, draw CD perpendicular 
to the base, forming two right- 
angled triangles A CD and BCD. 
Assume the notation of the figure. 

From Formula ( 1 ), we have, 

% 
CD = b sin A, and CD r= a sin J? ; 

Equating these two values, we have, 

6 sin ul = a sin i? ; 

whence (B. IL, P. 11.), 

a I b : I Bin A \ Aq. B. • • ( 13.) 

Sincie a and b are any two sides, and A and B the 
angles lying opposite to them, we have the following princi- 
ple : 

TJie sides of a plane triangle are proportional to ths 
sines of the opposite angles. 

It is to be observed that Formula (13) is true for any 
value of the radius. Hence, to solve a triangle, when a side 
«nd two angles are given: 
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first find the third angle, bj subtracting the sum of the 
given angles from 180° ; then find each of the required sidei 
hy means of the principle just demonstrated, 

EXAMPLES. 

1. Given J? = 68° 07', C = 22° Zl\ and o = 408, to 
find Af d, and c. 

OPERATION. 

£ 68° or 

C 22° 37' 

A . . . 180° - 80° 44' = 99° 16'. 

To find ft, write the proportion, 

sin ^ : sin ^ : : a : ft ; 

that is, the sine of the angle opposite the given stde, is to 
the sine of the angle opposite the required sidcy as the given 
side is to tJie required side. 

Applying logarithms, and reducing, we have, 

log 6 = log a + log sin J? + (a, c^) log sin w4. — 10 ; 

log a • • (408) .... 2.610660 

log sin B (58° 07') • • • 9.928972 

(a. c.) log sin A (99° 16') • " • • 0.005705 

log ft 2.545337 •'. ft = 351.024. 

In like manner, 

log c = log a + log sin (7 + (a. c.) log sin J. — 10 ; 

log a . . (408) . . • 2.610660 

log sin C (22° ?7') • • • 9.584968 

(a.c.)logsm^ (99° J6') . . . 0.005705 

log c ....... 2.201333 .. c = 158.976. 

Ans. A = 99° 16', 6 = 351.024, and c = 158.976 
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2. Given A = 88° 25', JB = 67** 42', and o = 400, 
to find {7, a, and b, 

Ans. C = 83^ 63', a = 249.974, ft = ^40.04. 

3. Given A = W 19' 61", C = 72° 44' 05", and 
e = 250.4 yds, to find J?, a, and ft. 

Ans. B = 91° 56' 04", a = 69.328 yds., ft = 262.066 yds. 

4. Given JB = 51° 15' 35", O = 37° 21' 25", and 
a = 305.296 ft., to find -4, ft, and c. 

Am. A = 91° 23', 6 = 238.1978 ft., c = 185.3 ft. 

V 

CASE n. 

Given two sides and an angle opposite one of them^ to Jind 
the remaining parts. 

44. The solution, in this case, is commenced by finding 
a second angle by means of Formula (13), after which we 
may proceed as in Case I. ; or, the solution may be com- 
pleted by a continued application of Formula (13). 

BXAMPLBS. 

1. Given A = 22° 37', ft = 216, and a = 117, to 
find J5, (7, and c. 

From Formula (13), we have, 

a : ft : : sin J^ : sin J? ; 

that is, the side opposite the given angle^ is to the side qp^ 
posite the required angle^ as the sine of the given angle is 
to the sine of the required angle. 
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Whence, by the application of logarithms, 

log gm jB = log 6 4- log sin ^ + (a. c.) log a — 10 ; 

log 5 . . (216) . • 2.334454 

log sin A (22° 37') • • 9.584968 

(a. c.) log o . . (117) • • 7.931814 

logsmJB • • • . 9.851236 .•.J5= 45° 13' 65", 

and B' = 134° 46' 06". 

Hence, we find two values of B^ which are supplements of 
each other, because the sme of any angle is equal to the 
sine • of its suppilement. This would seem to indicate that 
the problem admits of two solutions. It now remains to 
determine under what conditions there will be tvio solutions, 
one solution^ or no solution. 

There may be two dases : the given angle may be actitey 
or it may be obtuse. 

First Case. Let ABC re- 
present the triangle, in which the 
angle A, and the sides a and 

b are given. From C let fall *'*• •'' 

a perpendicular upon -4J5, pro- 
longed if necessary, and denote its length by p. We shaD 
have, from Formula (1), Art. 37, ' 

p = b tmA \ 

from which the value of p may be computed. 

K a is intermediate in value between p and 2, there 
will be Ujdo solutions. For, if with (7 as a centre, and n 
as a radius, an arc be described, it will cut the line AB 
in two points, B and B\ each of which being joined with 
C will give a triangle which will conform to the conditions 
of the problem. 




40 
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In tliis case, the angles -B' and B^ of the two triangles 
AB'C and ABG^ will be supplements of each other, 

C 

If a = Pj there will be but 

one solution. For, in this case, 
the arc will be tangent to AB^ 
the two points B and B' will 
unite, and there will be but a single triangle formed. 
In this case, the angle ABC will be equal to 90**. 

If a is greater than both p 
and ft, there will also be but one 
solution. For, although the arc 
cuts AB in two points, and con- 
sequently gives two triangles, only 
one of them conforms to the con- 
ditions of the problem. 

In this case, the angle ABC will be less than -4, and 
consequently acute. 



If a < p^ there will be no 
solution. For, the arc can neither 
cut ABy nor be tangent to it. 





Second Case, When the given angle A is obtuse, the 
angle AB C will be acute ; the 
side a will be greater than ft, 
and there will be but one solu- 
tion. 



In the example under considera- 
tion, there are two solutions, the 
first corresponding to ^ = 45° 13' 
B' = 134° 40' 05". 




65", and the second to 
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In the first case, we have, 

A 22*> 37' 

J? 45^ 13' 55^' 

C 180° — 67° 50' 55^' = 112° 09' 05". 

As in Case I., we have, 

log c = log 6 + log sin (7 + (a. c.) log sin jB — 10 ; 

log ft . . (216) . . . 2.334454 

log sin O (112° 09' 05") • 9.966700 

(a c.) log sin J? ( 45° 13' 65") • 0.148764 

log c 2.449918 .•. c = 281 78^. 

Ana. B = 45° 13' 55", G = 112° 09' 05", and c = 281.785. 

In the second case, we have, 

A 22° 37' 

J5' . 134° 46' 05" 

G 180° — 157° 23' 05" = 22*' 36' 65" ; 

and as before, 

log 6 • • (216) • • . 2.334454 

log sin G (22° 36' 55") • 9.584943 

(a. c.) log sin jB (134° 46' 05") • 0.148764 

log C 2.068161 .'. C= 116.993. 

Ans. B* = 134° 46' 05", G = 22° 36' 65", and c = 116.993. 

2. Given A = 32°, a = 40, and h = W, to find 
jB, G^ and c. 

= 41° 28' 59", G = 106° 31' 01", C = 72.368. 



■G: 



AnB. 

138° 31' 01", (7 = 9° 28' 69", C = 19.436. 



42 PLANE TRIGONOMETRY. 

3. Given A = 18° 52' 13'', a = 27.465 yds., and 
b = 13.189 yds., to find -B, C, and' c. 

Ans. JB = S^ 66' 05", (7 = 152*^ 11' 42", c = 39.611 yda. 



4. Given ^ = 32*> 15' 26", b = 176.21 ft., and 
a = 94.047 ft., to find jB, ^, and c. 

JLtw. jB = 90% (7 = 67^ 44' 34", c = 149.014 ft. 



CASE ni. 

Oiven two sides and their included angle^ to find the re- 
maining parts, 

45. Let ABC represent any 
plane triangle, AB and AG any 
two sides, and A their included 
angle. With ^ as a centre, 

and A (7, the shorter of the two 'C^^ — .---'^ tt 

side^, as a radius, describe a semi- 
circle meeting AB in J", and the prolongation of AB 
in ^. Draw CI and ^(7, and through I draw ZH" 
parallel to EC. 

Because ECI is an angle inscribed in a semicircle, it is 
a right angle (B. IH.. P. XV ill., C. 2) ; and consequently, 
both CE and III are perpendicular to CI The angle 
EAC being external to the triangle ABC^ is equal to the 
sum of the opposite interior angles, that is, equal to G 
plus B ; the angle EA C being also external to the isos- 
celes triangle AIC^ it is equal to twice the angle AIG : 
hence, twice the angle AIG is equal to G plus jB, or, 

AIG = i((7 + B). 
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The angle ICB is equal to AIG diministed by the angle 
IBG (B. L, P. XXV., 0. 6) ; that is, 

IGH = i((7 + i?) -i? = \{G -B). 

Prom the two right-angled triangles ICJE and ICH^ we 
have (Formula 3, Art. 37), 

EC = IC tan i((7 + J5), and IS = IC tan i((7 - B)\ . 

hence, fi'om the preceding equations, we have, after omitting 
the equal factor IC (B. H., P. VII.), 

EC \ IB :: tani((7 + jB) : tani((7-jB). 

The triangles ECB and IHB being similar, their homo- 
logous sides are proportional ; and because EB is equal to 
AB -h ACy and IB to AB — AC^ we shall have the 
proportion, 

EC : IJET t: AB + AG : AB -- AG. 

Combining the preceding proportions, and substituting for 
AB and AG their representatives c and 5, we have, 

c + b : c-b :: tani(C'+^) : taiii((7-^) . . (14.) 

Hence, we have the following principle : 

In any plane triangle^ the sum of the sides including 
either angle^ is to t/ieir difference^ as the tangent of half 
the sum of the ttoo other angles^ is to the tangent of Imlf 
their difference. 

The half sum of the angles may be found by subtracting 
the gi\en angle from 180°, and dividing the remainder by 2 
the half difference may be found by means of the principle 
just demonstrated. Knowing the half sum and the half 
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difference, the greater angle is found by adding the half 
difference to the half sum, and the less angle is found hy 
subtracting the half difference from the half sum. Then the 
8<>lution IS completed as in Case L 



EXAMPLES. 

1. Given c = 640, b = 450, and A = 80®, to find 
J?, C, and a. 

OPEBATION. 

c + ft = 990 ; c - 6 = 90 ; i {C+JB) = 1(180'' - 80°) = 50^ 

Applying logarithms to Formula (14), we have, 

log sin i{C -B) = log (c — J) + log tan i{G + JB) + 
(a. c.) log (c + 6) — 10 ; 

log {c-b) . • (90) 1.954243 

log tan i{G + B) (50°) 10.076187 

(a. c.) log (c + b) . • (990) 7.004365 

log tan i{C -JB) 9.034795 .-. i(C-i?) == 6° 11'; 

C = 60° + 6° 11' = 56° 11' ; JB = 50° — 6° 11' = 43° 49'. 

From Formula (13), we have, 

log a = log c 4- log sin A + (a. c.) log sin (7 — 10 ; 

log c • • (540) • • 2.732394 

log sin A (80°) • • 9.993351 

(a. c.) log sin C (56° 11') • 0.080492 

log a 2.806237 .-. a = 640.082. 

Ans. B = 43° 49', (7 = 66° 11', a = 640.082. 
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2. Given c = 1686 yds., b = 960 yds., and -4 = 128*» 04', 
to find By Cy and a. 

Am. B = 18^ 21' 21", (7 = 33^ 34' 39", a = 2400 yds. 

8. Given a = 18.739 yds., h = 7.642 yds., ard 

(7 - 45° 18 28", to find A^ B, and c. 

-4n5. A = 112° 34' 13", B = 22° 07' 19", c = 14.426 yda 

4. Given a = 464.7 yds, h = 289.3 yds., and 
C = 87° 03' 48", to find JL, J?, and c. 

^/w. J = 60° 13' 39", B = 32° 42' 33", c == 634.66 yda. 

5. Given a = iq.9584 ft., b = 11.9613 ft., and 
C = 60° 43' 86", to find A, B, and c. 

Alls. A = 76° 04' 10", B = 43° 12' 14", c = 15.22 ft. 

6. Given a = 3754, ft = 3277.628, and (7 = 57° 53' 17", 
to find Ay By and c. 

-47W. .4 = 68° 02' 25", 3 = 64° 04' 18.", c = 8428.512, 



CASE IV. 

CHven the three sides of a triangUy to find the remaining 

parts.* 



46. Let ABC represent any 
plane triangle, of which BC is 
the longest side. Draw AD per- 
pendicnlar to the base, dividing it 
into two segments blj and BB. 




* The angles may be found by Fonnula (^) or O), Lemma. Pagea 

109, and 110, Mensuration. 

20 • 
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Prom the right-angled triangles BAD and CAD^ we 
have, 

A& = X5* ~ B&, and 13^ = AG^ - J?0" ; 

Equating these values of AI^^ we have, 

AS^ - .R5^ = AG" - -D^ ; 

whence, by transposition, 

AG^ - J:5* = DC'' - .fi^». 

Factoring each member, we have, 

{AG ^AB) {AG--AB) = {DG ^ BB) {BG-BB). 

Converting this equation into a proportion (B. 11., P. II.), 
we have, 
BG,+ BB : AG-\-AB :: AG-AB : BG'^BB\ 

or, denoting the segments by « and b\ and the eddes 
of the triangle by a, d, and o, 

« + «' : J + c :: 6 — o : « — «'; ( 15.) 

that is, if in any plane triangle, a line be drawn from the 
vertex of the vertical angle perpendicular to the base, divid- 
ing • it into two segments ; then, 

Th^ €um of the two segments^ or the whole base, is to 
the sum of the two other sidesy as the difference of these 
Mdes is to the difference of the segments. 

The half difference added to the half sum, gives the 
greater, and the half difference subtracted from the half sum 
gives the less segment. We shall then have two right- 
angled triangles, in each of which we know the hypothenuse 
and the base ; hence, the angles of these triangles may be 
found, and consequently, those of the given triangle. 
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EXAMPLES. 

1. Given a = 40, & = 84, and e = 25, to find A^ 
B, and (7. 

OPERATION. 

Applying tegarithms to Formula (15), wo have, 

log (« - «') = log (ft + c) + log (6 - c) + (a. c.) log (« + «')-10i 

log(ft + c) . (59) . . I.n0852 

log(ft — c) . ( 9). . • 0.954243 

(a. c.) log {8 + €') . (40) . . 8.897940 * 

log («-«')• • • • 1»123035 .•. « — b' = 18.27S. 

s =z i{s + s'^ + i{8 - «') = 26.63?5 

a' = i{s + b') - i(a ^ «') = 13.8626 

From Formula ( 11 ), we find, 

log cos (7 = log « + (a. c.) log b .-. (7 = 88« 25' 20", mi, 

log cos J5 = log a' + (a. c.) log c .\ JB = 57^ 41' 25" 



/ AKft 



96^ 06' 45 

A = 180^ - 96** 06' 46" = 83<* 63' 15". 

I 

2. Given a = 6, ft =r 6, and c = 4, to find A^ 
-B, and G. 

Ana. A = 82« 49' 09", JS = 65^ 46' 16", C = 41'> 24' 36" 

3. Given a = 71.2 yds., ft = 64.8 yds., and e = 37.4 
yds., to find Ay JB^ and C. 

Ana. ^ = 83^ 44' 82", jB = 64^ 46' 66", (7=3r28'30" 
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PROBLEMS, 

1. Kuoxing the distance AJ3y 
equal to 600 yards, and the angles 
BAG = 51"* 35', ABG = 64° 61', 
find the two distances AO and 
£G. 

Ana. AG = 643.49 yds., BG = 600.11 yds. 

2. At what horizontal distance firom a column, 200 feet 
high, wiU it subtend an angle of 81° 17' 12"? 

Am. 329.114 ft 

3. Required the height 
of a hill J? above a hor- 
izontal plane AB^ the dis- 
tance between A and B 
being equal to 976 yards, 
and the angles of elevation at A and B being respect- 
ively 16° 36' and 27° 29'. Ana. BG ^ 687.61 yds. 




4. The distances AG and J? (7 
are found by measurement to be, res- 
pectively, 588 feet and 672 feet, and 
their included angle 66° 40'. Requir- 
ed the distance AB. 

Ans. 692.967 ft. 



6, Being on a horizontal plane, and wanting to ascertain- 
the height of a tower, standing on the top of an inaccessible^ 
hill, there were measured, the angle of elevation of the top*-*-^' 
of the hill 40% and of the top of the tower 61° ; then 
mcasuiiiig iji a direct line 180 feet farther from the hill, the 
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angle of elevation of the top of the tower was 83° 46' ; 
required the height of the tower. ^ Ana, 83.998 ft. 

6. Wanting to know the horizontal distance between tw« 
inaccessible objects JEJ and TFJ the 
following measurements were made : 



AB = 536 yards 

JBAW = 40° 16' 

viz : -( WAJEI =z 67° 40' 

AJ3JS =z 42° 22' 

JSJBW == 71° 07'. 




Required the distance JEW. 



Ans. 939.634 yds. 




7. Wanting to know the 
horizontal distance between 
two inaccessible objects A 
and j?>, and not finding any 
station from which both of 
them could be seen, two 
points C and 2>, were chosen 
at a distance from each other 

equal to 200 yards'; fi'om the fonuer of these points, A 
could be seen, and from the latter, JS ; and at each of the 
points C and 2>, a staff was set up. From (7, a dis- 
tance CF was measured, not in the direction 2>(7, equal 
to 200 yards, and from 2>, a distance 2>-^ equal to 200 
yards, and the following angles taken : 

AFG = 83° 00', £DjS = 64° 80', ACD — 63° 80' 
SDC = 156° 25', ACF - 54° 31', BED = 88° 30' 



Required the distance AB. 



Ana. 346 467 yd» 



so 
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8. The distances ABj AC, and 
-BC, betTreen the points -4, 2?, and 
Cy are known ; viz. : AJB = 800 yds., 
AC =600 yds., and J5(7 = 400 yds. 
Prom a fourth point P, the angles 
APG and BPG are measured ; 
^P(7 = 33«> 45', 



Yiz. : 
and 



BPC = 22*>30'. 




P^^ 



Required the distances APy BP^ and CP. 

AP = Y10.193 yds. 



Arts, 



BP = 934.291 yds. 
^ CP = 1042.522 yds. 



This problem is used in locating the position of buoys in 
maritime surveying, as follows. Three points -4, P, and 
(7, on shore are known in position. The surveyor stationed 
St a buoy P, measures the angles APG and BPG, The 
distances JLP, PP, and (7P, are then found as follows : 

Suppose the circumference of a circle to be described 
through the points -4, P, and P. Draw <7P, cutting 
tihie circumference in P, and draw the lines BB and JDA, 

The angles C7PP .and BAB^ being inscribed in the 
same segment, are equal (B. IH., P. XVIIL, C. 1) ; for a 
like reason, the angles GPA and BBA are equal : hence, 
in the triangle ABB^ we know two angles and one side ; 
we may, therefore, find the side PPt In the triangle AGB^ 
we know the three sides, and we may compute the angle P. 
Subtracting from this the angle BBA^ we have the angle 
DBG. Now, in the triangle BBC^ we have two sides 
and their included angle, and we can find the angle BGB. 
Finally, in the triangle GPB^ we have two angles and one 
side, from which data we can find GP and BP. In like 
manner, we can find AP. 
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47. Analytical Trigonometry is that branch of Mathe- 
matics which treats of the general properties and relations 
of trigonometrical functions. 

DEFINITIONS AND aENEBAL PRINCIPLES. 




48. Let AJBCD represent a cir- 
cle whose radius is 1, and suppose 
its circumference to be divided into 
four equal .parts, by the diameters 
A.C and J?i>, drawn perpendicular to 
each other. The horizontal diameter 
ACy is called the initial diameter ; 
the vertical diameter JBD^ is called 

the secondary diameter ; the point -4, from which arcs are 
usually reckoned, is called the origin of arcs^ and the point 
jBy 90° distant, is called the secondary origin. Arcs esti- 
mated from Ay around towards -B, that is, in a direction 
contrary to that of the motion of the hands of a watch, are 
considerod positive ; consequently, those reckoned in a cofr 
trary direction must be regarded as negative. 

The arc AJ3y is called the first quadrant ; the arc BOy 
the second quadrant; the arc CD, the third quadrant; 
and the arc CM, the fourth quadrant. The point at whi--' 
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an arcs terminates, is called its extremity^ and an arc is said 
to be in that quadrant in which its extremity is Bitoated* 
Thus, the arc AM is in the first 
quadrant^ the arc AM' in the aeo- 
ond^ the arc AM^' in the thirds 
and the arc AM'*' in the fourth. 




49. The complement of an arc 
has been defined to be the differ- 
ence between that arc and 90® (Art. 
23) ; geometrically considered, the 

complement of an arc is the arc included between the extremity 
of the arc and the secondary origin. Thus, MB is the 
complement of AM ; M'B^ the complement of AM' ; 
M"B^ the complement of AM"y and so on. When the 
arc is greater than a quadrant, the complement is negative, 
according to the conventional principle agreed upon (Art. 48). 

The supplement of an arc has been defined to be the 
difference between that arc and 180® (Art. 24) ; geometrically 
considered, it is t?ie arc included between the extremity of 
the arc and the left liand extremity of the initial diameter. 
Thus, MG is the supplement of AM^ and M"G the sup- 
plement of AM'. The supplement is negative, when the 
arc is greater than two quadrants. 



50. Th>e sine of an arc is 
the distance from the initial 
diameter to the extremity of the 
arc. Thus, JPM is the dne 
of AMy and F"M" is the 
sme of the arc AM". The 
term distance^ is used in the 
sense of shortest or perpendieih 
lar distance. 
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51. The cosine of an arc is the distance from the sec- 
ondary diameter to the extremity of the arc : thus, iOf 
ifl the cosine of AM^ and NM' is the cosine of AM\ 

The cosine may be measured on the initial diameter : 
thus, OP is equal to the cosine of AM^ and OP' to the 
cosine of AM', 

52. The versed-sine of an arc is the distance from the 
sine to the origin of arcs : thus, PA is the versed-sine of 
AM, and P'A is the versed-sine of AM'. 

53. The co-versed-sine of an arc is the distance from 
the cosine to the secondary origin : thus, IfP is the co- 
versed-sine of AMy and Jf"JB is the co-versed-sine of AM". 

54. The tangent of an arc is that part of a perpen- 
dicular to the initial diameter^ at the origin of arcs^ in- 
cluded between the origin and the prolongation of the diam- 
eter through the extremity of the arc : thus, AT is the 
tangent of AM, or of AM'\ and AT" is the tangent 
of AM\ or of AM'". 

55. The cotangent of an arc is that part of a perpen- 
dicular to the secondary diameter, at the secondary origin^ 
included between the secondary origin and the prolongation 
of the diameter through the extremity of the arc : thus, 
BT' is the cotangent of AM, or of AM", and JST" 
is the cotangent of AM'^ or of AM"'. 

56. The secant of an arc is th>e distance from the cenr 
ire of the arc to the extremity of the tangent : thus, OT 
is the secant of AM, or of AM", and OT'" is the se- 
cant of AM', or of AM'". 

67. The cosecant of an arc is the distance from the 
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centre of the arc to the extremity of the cotangent : thug, 
OT' is the cosecant of AM^ or of AM'\ and OT" is 
the cosecant of AM\ or of AM'*'. 

The term co, in combination, is equivalent to complemetit 
of ; thus, the cosine of an arc is the same as the ^fnc oj^ 
the complement of that arc, the cotangent is the same as 
the tangent of the complement^ and so on. 

The eight trigonometrical functions above defined are also 
called circular functions. ^ 

BULES FOS DETEBMINma THE ALGEBSAIO SIGNS OF CIBCULAB 

FUNCTIONS. 



68. AU distances estimated upwards are regarded as pos- 
itive / consequently^ aU distances estimated downwards must 
he considered negative. 

Thus, AT, JPM, NJB, I>'M\ rp 

are positive, and AT*'', P'^JLT'", ^ « -- 

P"Jf ", &c., are negative. 

AU distances estimated towards 
the right are regarded as positive ; 
consequently, all distances estimat- 
ed towards the left must be con- 
sidered negative. 

Thus, iOf, BT', FA, Ac, 
are positive, and N'M', BT'\ Ac, are negative. 

All distances estimated from the centre in a direction to 
towards the extremity of the arc are regarded as positive; 
consequently, all distances estimated in a direction from the 
second extremity of the arc must be considered negative. 

Thus, OT, regarded as the secant of AIT, is estimated 
in a direction towards M, and is positive ; but OT^ re- 
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garded as the secant of AM", is estimated in a direction 
&om Jf ", and is negative. 

These conventional rules, enable us at once to give the 
proper sign to any function of an arc in any quadrant. 

59, In accordance with the above rules, and the defini- 
tions of the circular functions, we have the following princi- 
ples : 

The sine is positive in the first and second quadrants^ 
and negative in the third and fourth. 

The cosine is positive in the first and fourth quadrants^ 
and negative in the second and third. 

The versed-sine and the co-versed-sine are always positive. 

The tangent and cotangent are positive in ths first and 
third quadrants, and negative in the second and fourth. 

The secant is positive in the first and fourth quadrants, 
and negative in the second and third. 

The cosecant is positive in th^e first and second quadrants, 
and negative in the third and fourth. 

\/ 

LIMrriNG VALUES OF THE ClBCtTLAB FUNOTIONS. 

60. The limiting values of the cii^cular functions are those 
values which they have at the beginning and end of the 
different quadrants. Their numerical values are discovered 
by following them as the arc increases from 0° around to 
360^, and so on around through 450**, 640°, &c. The signs 
of these values are determined by the principle, that the sign 
of a varying magnitude up to the limit, is the sign at the 
limit. For illustration, let us examine the limiting values of 
the sine and tangent. 
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If we suppose the arc to be 0, the sine will be ; as 
the arc increases, the sine increases until the arc becomes 
equal to 90®, when the sine becomes equal to +1, which is 
its greatest possible value ; as the arc increases from 90**, 
the sine goes on diminishing until the arc becomes equal to 
180°, when the sine becomes equal to -f ; as the arc 
increases from 180°, the sine becomes negative, and goes on 
increasing numerically, but decreasing algebraically^ until the 
arc becomes equal to 270°, when the sine becomes equal to 
•— 1, which is its least algebraical value ; as the arc increases 
from 270°, the sine goes on decreasing numerically, but in- 
creasing algebraically^ until the arc becomes 360°, when the 
sine becomes equal to — 0. It is — 0, for this value of 
the arc, in accordance with the principle of limits. 

The tangent is when the arc is 0, and increases till 
the arc becomes 90°, when the tangent is + co ; in passing 
through 90°, the tangent changes from -f co to — co , and 
as the arc increases the tangent decreases, numerically, but 
increases algebraically, till the arc becomes equA to 180°, 
when the tangent becomes equal to — ; from 180° to 
270°, the tangent is again positive, and at 270° it becomes 
equal to + co ; from 270° to 360°, the tangent is again 
negative, and at 360° it becomes equal to — 0. 

If we still suppose the arc to increase after reaching 360°, 
the functions will again go through the same changes, that 
is, the functions of an arc are the same as the functions 
that are increased by 360°, 720° &c 

By discussing the limiting values of all the circular fono 
tions we are enabled to form the following table : 
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TABLE I. 



Arc = 0. 


Arc = 90'. 


Arc = 


180'. 


Arc = 


270'. 


Arc = SQO\ 


■in .= 


sin = 1 ; 


sin 


= 


sin 


= -1 


sin . =-0 


cos = 1 


cos = 


cos 


«=-! 


cos 


= -0 


cos = 1 


v-sin = 


v-sin = 1 


v-sin 


= 2 


v-sin 


= 1 


v-sin = 


co-v-sin = 1 


co-v-sin = 


co-v-sin 


= 1 


co-v-sin 


= 2 


c-v-sin = 1 


tan = 


tan = CO 


tan 


= -0 


tan 


= CO 


tan =-0 


cot = CO 


cot = 


cot 


= — CO 


cot 


= 


cot = — CO 


sec = 1 


sec = CO 


sec 


= -1 


sec 


= — CO 


sec = 1 


cosec = CO 


cosec = 1 


cosec 


= CO. 


cosec 


=-1 


cosec = — CO 




P A 



RELATIONS BETWEEN THE CIRCULAR FUNCTIONS OP ANT ARC. 

61. Let AM represent any arc de- 
noted by a. Draw the lines as repre- 
sented in the figure. Then we shall 
have, by definition 

OM =z 0A = 1; I'M = Olf = sm a; 
jNM = OP = COS a ; I^A = ver-sin a ; 
Jff^JS = co-ver-sin a ; AT = tan« a ; 
JBT' = cot a ; OT = sec a ; and OT' = cosec a. 

From the right-angled triangle OJPMj we have, 

PM^ + OP^ = OW' , or, sm^a -H cos^a = 1. . (1.^ 

The symbols sin^a, cos^a, &c,, denote the square of the 
mne of o, the square of the cosine of o, &c. 
From Formula (1) we have, by transposition, 

Bn^a = 1 — cos^a . (2); and cos'a = 1 — sin^a. . (8.) 
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We have, from the figure, 
P^ = 0-4 - OP, 
or, ver-sin a = 1 — cos a. . . (4.) 

and, NB ^ OB-- ON, 

or, co-ver-sin a = 1 — sin a, . . (6.) 

Prom the similar triangles 0-45^ and 0PM, we hare, 

OP : PM : : OA : AT^ or, cos a : sin a : : 1 : tan o; 

1- ^ sin a , ^. 

whence, tan a = (6.) 

cos Cb 

From the similar triangles ONM and OBT', we have^ 
OIT I iOf : : OB : i?r', or, sina : cosa : : 1 : cota; 

whence, cot a = -; (7.) 

sin a ^ ' 

Multiplying (6) and (7), member by member, we have, 

tan a cot a = 1 ; (8.) 

whence, by division, 

tan a = —- — ; • (9.) and cot a = , • • (10.) 

cot a ' ^ ' tan a ^ ' 

From the similar triangles 0PM and OAT, we have, 

OP : OM : : OA : OT^ or, cos a : 1 : : 1 : sec a 

whence, sec a = (11.) 

cos a ^ ' 
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Prom the siimlar triangles- ONM and OBT\ we have, 
ON : OM : : OB : 0T\ or, sin a : 1 : : 1 : co-sec a ; 

whence, co-sec a = -^ • • • • ( 12.) 

sm a ^ ' 

From the right-angled triangle 0-42^ we have, 

OP = a3? + AT^\ or, sec^a = 1 -f tan^o. . (13.) 

From the right-angled triangle OBT\ we have, 
OT^ = OW -H .BT^; or, co-sec^a = 1 + cot^a. . (14.) 

It is to be observed iihat Formulas (5), (7), (12), and 

(14), may be deduced from Formulas (4), (6), (11), and 

(13), by substituting 90** — a, for a, and then making the 
proper reductions. 

Collecting the preceding Formulas, we have the following 
table : 

TABLB II« 



(1.) 

(2) 


Bin*a+co8*a 
sm'a 


= 


1. 

1 — cos'o. 


(9.) 


tan a 


= 


1 
cot a * 


(8.) 


cos'a 


= 


1 - sm»a. 


(10.) 


cot a 


- 


1 

tan a * 


(4-) 
(6.) 


co-ver-Bin a 


= 


1 — cos a. 
1 — sin a. 


(11.) 


sec a 


= 


1 
cos a 


(6.) 


tan a 


= 


sin a 
cos a 


(12.) 


cosec « 


= 


1 
sin a ' 


(»•) 


cot a 


= 


cos a 

sin a 


(18.) 


Bec*a 


=^ 


l+tan»«. 


(8.) 


tan a cot a 


= 


1. 


(14. 


cosec'a 


= 


1 + COt'tf. 



•f7 
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FUNCnONB OF NEGATTVB ASOS. 

62. Let AM''\ estimated from A towards J9, be 
namerically equal to AM \ then, 
if we denote tbe arc AM by a, 
the arc AM''' will be denoted 
by —a (Art. 48). 

All the functions of AM'"^ 
will be the same as those of 
ABM'" \ that is, the functions of 
— a are the same as the func- 
tions of 360° — a. 

From an inspection of the fig- 
ure, we shall discover the following relations, viz. : 

sin (— a) = — sin a ; cos (— a) = cos a ; 
tan (— a) = — tan a ; cot (— a^ = — cot- a ; 
sec (— a) = sec a ; cosec (— «) = — cosec a. 
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rUKCTIONS OF ARCS FOfEMED BY ADDING AN ARO TO, OB SUB- 
TRACTINO rr FROM ANY NUMBER OF QUADRANTS. 

63. Let a denote any arc less than 90®. From what 
has preceded, we know that, 

sin (90® — a) = cos a ; cos (90® — a) = an a. 

tan (90® — a) = cot a ; cot (90® — a) = tan a. 

sec (90® — a) = cosec a ; cosec (90® — a) = sec a. 

Now, suppose that BM' = a, then will AM' = 90® + a. 
We see from the figure that, 
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JOf' = sin a, P'Jf'= cos a, BT' = tan a, 
AT'' = cot a, oar" = sec a, 0^'" = coseo a, 
without reference to their signs. 

Bj a simple inspection of the fignre, observing the ml 
for signs, we deduce the following relations: 

rin (90® 4- a) = cos a, cos (90* + a) = — sin a, 

tan (90® 4- a) = — cotan a, cot (90® + a) = — tan o^ 
sec (90® + a) = — coseo a, coseo (90® + a) = sec a. 

Again, suppose 

Jf '(7 = AM = a ; then will AM' = 180* - a. 

We see from th^ figure that, 

P'M' — sin a, OP' = cos a, . AT" = tan a, 
JBT' = cot o, or" = sec «, OT" = coseo a» 

without reference to their signs : hence, we have, as before^ 
the following relations : 

sin (180® — a) = sin a, cos (180® — a) = — cos a, 
tan (180® — a) = — tan a, cot (180® — o) = — cot «, 
sec (180® — «)==— sec a, coseo (180 —•a) = coseo a, ^ 

By a fflmilar process, we may discuss the remaining arcs 
in question. Collecting the results, we have the following 

table : 

21 
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TABLB III. 





Arc = 


90* + a. 




Arc = 


270- - 0. 


■in == 


cos a, 


COB = — sin a, 


sin = 


— cos a, 


cos = — Bin a, 


tan = 


-cot a, 


cot = — tan tf , 


tan = 


cot a, 


cot = tan a, 


fee = 


- coBcc a, 


cosec = sec a. 


sec = 


— cosec a, 


cosec = — sec 0. 




Arc = 


180' - a. 




Arc = 


270» -+ a. 


■in = 


sin a, 


COB = — cos a, 


sin = 


— cos a, 


cos = sin fl, 


tan ~ 


— tan a, 


cot = — cot 0, 


tan = 


— cot a, 


cot = — tan «, 


aeo = 


— sec a, 


cosec = cosec a. 


sec = 


cosec a, 


cosec = — sec a. 




Arc = 


180' + a. 




Arc = 


860' - a. 


sin = 


— sin a, 


cos = —cos a, 


sin = 


— sin a, 


COB = cos o, 


tan = 


tana. 


cot = cot a, 


tan = 


— tan a, 


cot = — cot a, 


see =s 


— seco, 


cosec = — cosec a. 


sec = 


sec Oj 


cosec = — cosec a. 



It wQl be observed that, when the arc is added to, or 
-subtracted from, an even number of quadrants, the name of 
>the fimction is the same in both columns ; and when the 
:aro is added to, or subtracted from, an odd number of quad- 
irants, the names of the fhnctions in the two columns are 
^contrary : in all cases, the algebraic sign is determined by 
ithe rules already given (Art. 58). 

By means of this table, we may find the functions of 
any arc in terms of the functions of an arc less than 90^ 
Thus, 

an 116<> ^ sin ( 90« + 26°) = cos 26% 

on 284*> = sin (270* + 14«) = — cos 14% 

sin 400** = sm (360* + 40°) = mn 40% 

tan 210° = tan (180* + 30°) = tan 30°. 
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PAETICULAB VALUES OF CERTAIN FUNCTIONS. 

I 

64. Let MAM' be any arc, denoted 
by 2a, M'M its ebord, and OA a 
radius drawn perpendicular to M'M: tben 
wiU PM = FM', and AM = AM' 
(B. m., P. VI.). But FM is tbe sine 
of AM^ or, PJf = sin a : hence* 

sin a = fM'M; 

that is, t?ie sine of an arc is equal to one half the chord 
of twice the arc. 

Let M'AM = 60° ; then wiU AM = 30^ and M'M 
will equal the radius, or 1 : hence, we have, 

sin 30''= i ; 

that is, ths sine of 30° is equal to half the radius. 
Also, 

cos 30** = -/I — sin^ 30° = iV^; 
hence, 

sin 30° ' /T 



tan 30° = 



cos 30° 



Again, let M'AM = 90° : then will AM = 45% aai 
M'M = y/2' (B. v., P. m.) : hence, we have, 

an 45° = iy^ ; 
Also, 

COS 46° =r -/I - sin* 46° = ^yT; 



hence. 



. ^ sin 45° 
cos 45° 



Many other nnmeiioal valnes might be dednoed* 
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FORMULAS EXPRESSING RELATIONS BETWEEN THE CIRCUIiAB 
FUNCTIONS OF DIFFERENT ARCS. 

66. Let AS and HM represent two arcs, having the 
oommon radius 1 ; denote the first hj 
bj and the second by a. From M 
draw MFj perpendicular to C4, and 
MIf perpendicular to CJ3 ; from XT 
draw -flTP' perpendicular to C4, and 
NL parallel to AG, 

Then, by definition, we shall have, 




PP'A 



FM = sin (a + J), iOf = sin a, and Olf = cos a. 
From the figure, we have, 

PJf = PZ + ZM. (1.) 

From the right-angled triangle CF'If (Art. 37), we hare, 
P'lr^ <7iV^ sin &; 

OT, since JP'If = Pi, JPZ = cos a sin 2^. 

« 

Since the triangle MZN is similar to CP'IT^ the angle 
ZMN is equal to the angle P'ON\ hence, from the 
nght-angled triangle MZN^ we have, 

ZM = MN cos ft = sin a cos 3 ; 

Substituting the values of PM^ PZ^ and ZM^ in Equa- 
tion (1), we have, 

sin (a + ft) = sin a cos & + cos a sin & ; • ( ^.) 

that is, ikt sine of the sum of two arcSj is equal to the 
sine of the first into the cosine of tTie second^ plus the e<h 
^ine of t/ie first into the sine of the second. 
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Since the above formtda is true for^any values of a and 
b^ wo may substitute — J, for b ; whence, 

sin (a — J) = sin a cos ( — J) + cos a sin ( — ft) ; 

but (Art. 62), 

cos ( — &)== cos 5, and, sin ( — 5) = — sin & ; 
hence, 

sin (a — ft) = sin a cos ft — cos a sin ft ; • ( Q.) 

that is, the sine of the difference of two arcs^ ia eqtial $0 
the sine of the first into the cosine of tJie second^ minus the 
cosine of the first into the sine of the second. 

If, in Formula ( 3 ), we substitute (90° — a), for a, we 
have, 

sin (90®— a— ft) = sin (90°— a) cos ft— cos (90°— a) sin ft ; • (2,) 

but (Art. 63), 

sin (90°— a — ft) = sin ['90°— (a + ft)] = cos (a + ft), 
and, 

sin (90° — a) = cos a, cos (90° — a) =: sin a ; 

hence, by substitution in Equation (2), we have, 

cos (a + ft) = cos a cos ft — sin a sin ft ; • ( ®.) 

that is, the cosine of the sum of turo arcs^ is equal to the 
ectangle of their cosines^ minus t/ie rectangle of their sinesn 

1% in Formula (®), wo substitute —ft, for ft, we find 

cos (a — ft) = cos a cos ( — ft) — sin a sin ( — ft), 
or, 

cos (a — ft) = cos a cos ft 4- sin a sin ft ; • • ( O.) 
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tkit is, the cosine of the difference of tu>o arcSj is equal 
to the rectangle of their cosines^ phis the rectangle of their 
sines. 

If we divide Formula (^) by Formula (®), member by 
member, we have, 

sin (a + 5) __ sin a cos J + cos a sin b 
cos (a + b) cos a cos 6 ~ sin a sin 6 

Dividing both terms of the second member by cos a cos ft, 
recollecting that the sine divided by the cosine is equal to 
the tangent, we find, 

/ . Tx tan a + tan 5 ,,^^ 

tan (a 4- ft) = :; ^ ^ r ; . . . . (aO 

^ ' 1 — tan a tan ft ^ ' 

that is, the tangent of the sum of two arcs, is equal to the 
sum of their tangents^ divided by 1 minus the rectangle of 
their tangents 

Iff in Formula (21), we substitute —ft, for ft, recollect- 
ing that tan (— ft) = — tan ft, we have, 

/ r\ tan o — tan ft , ^ . 

tan (a — ft) = — -— r ;••••(&.) 

^ ' 1 4- tan a tan ft ' ^ ' 

that is, the tangent of the difference of two arcs^ is equal 
to the difference of their tangents^ divided by 1 plus the 
rectangle of their tangents. 

In like manner, dividmg Formula (®) by Formula (4^), 
member by member, and reducing, we have, 

^ * / . XN cot a cot ft — 1 ,^^ 

cot (a + ft) = — 7 ; r-r- > • • (QJ 

^ ^ cot a + cot ft ' ^ ' 
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and thence) by the subBtitution of --&, for bf 

. , TV cot a cot J + 1 ..„ . 

cot (a — J) = — r-T 1 — ; • • • • (Ul.) 

^ ' cot 6 — cot a ' ^ ' 

FUNCTIONS OP DOTJBLB ARCS AND HALF AECS. 

66. If, in-Formulas (41), (®), (3), and (O), we 
make a =: &, we find, 

sin 2a = 2 »n a cos a ; • • • • (41'.) 

cos 2a = cos^a — sin^a ;••••( ®'.) 
2 tan a / ra/ v 

cot 2a = £^tLi (Q^) 

2 cot a ^ ' 

Substituting in ( 9'), for cos^a, its value, 1 — sin^a ; and 
afterwards for sin^a, its value, 1 — cos^a, we have, 

cos 2a = 1—2 sin^o, 
cos 2a = 2 cos^a — 1 ; 

whence, by solving these equations, 

/ 1 — cos 2a -_ . 

S"i « = V 2 I • • • • ( !•) 

/ 1 + cos 2a ,^. 

cos a = -y/ -g (2.) 

We also have, from the same equations, 

1 — cos 2a = 2 sin'a ; (3.) 

1 + COB 2a = 2 cos^a. (4.) 
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Dividing Equation (^'), first by Equation (4), and then 
by Equation ( 3 ), member by member, we have, 

an 2a . ,k^ 

= tan a ; (5.) 



1 + COS 2a 

sin 2a 
1 — cos 2a 



= cot a. (0.) 



Substituting ^ for a, in Equations ( 1 ), ( 2 ), . ( 5 ), 
and (6), we have, 

, / 1 — cos a i r\n\ 

an ia = y ^ 5 • • • (^ •) 

cosia = i/I±p^; . • . (9".) 

tania = , J^ ^ ; .... (3") 

^ 1 + cos a ' ^ ^ 

cot ia = , (a".) 

'^ 1 — cos a ^ ^ 

Taking the reciprocals of both members of the last two 
formulas, we have also. 



. - 1 + cos a , ^ < 1 — cos a 

cot t^ = ; , and, tan *a = : • 

sm a sm a 



ABDrnONAI. FOBMULAS. 

67. If Formulas (^) and (3) be first added, member 
to member, and then subtracted, and the same operations be 
performed upon (®) and (!2)), we shall obtain. 
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on (a + ft) + sin (a — 5) = 2 sin a oos ft ; 
sin (« + ft) — sin (a — ft) = 2 cos a sin ft ^ 
cos (a + ft) + cos (a — ft) = 2 cos a cos ft ; 
cos (a — ft) — cos (a + ft) = 2 sin a sin ft. 

If in these we make, 

a + ft =z p^ and a — ft = g', 
whence, 

a =z i{p + q\ * = i (2> - ?) ; 

and then substitute in the above formulas, we obtain, 

fsm p + Aa q = 2 ein i {p + q) cos i {p — q) • ( JJi.) 

gin ^ — sin g' = 2 cos ^ (^ + g') sin ^ (^ — y) • ( a.) 

cosp + cos g = 2 cos i {p + q) cos i {p — q) • (Sa.) 

cos y — oosjp = 2 mn i {p + q) mi i {p— q) • ( ia.) 

From Formulas (a) and (US), by division, we obtain, 

in j> — sing _ cosi{p+q) sin i{p—q) _ tan jip—q ) . / , \ 
in^ + sing "" aJii{p+q) cosi(p—q) ~ tan^(|j+g5 * ^ *V 



sm 
ain 



That is, the sum of the sines of two ares is to their dtf' 
ferencej as the tangent of one half the sum of the arcs is 
to the tangent of one half their difference* 
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Also, in like manner^ we obtain, 

Bjn ^ + sin g ^ an i{p+q) cos iip'-q) ^ tani(»+^) • (2.) 
008^ + COS q cos i{p+ q) cos i(jp— g) ^ v/' !«/ 

Bin P-- sing ^ sin i(^~g) cosi(^+g) ^ tan*(»-a) • (3.) 
cosj^4-cosj7 ooai{p+q) cosi{p^q) ^^^ ^' 

sin jo + sin q _ sin i{p+q) cos^jt?— g) _ cos^(^--g) ,^. 

8in(^+<?) "~ sini(^+<?) cosi(]?+2') ~" cos^(jp+y) * ^ '^ 



gin jp — sin q __ sin \{p—q) cos-^(jt?+g) _ sin ^(p—q) 

sin (^+g') "■ sini(;>+2') cosi(]>+2') "" siniQj+fi') 

sin {p—q) __ sin i{p—q) cos j(jt?— g) _ C08|(jt?— g) 

sin j^ — sin 2^ "" sin ^(p—q) cos iCp+fi') ~ cosiQ)+y) 



(6.) 



all of which give proportions analogous to that deduced from 
Formula ( 1 ). 

Since the second members of (6) and (4) are the same, 
we have, 

sm^-smg ^ sin(^+g) ..... /^x 
sin (p—q) sin/> + sin g ' ^ '' 

That is, the sine of the difference of two arcs is to the 
difference of t/ie sines izs the sum of the sines to the sine 
of the sum. 

All of the preceding formulas may be made homogeneous 
in terms of jR, 22 being any radius, as explained in Art 
80 ; or, we may simply introduce J?, as a fector, into each 
term as many times as may be necessary to render all of 
its terms of the same degree. 
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METHOD OF COMPUTING A TABLE OF NATtJBAL BIKES. 

68. Since the length of the semi-circumference of a circle 
whose radius is 1, is equal to the number 3.14159265 . . . , 
if we divide this number by 10800, the number of minutes 
in 180% the quotient, .0002908882 . . . , will be the length 
of the arc of one minute ; and since this arc is so small 
that it does not differ materially from its sine or tangent, 
this may be placed in the table as the sine of one minute 

Formula (3) of Table 11., gives, 

cos 1' = -/I - smn' = .9999999577 • • (1.) 

Having thus determined, to a near degree of approximar 
tion, the sine and cosine of one minute, we take the first 
formula of Art. 67, and put it under the form, 

sin (a + h) = 2 sin a cos 6 — sin (a — ft), 

and make in this, ft = 1', and then in succession, 

a = 1', a = 2', a = 3', a = 4', Ac, 

and obtain, 

. sin 2' = 2 sin 1' cos 1' - sin = .0005817764 . . . 

rin 3' = 2 sin 2' cos 1' - sin 1' = .0008726646 . . . 

sin 4' = 2 sm 3' cos 1' — sin 2' = ,0011635526 . . . 

sin 6' = &o., 

thus obtaining the sine of every number of degrees and 
minutes from 1' to 45°. 
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The cosines of the corresponding arcs may be computed 
by means of Equation ( 1 ). 

IlaTing found the sines and cosines of arcs less than 45**, 
those of the arcs between 45° and 90°, may be deduced, 
by considering that the sine of an arc is equal to the coane 
of its complement, and the cosine equal to the sine of the 
complement. Thus, 

an 50** = sm (90° — 40°) = cos 40**, cos 60° = sin 40% 

in which the second members are known &om the preTions 
computations. 

To find the tangent of any arc, divide its sine by its 
cosine. To find the cotangent, take the reciprocal of the 
corresponding tangent. 

As the accuracy of the calculation of the mne of any arc, 
by the above method, depends upon the accuracy of each 
previous calculation, it would be well to verify the work, by 
calculating the sines of the degrees separately (after having 
found the sines of one and two degrees), by the last pro- 
portion of Art. 67. Thus, 

sin 1° : sin 2° — sm 1° : : sin 2° + an 1° : an 3° ; 
sin 2° : sin 3° — sm 1° : : sm 3° + sin 1° : Bin 4° ; 4^ 



SPHERICAL TEIGONOMETRY. 



69. SpHEBicAii Tbigonometkt is that branch of Mathe- 
matics which treats of the solution of spherical triangles. 

In every spherical triangle there are six parts : three sides 
and three angles. In general, any three of these parts being 
given, the remaining parts may be fomid. 

GENERAL PRINCIPLES. 

70. For the purpose of deducing the formulas required 
in the solution of spherical triangles, we shall suppose the 
triangles to be situated on spheres whose radii are equal 
to 1. The formulas thus deduced may be rendered applica- 
ble to triangles lying' on any sphere, by making them homo- 
geneous in terms of the radius of that sphere, as explained 
in Art. 30. The only cases considered will be those in 
which each of the sides and angles is less than 180°. 

Any angle of a spherical triangle is the same as the die- 
dral angle included by the planes of its sides, and its moa 
fiure is equal to that of the angle included between two 
right lines, one in each plane, and both perpendicular to 
their common intersection at the same point (B, VI., D, 4). 

The radius of the sphere being equal to 1, each side of 
the triangle will measure the angle, at the centre, subtended 
by it. Thus, in the triangle ABG^ the angle at ^ is 



/ 

/ 

/ 
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The cosines of the corresponding arcs 
by means of Equation ( 1 ). 

IlaTing found the sines and cosineF 
those of the arcs between 45° anr" 
by considering that the sine of ar 
of its complement, and the co^ 
complement. Thus, ^ 

i 

an 50° = Bin {90° - 40°' /? 

in which the second nr //' 
computations. 




d triangles. Each class 



aote the angles by the capital 
and the opposite sides by the small 



To find the \J 
cofflne. To fir 
corresponding '' 

As the 
by the r' -^^ ^^^^ ^^ bolvinq eight-angled spherical 
previou'" tbiangles. 

J Let CAJB be a spherical triangle, right-angled at i, 
J let be the centre of the 
* uQte on which it is situated. 

penote the angles of the triangle 

by the letters -4, -&, and (7, 
and the opposite sides by the 
letters a, ft, and c, recollecting 
that J3 and C may change 
places, provided that b and c 
change places at the same time. 

Draw OAj OBj and 0(7, each of which will be equal 
to 1. From J?, draw JSP perpendicular to OJ, and 
from P draw PQ perpendicular to 00 ; then join the 
points Q and i?, by the line QB. The line QB will be 
perpendicular to 00 (B. VI., P. VL), and the angle PQB 




I 

\ 



\ 
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\ the inclination of the planes GB and 
\J11 be equal to the angle C, 
^ ' .figure, 

\ QB = sin a, OQ = cos a. 
\3 OQP and QPB, we 

or, cos a = cos c cos b • (1.) 
- QB ; or, sin c = sin a sin (7 •( 2.) 

OP 

multiply both terms of the fraction -^^ , ^J OQ^ 

^nall have, 
g = || X ||; or, cos(7 = tan (90°- a) tan J. (3.) 

QP 

If we multiply both terms of the fraction ^p> by PBj 

we have, 

^ = g X IJ; or, sin ft = tan c tan (90-- (7). (4.) 

IfJ in (2), we change c and C, into 6 and ^, we 
have, 

sin ft = sin a sin JB (5.) 

L^ in (3), we change ft and C, mto c and jB, we 
have, 

cos jB = tan (90°— a) tan c • • • • (6. 

I^ in (4), we change ft, c, and (7, into c, ft, and 

^, wo have, 

sin c = tan 6 tan (90°—^) • • • • (^.) 
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Multiplying (4) by (7), member by member, we haTe^ 
sm b sin c = tan J tan c tan (90°---B) tan (90*^— C7). 

Dividing both members by tan b tan c, we have, 
cos b cos = tan (OO^*— JB) tan (90®— (7) ; 

and substituting for cos b cos c, its value, cos a, taken 
from (1), we have, 

cos a = tan (90'*- J?) tan (90°- (7) • • (8.) 

Formula (6) may be written under the form, 

^ cos a sin 

cos ^ = -. • 

sm a cos c 

Substituting for cos a, its value, cos b cos c, taken from 
(1 ), and reducing, we have, 

^ cos b sin c 

cos M = ; • 

sm a 

Again, substituting for sin c, its value, mi a sin C7, taken 
from ( 2 ), and reducing, we have, 

cos £ =: cos b Aa C • • • • (9.) 

Changing JB, J, and (7, in (9), into (7, c, and -B, wo 
have, 

cos (7 = COS c sin ^ • • • • (10.) 

These ten formulas are sufficient for the solution of any 
right*angled spherical triangle whatever. 
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KAPIES'S OIBOTJIAB PABTS. 




73. The two sides about the right 
angle, the complements of their opposite 
angles, and the complement of the 
hj/pothenuse, are called Napier's Circular 
P,arts. 

K these parts be arranged in their 
order, as shown in the figure, we see that each part is 
adjacent to two of the others, and that it is separated from 
each of two remaining parts hj an intervening part. If any 
part be taken as a middle part, those which are adjacent to 
it are called adjacent parts, and those which are separated 
from it, are called opposite parts. Thus, 90° — JB, and 
90° — C, are adjacent parts to 90° — a ; and c and b are 
opposite parts ; and so on, for each of the other parts. 



74. Formulas (1), (2), (5), (9), and (10), of 
Art. 72, may be written as follows : 



sm (90°- a) 


= cos J cos c 


• (1.) 


sin c 


= cos (90°- a) cos (90«- C) • 


(2.) 


Ad. b 


= cos (90°- a) cos (90°— J5) 


. (3.) 


Bin (90°-^) 


z= cos b cos (90°— (7) • • • 


• (4) 


sin (90°- (7) 


= cos cos (90°— jB) • • . 


• (s.) 



Comparing these formulas with the figure, we see that. 



The sine of the middle part is equal to the rectangle of 
the cosines of the opposite parts. 



22 
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Formulas (8), (7), (4), (6), and (3), of Art. 72, 
may bo written as follows : 



sin (90°- a) = tan (90°-^) (tan 90°- (7) 

sin c = tan 6 tan (90°— J5) • • • 

sin ft = tan (5 tan (90°— (?)••• 

sin (90°—^) = tan (90°— a) tan c • • • 

sin (90°— (7) = tan (90°- a) tan 6 • • • 



(6.) 

(8.) 

(9.) 

(10.) 



Compaiing these formulas with the figure, we see that, 

TTie sine of the middle part is equal to the rectangle of 
the tangents of the adjacent parts. 



These two rules are called Napier's rules for Circular 
Parts, and they are sufficient to solve any right-angled 
•epherioal triangle. 



75. In applying Napier's rules for circular parts, the part 
nought will be determined by its sine. Now, the same sine 
corresponds to two different arcs, supplements of each other ; 
it is, therefore, necessary to discover such relations between 
lie given and required parts, as will serve to point out 
which of the two arcs is to be taken. 

Two parts of a spherical triangle are said to be of the 
same species, when they are both less than 90°, or both 
greater than 90° ; and of different species, when one is less 
and the other greater than 90°. 

Prom Formulas (9) and (10), Art. W, we have, 



. ^ cos jB 

an C7 = =- , 

cos 



and sin J? = 



cos C 

.— ^^_ • 

cos c ' 
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Bince tlie angles B and G are both less than ISO**, their 
smes must always be positive : hence, cos B must have 
the same sign as cos J, and the cos C must have the 
same sign as cos c. This can only be the case when B 
18 of the same species as J, and O of the same species 
as c ; that is, the sides about the right angle are always 
of the same species as their opposite angles. 

From Formula ( 1 ), we see that when a is less than 
90°, or when cos a is positive, the cosines of b and c 
will have the same sign ; that is, b and c will be of the 
same species. When a is greater than 90°, or when cos a 
is negative, the cosines of b and c will be contrary ; that 
is, b and c will be of different species : hence, lohen the 
hypothenuse is less than 90°, tlie two sides about tJie right 
angle, and consequently the two oblique angles, will be of the 
same species ; when the hypothenuse is greater than 90°, 
the two sides about the right angle, and consequently the two 
oblique angles, will be of different species. 

These two principles enable us to determine the nature 
of the part sought, in every case, except when an oblique 
angle and the opposite side are given, to find the remaining 
parts. In this case, there may be two solutions, one sotu- 
tion, or no solution at aU. 

Let BAC be a right-an- 
gled triangle, in which B 
and b are given. Prolong 
the sides BA and J? (7 till 
they meet in B\ Take 
M'A' = BA, B'C z=z BG, and join A' and G' by the 
arc of a great circle : then, because the triangles BA G and 
^'A'C' have two sides and the included angle of the one, 
equal to two sides and the included angle of the other, each 
to each, the remaining parts will be equal, each to each ; 





80 SPHERICAL 

that is, A'C =i AC^ and the angle A' equal to the 
angle A : hence, the two triangles BAC^ B*AO\ are 
right-angled ; they have also 
one oblique angle and the op- 
posite side, in each, equal. 

Now, if ft differs more from 
90° than B^ there will evident- 
ly be two solutions^ the sides 
including the given angle, in the one case, being supplements 
of those which include the given angle, in the other case. 

If b = By the triangle will be bi-rectangular, and there 
will be but a single solution. 

If ft differs less from 90^ than J?, the triangle cannot be con- 
structed, that is, there will be no solution, 

SOLUTION OP BIGHT-ANGLED SPHERICAL TRIANGLES. 

76. In a right-angled spherical triangle, the right angle 
IB always known. If any two of the other parts are given, 
the renuuning parts may be found by Napier's rules for 
circular parts. Six cases may arise. There may be given, 

L The hypothenuse and one side. 

n. The hypothenuse and one oblique angle. 

ni. The two sides about the right angle. 

lY. One dde and its adjacent angle. 

Y. One side and its opposite angle. 

VL The two oblique angles. 

In any one of these cases, we select that part which is 
either adjacent to, or separated from, each of the other given 
parts, and calling it the middle part, we employ that one of 
Napier's rules which is applicable. Having determined a third 
part, the other two may then be found in a similar manner. 
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It is to be observed, that the formulas employed are to be 
rendered homogeneous, in terms of i2, as explained in Art. 30. 
The method of proceeding will be readily understood from a 
few examples. 

EXAMPLES. 

1, Given a = 105° 17' 29", and q 

h = BQ^ 4:1' 11", . to find c, JB, 
and a 

Since a > 90°, b and c must be 
of different species, that is, c > 90° ; 
for the same reason, G > 90°. 

OPERATION. 

From Formula (10), Art. 74, we have, 

log cos C = log cot a +log tan 5 — 10; 

log cot a (105° 17' 29") 9.436811 
log tan h ( 38° 47' 11") 9.905055 

log cos (7 .... 9.341866 .-. (7 = 102° 41' 33". 

From Formula (2), Art 74, we have, 

log sin c = log sin a -f- log sin (7—10; 

log sin a (105° 17' 29") 9.984346 
log sin G (102° 41' 33") 9.989256 

log sin c 9.973602 .-. c = 109^ 46' 32". 

m 

From Formula (4), we have, 

log cos ^ = log sin (7 + log cos 5—10; 

log sm G (102° 41' 33") 9.989256 
log cos b ( 38° 47' 11") 9.891808 

log cos 5 .... 9.881064 .-. ^ = 40° 29^ 50". 

Ans, c = 109° 46' 32", JB = 40° 29' 50", G = 102° 41' 33' 
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2. Given b = 61^ 30', and J? = 68^ 35', to find a, 
0, and C. 

Because b < B^ there are two solutions. 

OPSRATION. 

From Formula (7), we have, 

log sin c = log tan b + log cot -B — 10 ; 

log tan b (51** 30') • 10.099396 
log cot B (68° 35') • 9.785900 

log sin c .... 9.885295 .'• cr= 60° 09' 51", 

and c = 129° 50' 00". 

From Formula ( 1 ), we have, 

log cos a = log cos b + log cos c — 10 ; 

log cos b (51° 30') . . 9.794150 
log cos c (60° 09' 61") 9.80658 

log cos a .... 9.600730 .'. a = 66° 29' 54", 

and a = 113° 30' 06". 

From Formula (10), we have, 

log cos C = log tan b + log cot a — 10 ; 

log tan b (51° 30') • 10.099395 
log cot a (66° 29' 54") 9.638336 

log cos C .... 9.737731 .-. (7= 56° 61' 38", 

and C = 123° 08' 22". 
In a similar manner, all other cases may be solved. 

8. Given a = 86° 51', and B = 18° 03' 32", to find 
ft, c, and (7. 

Ans. ft = 18° 01' 60", c = 86° 41' 14", C = 88° 68' 26". 
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4. Given b = 155° 27' 64", and c = 29« 46' 08", to 
find a, 2?, and (7. 

J[7W. a = 142<» 09' 13", i? = 137° 24' 21", G = 64° 01' 16", 

6. Given c = 73° 41' 36", and -B = 99° U' 33", to 
find a, d, and C. 

Am. a = 92° 42' 17", b = 99° 40' 30", (7 = 73° 64' 47". 

6. Given b = 115° 20', and -B = 91° 01' 47", to find 
a, e, and (7. 

'177° 35' 36". 



r 64° 41' 11", f 177° 49' 27", J] 

\ll5°18'49", [ 2° 10' 33", \ 



2° 24' 24". 



7. Given 2? = 47° 13' 43", and (7 = 126° 40' 24", to 
find a, d, and c. 

Ana. a = 133° 32' 26', ft = 32° 08' 56", c = 144° 27' 03". 

In certain cases, it may be necessary to find but a single 
part. This may be efiected, either by one of the formulas 
given in Art. 74, or by a slight transformation of one of 
them. 

Thus, let a and B be given, to find C. Regarding 
00° — a, as a middle part, we have, 

cos a = cot JB cot (7 ; 
';*'hence, 

^ ^ cos a 
cot C = —Tji ; 
cotJj 

and, by the application of logarithms,* 

log cot C = log cos a + (a. c.) log cot J? ; 

from which C may be found. In like manner, other ca^ 
may be treated. 
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QUADSANTAL 8PHEBI0AL TfilAKGLES. 

77. A QuADBANTAL Sphemcal Trianglb is one in which 
one side is equal to 90°. To solve such a triangle, we pass 
to its polar triangle, by subtracting each side and each 
angle from 180° (B. IX., P. VL). The resultmg polar tri- 
angle will be right-angled, and may be solved by the rules 
already given. The polar triangle of any quadrantal triangle 
being solved, the parts of the given triangle may be found 
by subtracting each part of the polar triangle from 180°. 



EXAMPLE. 

Let A'B'O' be a quadrantal 
triangle, in which B'C = 90°, 
B' = V6° 42', and c' = 18° 37'. 

Passing to the polar triangle, 
we have. 



A = 90°, b = 104° 18', and C = 161° 23'. 

Solving this triangle by previous rules, we find, 
a = 76° 25' 11", c = 161° 55' 20", B = 94° 31' 21"; 
henoo, the required parts of the given quadrantal triangle are, 
A' =:= 103° 34' 49", C = 18° 04' 40", V = 85^ 28' 89". 




In a similar manner, other quadrantal triangles may be 
solved. 
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FORMULAS USED IN SOLYINa OBLIQUE-ANGLED 8PHEBI0AL TBI- 

ANGLES. 

78. Let ABO represent an oblique-angled spherical tri- 
angle. From either vertex, C7, 
draw the arc of a great circle 
CB\ perpendicular to the oppo- 
site side. The two triangles 
ACB' and BOB' will be right- 
angled at B\ 

From the triangle ACB\ we 
have Formula (2), Art. Y4, 

sin CB' = sin ^ sin & 




From the triangle BCB\ we have, 

sin CB' = sin jS sin a. 
Equating these values of sin CB\ we have, 
siuulsind = sinJS sin a; 

from which results the proportion, . 

sina : sin& :: sin^ : sin^ 



(1.) 



In like manner, we may deduce^ 
sin a : sin c : : sin^ 
sin & : sin c : : sin J? 



sm (7 . . . (2.) 
sin (7 . . . (3.) 



That is, in any spherical triangle, the sines of the sides 
are proportional to the sines of their opposite angles. 

Had the perpendicular fallen on the prolongation of AB 
the same relation would have been found. 




86 SPHERICAL 

79. Let ABC represent any spherical triangle, and 
the centre of the sphere on 
which it is situated. Draw the 
radu OA, OB, and 0G\ from 
C draw CP perpendicular to 
the plane A OB ; from P, the 
foot of this perpendicular, draw 
PJD and BE respectively per- 
pendicular to OA and OB ; join 
CD and Ci?, these lines will be respectively perpendicular 
to OA and OB (B. VI., P. VI.), and the angles CBP 
and CBP will be equal to the angles A and B respec- 
tively. Draw BL and PQ, the one perpendicular, and the 
other parallel to. OB. We then have, 

OE = cos a, BC = sin J, OB = cos (. 

We have from the figure, 

OE^ OL + QP (1.) 

In the right-angled triangle OBB, 

OL = OB pos BOB = cos 6 cos c. 

The right-angled triangle PQB has its sides respectively 
perpendicular to those of OLB ; it is, therefore, similar to 
it, and the angle QBP is equal to o, and we have, 

QP = PB mLQBP == P2) sine . . • (2.) 
The right-angled triangle CPB gives, 

PB = CB cos CBP = sm J cos ^ ; 
substituting this value in (2), we have, 

QP = sin ft sin c cos -4 ; 



TRIGONOMETRY. 87 

and now substituting these values of OE^ OL^ and QP^ 
in (1), we have, 

cos a = cos b cos c + sin ft sin c cos A * (30 

In the same way, we may deduce, 

. cos 6 = cos a cos c + sin a rin c cos jB • • (4.) 
cos c = cos a cos b + sin a* sin b cos (7 • • (5.) 

That is, the cosine of either side of a spherical triangle is 
equal to t/ie rectangle of the cosines of the other two sides 
plus the rectangle of the sinea of these sides into t?ie cosine 
of their included angle. 

80. If we represent the angles of the polar triangle of 
AJBC, by A\ B\ and C\ and the sides by a\ V 
and c', we have (B. IX., P. VI.), 

a = 180^ - ^', 6 = 180° - -B', c = 180° -<7', 
A = 180° - a', -B = 180° - J', (7 = 180° - e'. 

Substituting these values in Equation (3), of the preceding 
article, and recollecting that, 

cos (180°- J.') = - cos A\ Bin (180°- jBO = sin i?', Ac, 
we have, 

— cos A' = cos B' cos C — An B' sin (7' cos a' ; 

or, changing the agns and omitting the primes (since the 
preceding result is true for any triangle), 

cos ^ = sin J7 sin (7 cos a — cos B cos C ( 1.^ 
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In the same way, we may deduce, 

cos JB = sin -4 sin (7 cos J — cos -4. cos (7 • (2.) 
cos C = sin-4sini?cosc-— cos A cos JB • (3.) 

That is, the cosine of either angle of a spherical triangle 
is equal to the rectangle of the sines of the other two 
angles into the cosine df their included side^ minus the 
rectangle of t?ie cosines of tJiese angles, 

81. From Equation (3), Art. 79, we deduce, 

- cos a — cos b cos c , , ^ 

cos -a = ; £ : (1.) 

sm sm c ^ 

If we add this equation, member by member, to the num> 
ber 1, and recollect that 1 + cos A^ in the first member, 
is equal to 2 cos'^^ (Art. 66), and reduce, we have, 

, - . sin ft sin c -h cos a — cos b cos c 

2 cos^i^ = ; — - — ; ; 

sm ft sm c ' 

or, Formula (®), Art. 66, , 

- - ^ cos a — cos (ft + c) , ^ . 

2 COS*i^ =: r— ^^ -^ ' •••••• (2.) 

sm ft sm c ^ ' 

And since, Formula (JO), Art. 67, 

COS a — cos (6 + c) = 2 sin i(a + 6 + c) sm i(ft + c — a), 

Equation (2) becomes, after dividing both members by 2 

^g2i J _, sin |(a 4- ft 4- c) sin |(ft + c — a) 
^ ~ sin ft sin c 



TRIGONOMETRY. 89 

If, in this we make, 
i(a + 6 + c) = i« ; whence, ^(J + c — a) = i« — a, 

and extract the square root of both members, we have, 

ij I ^^ i* sin (|5 — a) ,^. 

cos \A = \ — . , Y i • • • • ( S.V 

V smdsmc ^ ' 

That is, the cosine of one-half of either angle of a spherical 
triangle, is equal to the square root of the sine of oncrhalf 
cf the sum of the three sides, into the sine of onerhalf this 
sum minus the side opposite the a/ngle, divided by the rect- 
angle of the sines of the adjacent sides. 

If we subtract Equation ( 1 ), of the preceding article, 
member by member, from the number 1, and recollect that, 

1 — cos -4 = 2 sin* i-4, 
we find, after reduction. 



Bin i^ = f^WEK^WI^ . . . (4.) 

V smftsmc ^ ' 

Dividing the preceding value of sin ^-4, by cos ^-4, 
we obtain, 

^ / sin(i.-6)rin(i I3j) ^ _ _ 

* V sm -J* sm (^5 — a) ^ ' 



82. If the angles and sides of the polar triangle of 
ABC be represented as in Art. 80, we have, 

A = 180° - a', 6 = 180° - i?', c = 180° - (7', 

is = 270° - i{A'+B'+ (7'), i« - a = 90°-i(jB'+ C'^-A'). 
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Substituting these values in ( 3 ), Art. 81, and redncing 
hj the aid of the formulas in Table ILL, Art. 63, we find, 



sin 



,■, _ /- cos i(A'+J3'+ C) cos y,B'+ G'^A!) 
*^ - V sin J?; sin (7 

Placing 
i(^'+i?'+ C7') = iS ; whence, i(5'+ C'^A') = \8^A\ 

Substituting and omitting the primes, we have, 

. 1 / — cos \8 cos i^S — A) ,,. 

V sm J? sm (7 ^ ' 

In a similar way, we may deduce from (4), Art. 81* 



1 . /cos (i/S- J?) cos(i/S-(7) ,^, 

cos ia == \/ ^^— ^ — ^ . ); ^ • • (2.) 

V sm jB sm (7 ^ ' 

and thence, 

1 /— cos -J/S COS US — ^) ,-. 

83. Prom Equation (1), Art. 80, we have, 

Qo^A + cos^ cos(7= sin^sin(7 cosa = sin (7 -t sin^cosa: 

sm a ' 

(1.) 

since, from Proportion (1), Art. V8, we have, 

. ^ sin ^ . -, 

sm jB = -, sm ft. 

sm a 

Also, from Equation (2), Art. 80, we have, 

oos^ + cos^ C08(7= sin -4 sinC cosft dt sin (7 -. sina cosft. 

sm a 

(2.) 
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Adding ( 1 ) and ( 2 ), and dividing by sin (7, we obtain, 

/ A » „. 1 + COS (7 sin ^ . , , , . .. 

(cos A + cos £) : — 77— = -. sm (a + b). { 8.) 

sm C sm a \ • / v / 

The proportion, sin ^ : sin J? : : sin a : sin d, 

taken first b^ composition, and then by division, gives, 

sm .A. 

sin -d. + sin jB = -: (sin a + sin J) • • • (4,) 

sm a ^ ' ^ ' 

mnA-^mnS = -. (sin a — sin 5) • • • (6.) 

sm a ^ ' ^ ' 

Dividing ( 4 ) and ( 5 ), in succession, by ( 3 ), we obtain, 

sin -4 + sin -B em G __ sin a + sin J . . 

cos J. + cos^ 1 + cos (7 "" sin (a + ^) ' ' ^ *' 

sin -4. — sin ^ sin ^ sin a — sin ft 

cos-4 + cosJ? 1 + cos (7 "" sin (a + ft) ' * 

But, by Formulas (2) and (4), Art. 67, and Formula (a'0> 
Art. 66, Equation (6) becomes, 

tani(^ + J?) = coti(7^^45^^ ; . . (8.) 
^ ' co3i(a + ft) ^ ' 

and, by the similar Formulaa (3) and (6), of Art. 67, 
Equation (Y) becomes, 

tanK^-i?) = coti(7 5Lg5L^). . . (9.) 

These last two formulas give the proportions known as the 
first set of Napiei^B Analogies. 

cosi(a+ft) : cosi(a— ft) : : cot^C : tani(-4+-B). (10.) 

wni(a+ft) : fflni(a-ft) :: coti(7 : tani(^-J!). (11.) 
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If in these we substitate the values of Oj b^ Cj A, 
and -B, in terms of the corresponding parts of the polar 
triangle, as expressed in Art. 80, we obtain, 

ooBi{A+B) : cosi{A-J3) : : tan^ : tani(a+J). (12.) 
Ani{A+jB) : sini(-4-J5) :: tan^c : tani(a-J). (13.) 
the second set of Napier^s Analogies. 

In applying logarithms to any of the preceding formulas, 
they must be made homogeneous, in terms of JR, as ex- 
plained in Art. 30. 

SOLUTION OK OBLIQUE-ANGLED SPHERICAL TRLAJJGLES. 

84. In the solution of oblique-angled triangles eix differ- 
ent cases may arise : viz., there may be given, 

I. Two sides and an angle opposite one of them. 

n. Two angles and a side opposite one of them, 

in. Two sides and their included angle. 

rV. Two angles and their included side. 

V. The three sides. 

VL The three angles. 

CASE I. 

GUven two sides and an angle opposite one of them, 

■ 

85. The solution, in this case, is commenced by finding 

the angle opposite the second given side, for which purpose 
Formula ( 1 ), Art. Y8, is employed. 

As this angle is found by means of its sine, and because 
the same sine corresponds to two different arcs, there would 
seem to be two different solutions. To ascertain when there 
are two solutions^ when one solution, and when no solution 
at all, it becomes necessary to examine the relations which 
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may exist between the given parts. Two cases may arise, 
viz., the given angle may be acutey or it may be obtuse. 

We shall consider each case separately (B. IX., P. XIX., 
Gen. Scholium). 

First Case. , LjBt ^ A be 
the given angle, and let a 
and b be the given sides. 
Prolong the arcs AG and 
AB till they meet at A'j 
forming the lune AA'; and 
from (7, draw the arc CJS' perpendicular to ABA\ From 
C7, as a pole, and with the arc a, describe the arc of a 
small circle BB. If this circle cuts ABA\ in two points 
between A and A\ there will be two kolutions ; for if 
G bo joined with each point of intersection by the arc of 
a great circle, we shall have two triangles ABG^ both of 
which will conform to the conditions of the problem. 

If only one point of in- 
tersection lies between A 
and A'y or if the small 
circle is tangent to ABA\ 
there will be but one solu- 
tion. " 

If there is no point of intersection, or if there are points 
of intersection which do not lie between A and A\ there 
will be no solution. 




From Formula (2), Art. V2, we have, 

sin GB' = sin ft sm ^, 

from which the perpendicular, which will be less than 00®, 
will be found. Denote its value by p. By inspection of 
the figure, we find the following relations : 

23 



M SPHERICAL. 

1. When a is greater than p, and at the same time less 
than both b and 180° — b, there will he two solutions. 

2. When a is greater than p, and intermediate in value 
between b and 180° — b; or^ when a is equal to p, there 
wiU be but one solution. 

If a =: by and is also less than 180° — 5, one of the points 
of intersection will be at Ay and there will be but one 
solution. 

3. When a is greater than p, and at the same time 
greater than both b and 180° — b ; or, when a is 
less than p, there wiU be no solution. 

Second Case. Adopt the 
same constrnction as before* 
In this case, the perpendicu- 
lar will be greater than 00°, 
and greater also than any 
other arc 04, OS, GA\ 
that can be drawn from G 

'to ABA'. By a course of reasoning entirely analogous to 
jthat in the preceding case, we have the following principles: 

4. When a is less timn p, and at tlie same time 
.greater than both b and 180° — b, there will be two 
-eolutions, 

6. When a is less than p, and intermediate in 
value between b and 180° — b ; or, when a is equal 
ito p, there will be but one solution, 

G. When a is less than p, and at the same time 
iess than both b and 180° — b ; or, when a is 
greater them p, there wiU be no solution. 

Haying found the angle or angles opposite the second 
side, the solution may be completed by means of Napier's 
'es. 
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EXAMPLES. 



1. Given a = 43^ 2Y' 36", b = 82« 68' 17", ajid 
A = 29^ 82' 20", to find jB, (7, and c. 

We see at a glance, that a > jo, since ;» cannot 
exceed A ; we see further, that a is less than both b 
and 180** — b ; hence, froru the first condition there will fee 
two solutions. 

Applying logarithms to Formula ( 1 ), Art. 78, wo have, 

log sin JB = log sin ft + log sin J. + (a. c.) log sin a — 10 ; 

log sm ft • . (82° 68' 17") • • • 9.996724 

log sm JL . . (29° 32' 29") • • • 9.692893 

(a. c.) log sin a • • (43° 27' 36") • • • 0.162608 

log sin -B 9.852125 

.-. -S= 45° 21' 01", and i? = 134° 38' S*". 

From the first of Napier's Analogies (10), Art. 83, we find, 

log cot iC = log cos i{a + ft) + log tan i{A+JB) 

+ (a. c.) log cos i{a — ft) — 1-0. 

Taking the first value of -B, we have, 

i{A + J3) r= 37° 26' 45"; 
also, 

i(a 4- ft) = 63° 12' 66" ; and, i{a - ft) = 19° 45' 20" 

log cos i{a + ft) . (63° 12' 66") • 9.653825 

log tani(^ + JB) . (37° 26' 46") . 9.884i30 

(a. o.) log cosi(a - ft) • (19° 45' 20") • 0.026344 

logCOtiC? 9.564299 

.-. iC = 69° 61' 46", and (7 = 139° 4 
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The side c may be found by means of Formtda (12), 
Art 83, or by means of Formula (2), Art. ^8. 
Applying logarithms to the proportion, 

sin -4 : sin (7 : : sin a : sin <?, we hare, 

log sin c = log sin a + log mn (7 + (a. c) log sin -4. — 10 ; 

logsina ( 43«>2r36") 9.837492 

logBiaC (139° 43' 30'') 9.810539 

(a. c.) log sin^ ( 29° 32' 29") 0.307107 

log an c 9.955138 .-. c = 115° 35' 48". 

We take the greater yalue of <?, because the angle C, 
being greater than the angle J7, requires that the side c 
skould be greater than the side b. By using the second 
value of J?, we may find, in a similar manner, 

G =z 32° 20' 28", and c = 48° 16' 18". 

2. Given a = 91"" 35', b = 27° 08' 22", and 
A = 40° 61' 18", to find 2?, (7, and c. 

Am. B = 17° 31' 09", C == 144° 48' 10", c = 119° 08' 25". 

3. Given a = 115° 20' 10", b = 67° 30' 06", and 
A = 126° 37' 30", , to find B, (7, and c. 

Ans. B = 48° 29' 48", G = 61° 40'' 16", c = 82° 34' 04". 

CASE n. 

Given twd angles and a side opposite one of them. 

86. The solution, in this case, is commenced by finding 

the side opposite the second given angle, by means of For- 

^ ), Art. ^8. The solution is completed as in Case L 
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Since the second side is found by means of its sine, there 
may be two solutions. To investigate this case, we pass to 
the polar triangle, by substituting for each part its supple- 
ment. In this triangle, there will be given two sides and 
an angle opposite one ; it may therefore be discussed as in 
the preceding case. When the polar triangle has two sohi- 
tionsj one solution^ or no solution^ the given triangle will, 
in like manner, have two solutions^ one solution^ or no aohir 
tion. 

The conditions may be written out from those of the pre- 
ceding case, by simply changing angles into sides^ and tlw 
reverse ; and greater into less^ and the reverse. 



Let the given parts be -4, JB, 
and a, and let p be an aro 
oomputed from the equation, 



sin /> = sin a sin J?. 

There will be two cases : a may be greater than 90i* ; 
or, a may he less than 90°. 

In the first case, 

1. When A is less than p, and at the same time 
greater than both B and 180® — i?, there will be tt§0 
^wlutions. 

2. When A is less than p, and intermediate in 
value between B and 180® — JB / or^ when A is eqtHi 
to p, t?iere wiU be but one solution. 

3. When A is less than p, and at th 
less than both B and 180® - jB / or, 
greater than p, there wiU be no solution. 
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In the second case, 

4. W/ien A is greater than p, and at the same 
less than both B and 180° — J?, there toiU be tioo solu- 
tions. 

5. When A is greater than p, and intermediate in 
value between B ajid 180® — J? / or^ when A is equal 
to p, tJiere will be but one solution. 

6. When A is greater than p, and at the same 
Ume greater t/ian both B and 180** — JS/ or, when A 
is less tJian p, tJiere wiU be no solution. 

EXAMPLES. 

1. Given A = 95*> 16', B = 80° 42' 10", and 
a = 67^38', to find a, b, and C. 

Compttting />, fi'om the formula, 

log sinp = log sin JB + log sin a — 10 ; 
we have, p = 66° 21' 62". 

The smaller value of p is taken, because a is less 
tiian 90°. 

Because ^4. > />, and intermediate between 80° 42' 10" 
and 99° 17' 60", there will, from the fifth condition, be but 
ft single solution. 

Applying logarithms to Proportion { 1 ), Art. 78, we have, 

log sin 6 = log sin -B + log sin a + (a. c.) log dn ^tl — 10 ; 

log an ^ (80° 42' 10") 9.994257 

log sin a (67° 88') 9.926671 

(ft. c.) log sm A (96° 16') 0.001887 

log sin 5 .... 9.922765 .-. J = 66° 49' 67" 
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We take the smaller value of }, for the . 
being greater than B^ requires that a shouly 
than b. ( 

Applying logarithms to Proportion (12), Art. 8^, we have,^ 

log tan io = log cos \{A + jB) + log tan i(a'+ b) 

+ (a. c.) log cos \{A — JB) — 10 ; 
we have, 

i{A + J5) = sr 69' 05", i(a + ft) = 67* 13' 68", 
and, i{A^£) = 7*> 16' 55". 

log cos i{A + J?) . (87^ 69' 05") . 8.546124 

log tan \{a + b) • (57^ 13' 68") • 10.191352 

(a. c.) log cos i{A - -B) . (7*^ 16' 65") • 0.003517 

log tan ic 8.740993 

.-. ic = 3« 09' 09", and = 6^ 18' 18". 

Applying logarithms to the proportion, 

sin a : sin c : : sin ^ : sin (7, 
we have, 

log sin C7 = log sin c + log sin -4. + (a, c.) log sin a — 10 ; 

log sin e (6^ 18' 18") . 9.040685 

log sm A (95^ 16') • • 9.998163 

(a. c.) log sin a (57^ 38') • • 0.073329 

logrinC? 9.112177 .'. (7 =7^ 26' 21". 

The smaller value of C7 is taken, for the same reason 
us before. 

2. Given A = 60** 12', B = 68° 08', and a = 62°42; 
to find ft, c, and C, ^~' '^" 



f 79° 12' 10", f 

1 100° 47' 50", [ 



119° 03' 26", 

C7 = 
152° 14' 18", 
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CASE m. 

Criven two sides and their included angle. 

87, The remaining angles are found by means of Napier*!* 
Analogies, and the remaining side, hd in the preceding casedL 

EXAMPLBS. 

1. Given a = 62*» 38', 5 = 10«» 13' 19", aiui 
= 150° 24' 12", to find c, Aj and ^. 

Applying logarithms to Proportions (10) and (11), 
Art. 83, we have, 

log tan i{A+JB) = log cos i{a — J) -f- log cot ^C 

+ (a. c.) log cos i{a + i) — 10 ; 

log tan i{AS) = log sin i{a — J) + log cot ^C 

+ (a. c.) log sm i{a + ft) — lo ; 
we have, 

i(a- ft) = 26° 12' 20", |(7 = 75° 12' 06", 

and, i(a + ft) = 36° 25' 39". 

log cos i{a ■- ft) . (26° 12' 20") • 9.952897 

logcot^C • . . (75° 12' 06") . 9.421901 

(a. c.) log cos i{a + ft) • (36° 25' 39") • 0.094415 

log tan i{A + ^) ..... . 9.469213 

.-. i(^ + i?) = 16° 24' 51". 

log an i{a - ft) • (26° 12' 20") • 9.645022 

logcoti(7 . . . (75° 12' 06") . 9.421901 

(a. C.) log sin i{a +ft) • (36° 25' 39") • 0.226356 

log tan i{A — JB) 9.293279 

.'. ^A-B) = lP06'5.r'. 
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The greater angle is equal to the half sui^i plus the half 
difference, and the less is equal to the half sum minus the 
half difference. Hence, we have, 

A = 27** 81' 44", and i? = .5° 17' 68". 

Applying logarithms to the Proportion (13), Art. 83, we 

have, 

log tan ic = log sin ^(A + £) + log tan i{a — b) 

+ (a. c.) log sin i{A - ^).- 10 ; 

log sin i{A + U) . (16^ 24' 61") • 9.451139 

log tan i{a - b) • (26° 12' 20") • 9.692125 

(a. c.) log mi ^A-JB) ' (IP 06' 53") • 0.714952 

log tan ic 9.858216 

.\ ic = 35° 48' 33", and c = 71° 37' 06". 

2. Given a = 68° 46' 02", b = 37° 10', and 

C = 39° 23' 23", to find c, Aj and JB. 

Ana. A = 120° 59' 47", JB = 33° 45' 05", c = 43° 37' 38". 

8. Given a = 84° 14' 29", J = 44° 13' 45", and 
C = 86° 46' 28", to find A and JB. 

Am. A = 130° 05' 22", J3 = 32° 26' 06". 

CASE IV, 
Given two angles and their included side. 

88. The solution of this case is entirely analogous to that 
of Case m. 

Applying logarithms to Proportions (12) an 
83, and to Proportion (11), Art. 83, we have, 
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log tan l(a + ») = log oo0i(^- JB) + log fi^ie 

+ (a. a) log cos K^ + H) - 10 ; 

log tan i(a -b) = log ain K^ — J?) + log tan j« 

+ (a.a)logani{^ + ^ -10; 

log coti<7 = log rini{a + ») + log tani(^ — ^ 

+ (a. c) log fln i{a — ft) — 10 ; 

The application of these formulas are sufficient for tbe 
solution of all cases. 

EXAMPLES. 

1. Givea A = 81^ 38' 20", H r= 70** 09' 38", md 
C = 69* 16' 22", to find (7, a, and b. 

Ans. C = 64« 46' 24", a = 70° 04' 17", b = 63* 21' 2»". 

2. Given ^ = 34° 15' 03",' H = 42° 15' 13", and 
c = 76° 35' 36", to find (7, a, and b. 

Ans. a t= 121° 36' 12", a = 40° 0' 10", b = 60° 10' 30". 



OASB V. 

Given the three sides^ to find the remaining^ parts. 

89. The angles may be found bj means of Formula (3), 
Art. 81 ; or, one angle being found by that formula, the other 
twd may be found by means of Napier's Analogies. 

BXAMPLBS. 

1. Given a = 74° 23', b = 36° 46' 14", and c = 100*39', 
to find A, B, and C. 
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Applying logarithms to Formula (3), Art. 81, we have, 



.. log cos JJ. = 10 + ipog sin i« + log sm {i$ — a) 

+ (a. c.) log sin J + (a. c.) log sin c — 20] ; 
or, 

- log cos i-4 = i [log sin is + log sin (|« — a) 

+ (a. c.) log an J + (a. c.) log sin c], 
we have, 

is = 106O 24' 07", and is - a == 31^ 01' 07". 

log Bm is • . . (105^ 24' 07") • 9.984116 

log sin {is - a) . ( 31^ 01' 07") • 9.712074 

(a. c.) log an J . . . • ( 35^ 46' 14") • 0.233185 

• (a. c.) log sin c (100^ 39') 0.007546 

2 )19.936921 
log cosi-4 • • • 9.968460 

.-. i J. = 21° 34' 23", and -4 = 43° 08' 46". 

Using the same fonnula as before, and substituting H ior 
A^ b for a, and a for ft, and recollecting that 
id — J = 69*> 37' 53", we have, 

log sin i« ... (105° 24' 07") . 9.984116 

log sin (i« - J) . ( 69° 37' 63") • 9.971958 

(a. c.) log sin a .... . (74° 23') • • 0.016336 

(a. c.) log sin c (100° 39') • • 0.007546 

2) 19.979956 
log cos ^jB ; • • 9.989978 

.-. ijB r= 12° 15' 43", and jB = 24° 81' 26' . 

Using the same formula, substituting C for -4, c ' 
and a for c, recollecting that i« — o = 4° 46' 
have. 
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log sin i« ... (105<> 24^ 07") 9.984116 

log sin {is - c) . (4° 45' 07") • 8.918260 

(a. c.) log sin a • . • • (74** 23') • • - 0.016336 

(a. c.) log sin J . . • (35° 46' 14") • • 9.233185 

2) 19.151887 
log COS iC 9.575943 

.-. iC = 67° 52' 25", and O = 135^ 44' 60". 

2. Given a = 56° 40', b = 83° 13', and c= 114° 30'. 
Ans. A = 48° 31' 18", ^ = 62° 55' 44", G = 125° 18' 66". 

CASE VI. 

The three angles being given, to find the sides. 

90. The solution m this case is entirely analogous to the 
preceding one. 

Applying logarithms to Formula (2), Art. 82, wo have, 

log cos ia = i[log cos {iS — J3) + log cos {iS—C) 

+ (a. c.) log sin jB + (a. c.) log sin (7 J. 

In the same manner as before, we change the letters, to 
suit each case. 

EXAMPLES.' 

1. Given A = 48° 30', JS = 125° 20', and C = 62« 54'. 
Ans. a = 66° 39' 30", b = 114° 29' 68", c = 83° 12' 06" 

2. Given A = 109° 55' 42", J3 = 116° 38' 33", and 
C = 120° 43' 37", , to find a, 5, and c. 

Ans. a = 98° ,21' 40", b = 109° 50' 22", c = 115° 13' 28". 



MENSURATION. 



91. Mensueation is that branch of Mathematics which 
treats of the measurement of Geometrical Magnitudes. . 

92. The measurement of a quantity is the operation of 
finding how many times it contains another quantity of the 
same kind, taken as a standard. This standard is called the 
unit of measure. 

93. The unit of measure for surfaces is a square^ one 
of whose sides is the linear unit. The unit of measure. for 
volumes is a cuhe^ one of whose edges is the linear unit. 

If the linear unit is one foot^ the superficial unit is one 
square footy and the unit of volume is one cubic foot. If 
the linear unit is one yard^ the superficial unit is one square 
yard^ and the unit of volume is one cubic yard. 

94. In Mensuration, the term product of two lines^ is 
used to denote the product obtained by multiplying the 
number of linear units in one line by the number of linear 
units in the other. The term product of three lines^ is used 

• to denote the continued product of the number of linear 
units in each of the three lines. 

Thus, when we say that the area of a parallelogram is 
equal to the product of its base and altitude, we mean that 
the number of superficial units in the parallelogram is equal 
to the number of linear units in the base, multiplied by the 
number of linear units in the altitude. In like manner, tfa 
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number of units of volume, in a rectangular parallelopipedon, 
is equal to the number of superficial units in its base multi- 
plied by the number of linear units in its altitude, and 
so on. 

MENSURATION OF PLANE FIGTJEE8. 

To find the area of a parcMelogram. 

95. From the principle demonstrated m Book IV., 
Prop, v., we have the following 

BULE. 

Multiply the b(Z8e by the altitude ; the product mS be 
the area required. 

EXAMPLES. 

1. Find the area of a parallelogram, whose base is 12.25, 
and whose altitude is 8.5. Ana. 104.125. 

2. What is the area of a square, whose side is 204.3 
feet ? Ans. 41738.49 sq. ft. 

3. How many square yards are there in a rectangle, 
whose base is 66.3 feet, and altitude 33.3 feet? 

Ans. 245.31 sq. yd. 

4. What is the area of a rectangular board, whose 
length is 12 J feet, and breadth 9 inches ? 9| sq. ft. 

5. What is the number of square yards in a parallelo- 
gram, whose base is 37 feet, and altitude 5 feet 3 inches? 

Ans. 21t^- 

To find the area of a plane triangle. 
96. First Case. When the base and altitude are given. 
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From the principle demonstrated in Book X, Prop. VI., 
we may write the following 

BULE. 

Multiply the base by half the altitude/ the proditct toitt 
be the area required. 

SXAMPLBS. 

1. Find the area of a triangle, whose base is 625, and 
altitude 520 feet. Ans. 162500 sq. ft. 

2. Find the area of a triangle, in square yards, whose 
hasQ is 40, and altitude 30 feet. Ans. 66f. 

3. Find the area of a triangle, in square yards, whose 
base is 49, and altitude 25J feet. Ans. 68.7861. 

Second Case. When two sides and their included angle 
are given. 

Let ABC represent a plane tri- 
angle, in which the side AB = c, 
BC =: a^ and the angle -B, are 
given. From A draw AD perpen- 
dicular to BC \ this will be the 
altitude of the triangle. From For- 
mula ( 1 ), Art. 37, Plane Trigonometry, we have, 

AD = c sin ^. 

Denotmg the area of the triangle by ^, and applying the 
rule last given, we have, 

^ ac AnB .^ . „ 

Q = ; or, 2Q = ac sm B. 

jt 

Substituting for sin -B, —^ (Trig*> Art. 30), and applying 

logarithms, we have, 

log (20 = log a + log c + log sin ^ — 10 ; 
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hence, we may write the following 

BULB. 

Add together tJie logarithms of the two ^ aides and th^ 
hgarithmic sine of their inditded angle/ from this sum 
subtract 10 ; the remainder will he tJi^ logarithm of double 
the area of the triangle. JFindj from the table^ t/ie number 
answering to this logarithm^ and divide it by 2 ; tlie quotient 
wiU be the required area. 

EXAMPLES. 

1. What is the area of a triangle, in which two sides 
a and 5, are respectively equal to 125.81, and 57.65, and 
whose included angle (7, is 57° 25' ? 

Ans. 2Q =: 6111.4, and g = 3055.7 Ans. 

2. What is .the area of a triangle, whose sides are 30 
and 40, and their included angle 28® 57' ? Ans. 290.427. 

3. What is the number of square yards in a triangle, of 
which the sides are 25 feet and 21.25 feet, and their included 
angle 45® ? Ans. 20.8694. 



L E m jl A. • 

To find half an angle^ when the three sides of a plane trh 
angle are given. 

97. Let ABG . be a plane tri- 
angle, the angles and sides being de- 
noted as in the figure. 

We have (B. IV., P. XH., XIH.), 

a* = J2 + c^ =F 2c . AB. .....( 1.) 

When the angle A is acute, we have (Art. 37), 

AD = 6 cos ^ ; when obtuse, AD* = ft cos CAJy. 
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Bat as CAiy is the supplement of the obtuse angle -4, 
cos CAD' = — cos A^ and AB* = — J cos A. 

Either of these values, being substituted for AB^ in (1), 
gives, 

a» = J2 + c» — 2ftc cos A ; 
whence, 

^^^ = 233 (^•) 

If we add 1 to both members, and recollect that 
1 + cos^ = 2 cos^i^ (Art. 66), Equation (4), we have, 

2 cos«i^ = 2^<> + ^' + c»-a' 

_ {f> 4- py ~ g^ _ (^ -^ c + g) (ft + o ^ a) ^ 
2ftc "" 2ftc ' 

or, 

cos^i-A = .i^ i^^ i. . . . (8.) 

If we put ft + c + a = «, we have, 

ft + c + a - - l j^ c — a - 

2 = **' ^^' 2 = i« - a; 

Substitutmg in (3), and extracting the square root. 



cos 



i^ = V ft3 ^ • • • . (M 



the plus sign, only, being used, smce \A < 90^ ; hence. 

The cosine of half of either angle of a plane triangle^ 
is equal to the square root of half the sum of the three 
sideSy into half that sum minus the side opposite the angle, 
divided by the rectangle of the adjacent sides. 

By applying logarithms, we have, log cos ^A = 

i Pog \s + log {\s - a) + (a. c.) log ft + (a. c.) log c]. • ( ^\ 

24 



no MENSURATION 

If we snbtraot both members of Equation (2), from 1, 
and recollect that ' 1 — cos ^1 = 2 sin^ ^A (Art. 37), wo have, 

2 sin^ iA = ^^ 

_ a» - (^ - cy _ (g + ^ - c) (g - ft + c) . . 
"" 2bc ■" 2bc ^ -^ 

Placing, as before, a + J + c = «, we have, 

a + J — c , , a — ft + c , - 
^ = is^Cj and, ^ = i« — S. 

•Substituting in (5), and reducing, we have, 

siui^ = JWEKS^H. . . . (6.) 

hence, ^ ^^ 

TAc fiine of half an angle of a plane triangle, is equal 
to the square root of half tTie sum of the three sides, minus 
one of the adjacent sides, into the half sum minus t?ie 
ot/ier adjacent side, divided by the rectangle of the adjacent 
mdes. 

Applying logarithms, we have, 

Ibg sin 1^ = i [log {\s -b) + log {^s - c) 

+ (a. c.) log b + (a. c.) log c]. (a.) 



Third Case. To find the area of a triangle, when the 
itliree sides are given. 

Let ABC represent a triangle 
whose sides a, b, and c are given. 
From the principle demonstrated in 
the last case, we have, 

Q = \bc sin A. 
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But, from Formula (^'), Trig., Art. 66, we have, 

sm -4 = 2 sin iA cos ^A ; 

whence, 

^ = 5c sin iA cos iA. 

Substituting for sin iA and cos iA^ their values, taken 
from Lemma, and reducing, we have, 

Q = Vi^ (is -a) {is-b) {is^c)i 

hence, we may write the following 

RULE. 

Mnd half the sum of the three sides, and from it subtract 
each side separately. Find the continued product of the half 
sum and the three remainders^ and extract its square root ; the 
result wiU be the area required. 

It is generally more convenient to employ logarithms ; for 
this purpose, applying logarithms to the last equation, we have, 

log Q = i[log is + log {is - a) -i- log {is - ft) 4- log (ifi-c)] 

hence, we have the foUpwing * 

EULE. 

Mnd the /lalf sum and the three remainders as before, thm 
find the half sum of their logarithms ; the number correspond- 
ing to the resulting logarithm will be the area required. 

EXAMPLES. 

1. Find the area of a triangle, whose sides are 20, 30, 
and 40. 

We have, is = 46, is-a = 25, is—b = 16, is^c = 6. 
By the first rule, 

q = -/45 X 25 X 16 X 6 = 290.4737 An^. 
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By the second rule, 

log is .... (45) .... 1.653213 

log {is — a) • • (25) .... 1.39V940 

log {is - J) • . (15) . . • . 1.176091 

log (^« — c) . . ( 6) . . . . 0.698970 

2 )4.926214 

log e 2.463107 

.-. Q z= 290-4737 Ans. 

2. How many square yards are there in a triangle, whose 
sides are 30, 40, and 50 feet ? Ans. 66|. 

To find the area of a trapezoid. . 

98. From the principle demonstrated in Book IV., Prop. 
VII., we may write the following 

BULE. 

I^nd half the sum of the parallel sides^ and multiply/ U 
by the altitude ; the product wiU he the area required. 

EXAMPLES. 

1. In a trapezoid the parallel sides are 750 and 1225, 
and the perpendicular distance between them is 1540 ; what 
is the area ? Ans. 1520750. 

2. How many square feet are contained in a plank, whose 
length is 12 feet 6 inches, the breadth at the greater end 15 
inches, and at the less end 11 inches ? Ans. 13fJ. 

3. How many square yards are there in a trapezoid, 
whose parallel sides are 240 feet, 320 feet, and altitude 66 
feet? ' Ans. 2053^ sq. yd. 

To find the area of any qicadrilatercd. 

99. From what precedes, we deduce the following 
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BIJLE. 

Join the vertices of two opposite angles by a diagonal ; 
from each of the other vertices let fall perpendiculars upon 
this diagonal; multiply the diagonal hy half of the sum 
of the perpendiculars^ and the product will he the area re- 
quired, 

EXAMPLES. 

1. What is the area of the quad- 
rilateral ABGD^ the diagonal AG 
being 42, and the perpendiculars Dg^ 
Bh^ equal to 18 and 16 feet ? 

Ans. 714 sq. ft. 

2. How many square yards of paving are there in the 
quadiilateral, whose diagonal is 65 feet, and the two perpea- 
diculars let fall on it 28 and 33^ feet ? Ans. 222^^. 




To find the area of any polygon. 
100. From what precedes, we have the following 



RULE. 

Draw diagonals dividing the proposed polygon into tr^* 
pezoids and triangles : then find the areas of these figures 
separately^ and add them together for the area of the whole 
polygon, 

EXAMPLE. 

^ 1. Let it be required to de- 
termine the area of the polygon 
ABCDE^ having five sides. 

Let us suppose that we have mea- 
sured the diagonals and perpendicu- 
lars, and found AG = 36.21, EG = 39.11, 
Dd = 7.26, Aa = 4.18 : required the area. 




Ans. 296.1292. 
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To find the area of a regular polygon. 

101. Let AB^ denoted by «, re- 
present one side of a regular polygon, 
whose centre is C. Draw CA and 
Cj5, and from G draw CD perpen- 
dicular to AB. Then will CB be the 
apothem, and we shall have AB = BB. 

Denote the number of sides of the polygon by n ; then 

360^ 
will tlie angle ACB, at the centre, be equal to , 

(B. v., Page 138, D. 2), and the angle AGB^ which is half 

1 QQO 

of A CB. will be equal to • 

In the right-angled triangle JLBC^ we shall have. For- 
mula (3), Art. 37, Trig., 

CB = \s tan CAB. 
But CAB^ being the complement of ACBj we have, 
tan CAB = cot ACB \ 

hence, 

a formula by means of which the apothem may be computed. 
But the area is equal to the perimeter multiplied by half 
the apothem (Book V., Prop. VIII.) : hence the following 

RULE 

Find the apotJiem^ hy tJie preceding formula ; multiply 
the perimeter hy half the apothem ; the product will be tJie 
area required. 

EXAMPLES. 

1. What is the area of a regular hexagon, each of whose 
sides is 20 ? We have, 

CB = 10 X cot 30® ; or, log CB = log 10 + log cot 30° — 10 
log i« . . . (10 ) . 1.000000 



CB = is cot , 

n 



log cot 



ISO** 



(30°) 



10.238561 



log C2> 1.238561 



CB = 17.3205. 



OF SURFACES. 



115 



The perimeter is equal to 120 : henoe, denoting the area hj Q, 



Q = 



120 X l'/.3205 



== 1039.23 Ans. 



2s What is the area of an octagon, one of whose sidcp% 

is 20? Ans. 1931.36886. 

The areas of some of the most important of the regular 

polygons have been computed by the preceding method, on 
the supposition that each side is equal to 1, and the results 
are given in the following , 

TABLE. 



NAHSS. 


SID1B9. 


AREAS. 


NAMES. 


SIDES. 




Triangle, . 


. 8 . 


. 0.433012Y 


Octagon, . 


. 8 . 


. 4.8284271 


Square, 


. 4 . 


. 1.0000000 


Nonagon, . 


. 9 . 


. 6.1818242 


Pentegon, . 


. 6 . 


. 1.7204774 


Decagon, . 


. 10 . 


. 7.6942088 


Hexagon . 


. 6 . 


. 2.5980762 


Undecagon, 


. 11 . 


. 9.8656399 


Heptagon . 


. 7 . 


. 3.6839124 


Dodecagon, 


.12 . 


. 11.1961524 



The areas of similar polygons are to each other as the 
squares of their homologous sides (Book IV., Prop. XXVJI.). 

Denoting the area of a regular polygon whose side is 
*» ^y Qj 2iid that of a similar polygon whose side is 
1, by Tf the tabular area, we have, 



Q : T , 

hence, the following 



P; 



Q =^ Ts^; 



BULS. 



Multiply the corresponding tabular area by the square of 
the given side ; the product wiU be the area required. 

EZAHPLBS. 

1. What is the area of a regular hexagon, each of whose 
ndes is 20 ? 

We have, T = 2.5980762, and «' = 400 : hence, 

Q = 2.5980762 x 400 = 1039.23048 Ans. 
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3. Find the area of a- pentagon, whose side is 25. 

Am. 1076.298375. 

3. Find the area of a decagon, whose side is 20. 

Ans. 3077.68352. 

2b find the circumference of a circle^ when the diameter is 

given. 

102. From the principle demonstrated in Book V., Prop. 
XVL, we may write the following 

BULE. 

Multiply the given diameter by 3.1416 ; the prodtcct wiU 
be the circumference required. 

EXAMPLES. 

1. What is the circumference of a circle, whose diameter 
is 25 ? Ans. 78.64. 

2. If the diameter of the earth is 7921 miles, what is 
the circumference? Ans. 24884.6136. 

To find the diameter pf a circle^ when the circumference ts 

given. 

103. From the preceding case, we may write the following 

EULE. 

Divide the given circumference by 3.1416 ; the quotient 
mU be the diameter required. 

EXAMPLES. 

1. What is the diameter of a circle, whose circumferenoe 
is 11652.1944? Ans. 3700. 

2. What is the diameter of a circle, whose circumferenoe 
is 6850? Ans. 2180.41 
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To find tlis length of an arc coptaining any number of 

degrees, 

104. The length of an arc of 1°, in a circle whosd 
diameter is 1, is equal to the circumference, or 8.1416 
divided by 360 ; that is, it is egual to 0.0087266 : hence, 
the length of an arc of n degrees, will be, n x 0.0087266. 
To find the length of an arc containing n degrees, when 
the diameter is d, we employ the principle demonstrated in 
Book v., Prop. Xni., C. 2: hence, we may write the following 

BULE. 

Multiply the number of degrees in the arc by .0087266, 
and the product by the diameter of the circle ; the residt 
fciU be the length required. 

EXAMPLES. 

1. What is the length of an arc of 30 degrees, the 
diameter being 18 feet ? Ans. 4.712364 ft. 

2. What is the length of an arc of 12° 10', or 12J°, the 
diameter being 20 feet ? Ans. 2.123472 ft. 

To find the area of a circle. 

105. From the principle demonstrated in Book V., Prop. 
XV., we may write the following 

BULE. 

Multiply the square of the radius by 3.1416 ; the pro- 
duct wiU be the area required. 

EXAMPLES. 

1. Find the area of a circle, whose diameter is 10, and 
circumference 31.416. Ans. 78.54. 

2. How many squai'e yards in a circle whose diameter 
is 3J feet ? Ans. 1.069016. 

3. What is the area of a circle whose circumference is 
12 feet? Ans. 11.4596, 
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To find the area of a circidcar sector. 

106. From the principle demonstrated in Book V., Prop. 
XIV., C. 1 and 2, we may write the following 

RULE. 

L Multiply half the arc hy the radius ; or, 
IL Find the area of the whole circle^ by the last rule j 
then write the jproportion^ as 360 is to the numher of degrees 
in the sector^ so is the area of the circle to the area of the 
sector. 

EXAMPLES. 

1. Find the area of a circular sector, whose arc contains 
18°, the diameter of the circle being 3 feet. 0.35343 sq. ft. 

2. Find the area of a sector, whose arc is 20 feet, the 
radius being 10. Ana. 100. 

3. Required the area of a sector, whose arc is 147® 29', 
and radius 25 feet. Ans. 804.3986 sq. ft. 

To find the area of a circular segment. 

107. Let AB represent the chord c 
corresponding to the two segments 
ACB and AFB. Draw AE and 
BE. The segment ACB is equal to 
the sector EACB^ minus the triangle 
AEB. The segment AFB is equal 
to the sector EA^B^ j!?/i/5 the tri- 
angle AEB. Hence, we have the fol- 
lowing 

BULE. 

Find the area of the corresponding sector^ and also of 
the triangle formed hy t/ie chord of the segment and the 
two extreme radii of the sector ; subtract the latter from the 
fonner when the segment is less than a semicircle^ and take 
their sum when the segment is greater than a semicircle f 
the result wiU be t?ie area required. 
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EXAMPLES. 

1. Find the area of a segment, whose chord ifi 12 and 

the radius 10. 

> 
Solving the triangle AEB^ we find the angle AEB is 

equal to 73° 44', the area of the sector JEA CJB equal to 

64.35, and the area of the triangle AEB equal to 48 ; 

hence, the segment ACB is equal to 16.36 Ans. 

2. Find the area of a segment, whose height is 18, the 
diameter of the circle being 50. Ana. 636.4834. 

3. Required the area of a segment, whose chord is 16, 
the diameter being 20. Ana. 44.764. 

To find the area of a circular ring contained between the 
circumferences of two co7icentric circles. 

108. Let jB and r denote the radii of the two circles, 
H being greater than r. The area of the outer circle is 
J22 X 3.1416, and that of the inner circle is r* X 3.1416 ; 
hence, the area of the ring is equal to (i2* — r^) X 3.1416. 
Hence, the following 

BULE. 

Eind ths difference of the squares of the radii of the 
two circles^ and multiply it by 3.1416 ; the product will be 
the area required. 

EXAMPLES. 

1, The diameters of two concentric circles being 10 and 
6, required the area of the ring contained between their 
circumferences. * Ans. 60.2666. 

2. What is the area of the ring, when the diameters of 
the cii'cles are 10 and 20 ? Ans. 236.62i 
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MENSUKATION OF BEOKEN AND CURVED SUBFAOES. 
To find the area of the entire surface of a right prism. 

109. From the principle demonstrated in Book VLL, Prop. 
L, we may write the following 

BULB. 

Multiply the perimeter of the hose by the altitude^ ths pro^ 
duet will he the area of the convex surface ; to this add the 
areas qf the two bases ; the result will be the area required. 

EXAMPLES. 

1. Find the surface of a cube, the length of each side 
being 20 feet. Ans. 2400 sq. ft. 

2. Find the whole surface of a triangular prism, whose 
base is an equilateral triangle, having each of its sides equal 
to 18 inches, and altitude 20 feet. Ans. 91.949 sq. ft. 

To find the area of the entire surface of a right pyramid. 

110. From the principle demonstrated in Book VIL, Prop. 
IV., we may write the following 

BULE. 

Multiply the perimeter of the base by half' the slant 
height; the product will be the area of the convex surface; 
to this add tJie area of the base; the result will be live area 
required, 

EXAMPLES. 

1. Find the convex surface of a right triangular pyramid, 
the slant height being 20 feet, and each side of the base 
8 feet. Ans. 90 sq. ft 

2. What is the entire surfiice of a right pyramid, whose 
slant height is 15 feet, and the base a pentagon, of wliich 
each side is 25 feet ? Ans. 2012.^98 sq. ft. 
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To find the area of the convex surface of a frustum of a 
right pyramid. 

111. From the principle demonstrated in Book XII., Prop. 
rV"., C, we may write the following 

BULE. 

Mvltiply the half sum of the perimeters of the two bases 
tjf the slant height / the product will be the area required. 

EXAMPLES. 

1. How many square feet are there in the convex sur- 
fiu5e of the frustum of a square pyramid, whose slant height 
is 10 feet, each side of th^ lower base 3 feet 4 inches, and 
each side of the upper base 2 feet 2 inches? Ans, 110 sq.ft. 

2. What is the convex surface of the frustum of a 
heptagonal pyramid, whose slant height is 55 feet, each side 
of the lower base 8 feet, and each side of the upper base 
4 feet ? Ans. 2310 sq. ft. 

112. Since a cylinder may be regarded as a prism whose 
base has an infinite number of sides, and a cone as a pyra- 
mid whose base has an infinite number of sides, the rules 
just given, may be applied to find the areas of the surfaces 
of right cylinders, cones, and frustums of cones, by simply 
•changing the term perimeter j to circumference. 

EXAMPLES. 

1. What is the convex surface of a cylinder, the diameter 
of whose base is 20, and whose altitude 50 ? Ans. 3141.6 

2. What is the entire surface of a cylinder, the altitude 
being 20, and diameter of the base 2 feet? 131.9472 sq.ft. 

3. Required the convex surface of a cone, whose slant 
height is 50 feet, and the diameter of its base 8^ feet. 

Ans. 667.59 sq. f 
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4. Required the entire surface of a cone, whose slant 
height is 36, and the diameter of its base 18 feet. 

Ans. 1272.348 sq. ft. 

5. Find the convex surface of the frustum of a cone, the 
slant height of the frustum being 12|^ feet, and the cii'cum- 
ferences of the bases 8.4 feet and 6 feet. Ans. 90 sq. ft. 

6. Find the entire surface of the frustum of a cone, the 
slant height being 16 feet, and the radii of the bases 3 feet, 
and 2 feet. Ans. 292.1688 sq. ft. 

To find the area of the surface of a sphere. 

113. From the principle demonstrated in Book Vlii, 
Prop. X., C. 1, we may write the following 

RULE. 

Find the area of one of its great circles^ and multiply 
it bj/ 4 ; the product will be the area required. 

EXAMPLES. 

1. What is the area of the surface of a sphere, whose 
radius is 16 ? Ans. 3216.9984. 

2. What is the area of the surfece of a sphere, whose 
radius is 27.25 Ans. 9331.3374, 

To find the area of a zone. 

114. From the principle demonstrated in Book VIU., 
Prop. X., C. 2, we may ^vrite the following 

BULB. 

Find the circumference of a great circle of the sphere, 
and miUtiply it by the altitude of the zone ; the product 
VfiU be the area required. 
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EXAMPLES. 

1. The diameter of a sphere being 42 inches, what' is 
the area of the surface of a zone whose altitude is 9 inches. 

Arts, 1187.5248 sq. in. 

2. If the diameter of a sphere is 12| feet, what will be 
the surface of a zone whose altitude is 2 feet ? 78.64 sq. ft. 

To find t/ie area of a spherical polygon, 

115. From the principle demonstrated in Book IX,, Prop, 
XIX., we may write the following 

RULE. 

From the sum of the angles of the polygon^ subtract 180® 
taken as many times as the polygon has sideSy less ttoOy 
and divide the remainder by 90° / the quotient will be the 
spherical excess, Find the area of a great circle of the 
sphere^ and divide it by 2 / the quotient will be the area 
of a tri-rectangular triangle. Multiply the area of the tri- 
rectangular triangle by the spherical excess^ and the product 
will be the area required. 

This rule applies to the spherical triangle, as well as to 
any other spherical polygon. 

EXAMPLES. 

1. Required the area of a triangle described on a sphere, 
whose diameter is 30 feet, the angles being 140°, 92°, and 
68°. Ans. 471.24 sq. ft 

2. What is the area of a polygon of seven sides, de 
scribed on a sphere whose diameter is 17 feet, the sum of 
the angles being 1080° ? Ans. 226.98 

8. What is the area of a regular polygon of eight sides, 
described on a sphere whose diameter is 30 yards, each an- 
gle of the polygon being 140° ? Ans, 157.08 sq. yds. 
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MENSTJRATIOlf OF VOXTJMBS. 

To find the volume of a prism. 

116. From the principle demonstrated in Book VII^ 
Prop. XIV., we may write the following 

BULB. 

Multiply the area of ths base by the altitude ; the pro- 
duct toiU be the volume required. 

EXAMPLES. 

1. What is the volume of a cube, whose side is 24 inches ? 

Ans. 13824 cu. in. 

2. How many cubic feet in a block of marble, of which 
the length is 3 feet 2 inches, breadth 2 feet 8 inches, and 
height or thickness 2 feet 6 inches ? Ans. 21^ cu. ft. 

3. Required the volume of a triangular prism, whose 
height is 10 feet, and the three sides of its triangular base 
3, 4, and 5 feet. Afis. 60. 

To find the volume of a pyramid. 

117. From the principle demonstrated in Book VU., Prop. 
XVIL., we may write the following 

BITLE. 

Multiply the area of the base by one-third of the alti- 
tude / the product wiU be the volume required. 

BZAMPLES. 

1. Required the volume of a square pyramid, eaoh dde 
of its base being 30, and the altitude 25. Ans. 7500. 

2. Find the volume of a triangular pyramid, whose alti- 
tude is 80, and each side of the base 3 feet. 88.9711 cu. fU 
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3. What is the volume of a pentagonal pyramid, its alti> 
tnde being 12 feet, and each side of its base 2 feet. 

Ans. 27.5276 en. ft. 

4. What is the volume of an hexagonal pyramid, whose 
altitude is 6.4 feet, and each side of its base 6 inches ^ 

Ans. 1.38664 cu. fl. 

To find the volume of a frustum of a pyramid. 

118. From the principle demonstrated in Book VII., Prop^ 
XV ill., C, we may write the following 

BULE. 

Mnd the sum of the upper hase^ the lower base^ and a 
m^ean proportional between them/ multiply/ the result by one- 
third of the altitude ; the product wiU be the volume required. 

EXAMPLES. 

1. Find the number of cubic feet in a piece of timber, 
whose bases are squares, each side of the lower base being 
15 inches, and each side of the upper base 6 inches, the 
altitude being 24 feet. Ans. 19.5. 

2. Required the volume of a pentagonal frustum, whose 
altitude is 5 feet, each side of the lower base 18 inches, and 
each side of the upper base 6 inches. Ans. 9.31925 cu. ft. 

119. Since cylinders and cones are limiting cases of pnsms 
and pyramids, the three preceding rules are equally applicable 
to them. 

EXAMPLES. 

1. Required the volume of a cylinder whose altitude is 
12 feet, and the diameter of its base 15 feet. 

' Ans. 2120.58 cu. ft. 

2. Required the volume of a cylinder whose altitude is 
20 feet, and the circumference of whose base is 5 feet 
6 inches. -4^. 48.144 cu. ft. 

25 
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8. Keqoired the volame of a cone whose altitude is 
27 feet, and the diameter of the base 10 feet. 

Ans. 706.86 cu. ft. 

4. Required the volume of a cone whose altitude is 
10 J feet, and the circumference of its base 9 feet. 

A71S. 22.56 cu. ft^ 

5. Find the volume of the frustum of a cone, the altitude 
being 18, the diameter of the lower base 8, and that of the 
upper base 4, Ans. 627.7888. 

6. "What is the volume of the frustum of a cone, the 
altitude being 25, the circumference of the lower base 20, 
and that of the upper base 10 ? Ana. 464.216. 

7. If a cask, which is composed of two equal conic frus- 
tums joined together at their larger bases, have its bung dia- 
meter 28 inches, the head diameter 20 inches, and the length 
40 inches, how many gallons of wine will it contain, there 
l>eing 231 cubic inches in a gallon ? Ana. 79.0613. 

To find the volume of a ^Jiere, 

120. From the principle demonstrated in Book VJiL, 
It*rop. XIV., we may write the following 

RULE. 

Cube the diameter of the sphere^ and multiply the resuU 
*^ J*> ^^* ***> ^y 0.5236 ; the product will be the volume 
required. 

EXAMPLES. 

1. What is the volume of a sphere, whose diameter is 
12 ? Ans. 904.7808 

2. What is the volume of the earth, if the mean diam 
«ter be taken equal to 7918.7 miles. 

Ans. 259992792083 cu.in]l6& 
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To find the volume of a wedge, 

121. A Wedgb is a volume bound- 
ed by a rectangle ABGD^ called the Ji ^ 

bacJc^ two trapezoids ABHG^ DGHG^ 
called faceSy and two triangles ,-42)6?^, 
CBS, called ends. The line GH, in 
which the faces meet, is called the edge. 
Tlie two faces are equally inclined to 
the back, and so also are the two ends. 

There are three cases: 1st, When the length of the edge is 
equal to the length of the back; 2d, When it is less; and 3d, 
When it is greater. 

In the first case, the wedge is a right prism, whose base is 
the triangle ABG, and altitude GH ov AB: hence, its volume 
is equal to ADG multiplied by AB, 

In the second case, through H, 
the middle point of the edge, pass 
a plane HGB perpendicular^ to the 
back and intersecting it in the line 
BG parallel to AID, This plane 
will divide th'e wedge into two 
parts, one of which is represented 
by the figure. 

Through G, draw the plane GNM parallel to MGB^ and it 
will divide the part of the wedge represented by the figure into 
the right triangular prism GNM— B^ and the quadrangular pyr- 
amid ADNM— G. Draw GP perpendicular to JSTMi it will 
also be perpendicular to the back of the wedge (B. VL, P. 
XVII.), and hence, will be equal to the altitude of the wedge. 

Denote AB by Z, the breadth AD by 5, the edge GH by 
Z, the altitude by A, and the volume by "F"; then, 

AM=L-l, MB^GH^l, and area NGM^\lh\ theA 

Prism = i5A^; Pyramid = 5 (i — Q^A = ^5A(i — 0» »»<!• 
F= \IU + \lh{L - = \lhl + \lhL - \lhl = ^*A(;+2Z). 

We can find a similar expression for the remaining part of the 
wedge, and by adding, the factor within the parenthesis becomes 
the entire length of the edge plus twice the length of the back. 
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In the third case, I is greater than X, and denotes the 
latitude of the prism ; the volume of each part is equal to 
the difference of the prism and pyramid, and is of the same 
form as before. Hence, the following 

Rule.— -4c?J twice the length of the back to the length Oj 
he edge; multiply/ the sum by the breadth of the back^ and 
that result by one-sixth of the altitude; th^ final product toiU 
be the volume required, 

BXAMPLBS. 

^ 1. If the back of a wedge is 40 by 20 feet, the edge 
35 feet, and the altitude 10 feet, what is the volume? 

Ans. 3833.33 cu.ft. 

2. What is the volume of a wedge, whose back is 18 feet 

by 9, edge 20 feet, and altitude 6 feet? 504 cu.fL 

To find the volume of a prismoid, 

122. A Pjbismoid is a frustum of a wedge. 

Let L ' and JB denote the 
length and breadth of the lower 
base, I and b the length and 
breadth of the upper base, M and 
tn the length and breadth of the 
section equidistant from the bases, 
and h the altitude of the prismoid. 

Through the edges L and l\ 
let a plane be passed, and it will 

divide the prismoid into two wedges, having for bases, the 
bases of the prismoid, and for edges the lines L and V, 

The volume of the prismoid, denoted by F", will be 
equal to the sum of the volumes of the two wedges ; hence, 

V = \Bh{l + 2L) -f ^bh{L + 21) ; 
or, 

V- ih{2BL+m+Bl + bi:)\ 
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which may be wiitten under the form, 

F= ih[{BZ + bl + JBl + bZ) + BZ + bt]. (^) 

Because the auxiliary section is midway between the baseSi 

M^e have, 

2M = Z + l, and 2m = i? + J ; 
hence, 

4Mm zrz {Z+l) {JB + b) =z JBZ + bl + BZ t- U. 

Substituting in (^), we have, 

V = \li{BZ + bl +'4Jlfm). 

But BZ is the area of the lower base, or lower section, 
II is the area of the upper base, or upper section, and Mm 
is the area of the middle section ; hence, the following 

BULE, 

To find the volume of a prismoid^ find the sum of the 
areas of the extreme sections and four times the middle sec- 
tion ; multiple/ the residt by one-sixth of the distance bettoeen 
the extreme sections ; the result will be the volume required. 

This rule is used in computing volumes of earth-work m 
raiboad cutting and embankment, and is of very extensive 
application. It may be shown that the same rule holds for 
every one of the volumes heretofore discussed in this work. 
Thus, in a pyramid, we may regard the base as one extreme 
^section, and the vertex (whose area is 0), as the other 
extreme ; their sum is equal to the area of the base. The 
area of a section midway between between them is equal to 
one-fourth of the base : hence, four times the middle section 
is equal to the base. Multiplying the sum of these by one- 
sixth of the altitude, gives the same result as that already 
found. The application of the rule to the case of cylinders, 
frustums of cones, spheres, &c., is left as an exercise for tkB 
student. 
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EXAMPLES. 

1. One of the bases of a rectangular prismoid is 25 foo^ 
by 20, the other 15 feet by 10, and the altitude 12 feet 
required the volume. Ans, 3700 cu. ft. 

2. What is the volume of a stick of hewn timber, 
whose ends are 30 inches by 27, and 24 inches by 18, its 
length being 24 feet ? Ans, 102 cu. ft. 



MENSUBATIOlSr OF EEGULAR POLYEDROI^S. 

123. A Regular Poltedron is a polyedron bounded bv 
equal regular polygons. 

The polyedral angles of any regular polyedron are all 
equal. 

124. There are five regular polyedrons (Book VII., 
Page 208). 

To find the dledral angle between the faces of a regvXaf 

polyedron. 

125. Let the vertex of any polyedral angle be taken as 
the centre of a si:)here whose radius is 1 : then M'ill this 
sphere, by its intersections with the faces of the polyedral 
angle, determine a regular spherical polygon whose sides will 
be equal to the plane angles that bound the polyedral angle, 
and whose angles are equal to the diedral angles between 
the faces. 

It only remains to deduce a formula for finding one 
angle of a regular spherical polygon, when the sides are 
given. 
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Let ABCDE represent a regular spherical polygon, and 
let P be the pole of a small circle passing through its verti- 
ces. Suppose F to be connected 
with each of the vertices by arcs of 
great circles ; there will thus be 
formed as many equal isosceles tri- 
angles as the polygon has sides, the 
vertical angle in each being equal 
to 360° divided by the number of 
Bides. Through P draw PQ per- 
popdicular to AB : then will A Q 
be equal to PQ. If we denote the number of sides by n, 

X. 1 >! r»^ Ml X. 1 . 360° 180° 
Che angle AP Q will be equal to — — , or . 

In the right-angled spherical triangle APQy we know the 
base AQ^ and the vertical angle APQ; hence, by Napier'g 
rules for circular parts, we have, 

sin (90° - APQ) = cos (90° - PA Q) cos AQi 




or, by reduction, denoting the side AP by «, and the an- 
gle PAP, by A, 

180° 



cos = sin iA cos ^8 ; 

n / 



whence, 



cos 



sin iA = 



180° 
n 



cos is 



In the Tetraedron, 



EXAMPLES. 



i^ = 60°, and i« = 30«> •'. A =: 70° 31' 42". 



In the Hexaedron, 
180° 



= 60°, and U = 45° .-. A = »0^ 

n 
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In the Octaedron, 
180' 



n 
111 tlie Dodecaedron, 
180' 
n 

In the Icosaedron, 



= 45% and i« = 80» .-. u4 = 109** 28' 18". 

ecaedron, 

= 60% and i« = 64® .-. A = 116'' 33' 64". 



180° 

^^^ = 36% and *« = 30^ .\ A = 138^ 11' 23". 



To find the volume of a regular polyedron. 

126. If planes be passed through the centre of the poly- 
edron and each of the edges, they will divide the polyedron 
into as many equal right pyramids as the polyedron has faces. 
The common vertex of these pyramids will be at the centre 
of the polyedron, their bases will be the faces of the poly- 
edron, and their lateral facses will bisect the diedral angles 
of the polyedron. The volume of each pyramid will be equal 
to its base into one-third of its altitude, and this multiplied 
by the number of feces, will be the volume of the polyedron. 

It only remains to deduce a formula for finding the dis- 
tance from the centre to one face of the polyedron. 

Conceive a perpendicular to be drawn from the centre of 
the polyedron to one face ; the foot of this perpendicular 
will be the centre of the face. From the foot of this per- 
pendicular, draw a perpendicular to either side of the face 
in which it lies, and connect the point thus determined with 
the centre of the polyedron. There will thus be formed a 
right-angled triangle, whose base is the apothem of the face, 
whose angle at the base is half the diedral angle of the 
polyedron, and whose altitude is the required altitude of the 
pyramid, or in other words, the radius of the inscribed 
sphere. , 
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Denoting the perpendicular by P, the base by 5, and 
the diedral angle by -4, we have Formula ( 3 ), Art. 37, 
Trig., 

P = ft tan iA ; 

bat b is the apothem of one face ; if, therefore, we denote 
the number of sides in that face by n^ and the length of 
each side by «, we shall have (Art. 101, Mens.), 

= is cot ; 

whence, by substitution, 

180° 
P = -Js cot tan iA ; 



hence, the volume may be computed. The volumes of all 
the regular .polyedrons have been computed on the supposi- 
tion that their edges are each equal to 1, and the results 
are given in the following 



NAMES. 

Tetraedron, . 
Hexaedron, . 
Octaedron, . 
Dodecaedron, 
Icosaedron, . 



TABLE. 
NO.'OT VAOIS. 

4 . 

6 . 

8 . 

12 . 

20 . 



TOLUMES. 

0.1178613 
1.0000000 
0.4714045 
7.6631189 
2.1816950 



JFrom the principles demonstrated in Book Yll., we may 
write the following 



KULB. 



To find the volume of any regidar polyedron^ multiply 
the cube of its edge by the corresponding tabular volume ; 
the product wiU be the volume required. 
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EXAMPLES. 

1. What is the volume of a tetraedron, whose edge is 15 ? 

Ans. 397.75. 

2. What is the volume of a hexaedron, whoSe edge is 1 2 ? 

Ans. 1728. 

8. What is the volume of a octaedron, whose edge is 20 ? 

Ans. 3771.236. 

4. What is the volume of a dodecaedron, whose edge 
is 25? Ans. 119736.2328. 

5. What is the volume of an icosaedron, whose edge 
is 20? Ans. 17463.56. 
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LOGARITHMS OF NUMBERS 



TBOM 1 TO 10,000. 



K. 


Log. 


N. 


Log. 


N. 


Log. 


N. 


Log.' 


I 


o-oooboo 


26 


1-414973 


5i 


1.707570 
1.716003 


76 


I -880814 


a 


'301030 


11 


i.43i364 


5a 


^ 


1-886491 


• 3 


0'477i2i 


1-447158 


53 


1.724276 


1-892095 


4 
5 


0- 602060 

0' 698970 


11 


1-462398 
1-477121 


54 
55 


1.732394 
1.740363 


^ 


1-897627 
1-903090 


6 


o-778i5i 


3i 


I -491363 


56 


1.748188 


81 


1-908485 


2 


0- 845098 


32 


i.5o5i5o 


u 


1-755875 


82 


i-9i38i4 


0-903090 


33 


I.5i85i4 


1.763438 


83 


1-919078 


9 


0-954243 


34 


1-544068 


59 


1 -770852 


84 


1-924379 


10 


I- 000000 


35 


60 


1.778151 


85 


1-929419 


II 


I -041393 


36 


i.5563o3 


61 


1-785330 


86 


1-934498 


la 


ll 


I -568202 


6a 


1-793393 


ll 
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1-579784 


63 
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14 


1-146128 


39 


1.591065 


64 


89 
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i5 
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40 
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65 


1-813913 


90 


1.954243 


i6 


I -204120 


41 


1.612784 


66 


1-819544 
1-826075 


91 


1.959041 
1.963788 


\l 


1-230449 
1-255273 


42 


l>6232'i9 
1-633468 


U 


92 


43 


1-832509 


93 


1.968483 


»9 


I '278754 


44 


1.643453 


69 


1-838849 
1-845098 


94- 


I -973128 


20 


1 -301030 


45 


1-653213 


70 


h 


1-977724 


31 


I*3222I9 

1-342423 
I. 361728 


46 


1-662758 


71 


1-851258 


96 


1-982271 


aa 
a3 


% 
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11 


1-857333 
1-863323 


ll 


1.9S6772 
1-991326 


24 


1-380211 


49 


1-690196 


74 


1-869232 
1-875061 


99 


1-995635 


25 


1-397940 


5o 


1-698970 1 


75 


100 


J- 000000 



Eemark. In the following table, in the nine right hand 
columns of each page, where the first or leading figures 
change from 9's to O's, points or dots are introduced in- 
stead of the O's, to catch the eye, and to indicate that Irom 
thence the two figures of the Logarithm to be taken from 
th.0 second column, stand in the next line below. 
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9 
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2166 
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7271 


7q34 


8265 


85o5 


8926 


9256 


091 5 
3198 


•245 


33o 


132 


120574 


0903 


123l 


i56o 


2216 


2544 


2871 


3525 


328 


1 33 


3852 


4178 


45o4 


4B3o 


5i56 


5i8i 


53o6 


6i3i 


64D6 


6-»8i 


325 


i34 


7io5 


7420 

o655 


7753 


8076 


8399 


8722 


9045 


9368 


9690 


••12 


323 


i35 


i3o334 


0977 


1298 


1619 


J?3'1 


2260 


2580 


2900 


3219 
64o3 


321 


i36 


3539 


3853 


%ll 


4496 


4814 


545 1 


5769 


6086 


3i8 


III 


6r2i 
i4ioiD 


7037 


7671 


79«7 


83o3 


8618 


8934 


9249 


9564 


3i5 


•194 


•5o8 


•822 


ii36 


i45o 


4^85 


2076 


2339 


2702 
56i8 


3i4 


139 


3327 


3639 


3951 


4263 


4574 


5196 


5507 


3ii 


140 


146128 


6433 


6748 
,9835 


7o58 


7367 


7676 


7985 


8294 


86o3 


8911 


309 


14^ 


9219 


9527 


•142 


•449 


•756 
3f^i5 


1063 


1370 


1676 


1982 


IS 


142 


1522S8 


2594 


2900 


32o5 


35io 


4120 


4424 


4728 


5o32 


J43 


5336 


6640 


5943 


6246 


6549 


6S52 


7154 


7457 


7759 


8061 


3o3 


144 


8362 


8664 


8965 


9266 


9567 


9S68 


•168 


•469 


v;.i 


1068 


301 


145 


16 1 368 


1667 


1967 


2266 


2564 


2863 


3i6i 


3460 


4o55 


299 


146 


4353 


465o 


4947 
7008 
0848 


5244 


5541 


5838 


6i34 


6430 


6726 
9674 


7022 


297 


147 


7317 


7613 


8203 


8497 
14J4 


8792 


9086 


9380 


X^ 


295 


148 


170262 


o555 


1141 


11726 


2019 


23ll 


26o3 


293 


149 


3i86 


3478 


3769 


4060 


4351 


4641 


4932 


5222 


55i2 


58o2 


r9i 


i5o 


176091 


638 1 


6670 


6o59 


7248 


7536 


7825 


8ii3 


8401 


86S9 
i55§ 
4407 


289 


i5i 

l52 


181844 


9264 
2120 


9552 
24i5 


9?39 
2700 


•126 

29B5 
5825 


•4i3 
3270 


^ 


•985 
3339 


1272 
4123 


'^ 


|53 


4691 


5259 


5542 


6108 


6391 


6674 


6956 


7239 


283 


i54 


752, 


8084 


8366 


8647 


8928 


9209 


94QO 
2289 


977" 


••5i 


281 


i55 


190332 


0612 


0892 
368 1 


1171 


1451 


1730 


2010 


2567 , J846 
5346 5623 


2]^ 


156 


3123 


34o3 


3959 


4237 
70o5 


45(4 


% 


5069 


III 


It?, 


6176 


6453 


6729 


72R1 


7832 


8107 ; 8382 


276 


8932 


9206 


9481 


9755 


••29 


•3o3 


•577 


•85o 


II 24 


274 


159 


201397 


1670 


1943 


2216 


2488 


276, 


3o33 


33o5 


3577 


3848 


272 


N. 
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A TABLE OP LOGARITHMS FKOM 1 TO 10,000. 



N. 





I 


- !', 


4 


5 


6 


7 


8 


. 9 


D. 


100 


204 no 


43oi 


4663 4934 


5:o4 


5475 


5746 


6016 


6286 


6556 


271 


i6i 
i6a 


68a6i 7096 
9515 9783 


7365 
••5 1 


7634 
•3 19 


l'^ 


8173 
•853 


8441 
1121 


8710 
1)88 


X 


9247 
102 1 

4579 


269 
III 


i63 


21 2 IBS' 2454 


2720 


5?38 


3252 


35i8 


3783 


4049 


43i4 


164 


4844! 5109 


5373 


5902 
.8536 


6166 


6430 


6694 


6o57 


7221 


264 


i65 


74H4I 7747 
220108' 0370 


8010 


8273 


8798 


9060 


9323 


9585 


9846 


262 


i66 


o63i 


0892 


ii53 


1414 


1675 


1936 
4533 


2196 


2456 


261 


;s 


2716 
5309 


l^ 


3236 


3496 


3755 
6342 


4oi5 


'^n 


4792 


5o5i 


259 


5826 


6084 


6600 


7115 


737a 


7630 


258 


169 


7887 


8144 


8400 


8657 


8913 


9170 


9426 


^82 


99^8 


•193 


256 


170 


230449 


0704 


0960 
35o4 


I2l5 


1470 


1724 


1079 
4017 


2234 


2488 


2742 


254 


'T 


It. 


3250 


llU 


4011 


4264 


4770 


5o23 


5276 


253 


173 


5781 


6o33 


6537 


6789 


7041 


7292 


7544 


7795 
•3oo 


252 


173 


8046 


8297 


8548 


8799 


ra 


9299 
1795 


9550 


9800 


••5o 


25o 


«74 


240549 


0799 


1048 


1% 


2044 


2293 


2541 


2790 


lit 


175 


3o38 


3286 


3534 


4o3o 


iV.l 


4525 


4772 
7237 


5oi9 


5266 


176 


55i3 


5769 


6006 


6252 


1395 


6991 


7482 


7728 


246 


\]l 


7973 

25o420 


•8219 
0664 


8464 
0908 
3338 


8709 
u5i 


■V<fs 


9443 
1881 


9687 

2125 


^l 


•176 
2610 


245 

243 


179 


2853 


3096 


358o 


3822 


4064 


43o6 


4548 


4790 


5o3i 


242 


180 


255273 

7679 


55i4 
7918 


5755 
8i58 


8? 


6237 

8637 

1023 


6477 
8877 


6718 
91 16 


6o58 
9355 


7198 
9594 


743o 
9833 


241 

.1? 


260071 


o3io 


o548 


1263 


i5oi 


1739 


\llt 


2214 


i83 


245 1 


2688 


2925 


3]62 


^V. 


3636 


3873 

6232 


4109 


4582 


Ill 


184 


4818 


5o54 


5290 


5525 


8?44 


6467 


6702 


6937 


i85 


7172 


7406 


7641 


7875 


8110 


8578 


8812 


9046 


9279 


234 


186 


95i3 


9746 


^ 


•2l3 


•446 


•679' 


•912 


1144 


It^ 


1609 


233 


III 


271842 


X 


2538 


vs: 


3ooi 


3233 


3464 


3927 


232 


4158 


4620 


485o 


53ii 


5542 


22? 


6002 


6232 


23o 


189 


6462 


6692 


6921 


7i5, 


7380 


7609 


7838 


8296 


8525 


229 


1.90 
191 


278754 
281033 


8982 
I26I 


921 1 

1488 


943o 
1713 


9667 
1942 


t^ 


•123 

23o6 
4656 


.•35i 
2622 


•578 
2849 


•806 
3075 


228 

III 


19a 


33oi 


3527 


3753 3q70 


42o5 


443 1 


4882 


5107 


5332 


193 


5557 


5782 


6007 


6232 


6456 


6681 


6905 


7i3o 


7354 


7578 


225 


194 


7802 


8026 


8249 


8473 


8696 


8920 


9143 


9366 


?»1? 


9812 


223 


195 


290035 


0257 
2478 
4687 


0480 


0702 


0925 


336] 


,369 


l39» 


2o34 


222 


196 


2256 


2699 


2920 


3i4i 


3584 


38o4 


4025 


4246 


221 


197 


4466 


4907 


5i27 
7323 


5347 


5567 


5787 


6007 
8.98 


6226 


64$6 


220 


198 


6665 


6884 


7104 


7542 


7761 


7979 


8416 


8635 


l^ 


199 


8853 


9071 


9289 


9507 


9725 


9943 


•161 


•378 


•595 


•8i3 


200 


3oio3o 


1247 


1464 


1681 


1808 
4059 


2114 


233 1 


2547 
4706 
6854 


2764 


2980 


217 


aoi 


3ic)6 


3412 


3628 


3844 


4275 


66?9 
8778 


4921 


5i36 


216 


202 


535 1 


5566 


5781 


5996 


62li 


6425 


7068 


7282 


2l5 


203 


:i96 


li:S 


7924 


8137 


835i 


8564 


8991 


9204 


9417 


2l3 


204 


0630 


••56 


•268 


•481 


•693 


•906 


1118 


i33o 


i542 


212 


2o5 


311754 


1966 


21T] 
4289 


2389 


2600 


281: 


3023 


3234 


3445 


3656 


211 


206 


3867 


4078 
6180 


4499 


4710 


4920 


5i3o 


5340 


555i 


5760 


210 


III 


5970 


6390 
8481 


'^ 


7018 


7227 


7436 


7646 


7854 


12 


8o63 


8272 


9106 


9314 


^l^l 


^tl 


9938 


209 


320146 


o3d4 


o562 


0769 


0977 


1184 


1391 


1598 


2012 


207 


210 


3222T9 


2426 


2633 


2839 


3046 


3252 


3458 


3665 


3871 


4077 1 206 

6i3i 1 2o5 


911 


4282 


4488 


4694 


'^0 


5io5 


53io 


55i6 


5721 


5926 


212 


6336 


6541 


6745 


7i55 


l%l 


7563 


Ip 


7972 


8176 


204 


3l3 


838o 


8583 : 8787 


8991 


9194 


9601 


•••8 


•211 


203 


314 


33o4i4 


0617 


0819 


1022 


1225 


1427 


i63o 


i832 


2o34 


2236 


202 


215 


2433 


2640 


2842 


3o44 


3246 


3447 
5458 


3640 
5658 


385o 


4o5i 


4253 


202 


316 


4454 


4655 


4856 


5o57 


5257 


585o 
7858 


6059 
8o58 


6260. 


201 


217 
2ld 


6460 


6660 


6860 


7060 


7260 


7459 


7659 


8257 


20<> 


8456 


8656 


8855 


9054 


9253 


945i 


9656 


9849 


••47 

2028 


•246 


:p 


319 


340444 


064a 


0841 


1039 


1237 


1435 


i632 


i83o 


2225 


K. 
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A TABLE OF LOGARITHMS FROM X TO 10,000 



N. 





I 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


220 


342423 


2620 


478? 


3oi4 


3212 


3409 


36o6 


38o2 


3999 


4196 


197 


221 


4307 
6353 


•4589 


4981 


5178 


5374 


5570 


5766 


6962 


6i57 


1^ 


222 


6549 


6744 


^ 


.7135 


7330 


7525 


7720 


0860 


8110 


195 


223 


83o5 


85oo 


8694 
o636 


oo83 


9278 


9472 


9666 


••54 


194 


224 


350248 


0442 


0829 1 1023 


1216 


1410 


i6o3 


1796 


5834 


l^ 


l^ 


2i83 


2375 


2568 


2761 


2954 
48,6 


3147 
5o68 


3339 


3532 


3724 


193 


4108 


4301 


4493 


4685 


5260 


5452 


5643 


192 


227 


6026 


6217 
8125 


6408 


t^ 


6790 


6981 


7172 


7363 


7554 


7744 


191 


228 


%l 


83i6 


8696 


8886 


9076 


9266 


9456 


9646 


\% 


229 


••25 


•2l5 


•404 


»593 


•783 


•972 


1161 


i35o 


1539 


23o 


361728 


lU 


2io5 


2294 


2482 


2671 


2859 


3o48 


3236 


3424 


188 


23 1 


36i2 


3988 

5862 


4176 


4363 


4^1 


4735 


4926 


5ii3 


53oi 


188 


232 


5488 


5675 


6049 
791 5 


6236 


6ji3 


6610 


•5i3 


6983 


7169 


187 


233 


7356 


7542 


lll'l 


8101 


8287 
•143 


8473 


8845 


9o3o 


186 


234 


-9216 


9401 


9772 


9958 


•328 


•698 


•883 


i85 


235 


371068 


1253 


1437 


1622 


i8o6 


1991 


2175 


236o 


2544 


2728 


184 


236 


2912 


It 


3280 


3464 


3647 


3b3i 


4015 


4198 


4382 


4565 


184 


237 


4748 


5ii5 


5298 


5481 


5664 


5846 


6029 


6212 


6394 


i83 


238 


6577 


6759 


6942 


^43 


7306 


7488 


7670 


7852 


8o34 


8216 


182 


239 


3398 


858o 


8761 


9124 


9306 


9487 


9668 


9849 


••3o 


181 


240 


3802 1 1 


0392 


0573 


0754 
2557 
4353 


0934 


iii5 


1296 


1476 


i656 


1837 
3636 


181 


241 


' 2017 


2197 


2377 


2737 


2917 


3097 


3277 


3456 


j8o 


242 


38i5 


3995 


4174 


4533 


4712 


4891 


5070 
6856 


5249 


5428 


\'^ 


243 


56c6 


5785 


5964 


6142 


6321 


6499 


6677 


7034 
881 1 


8989 


i44 


7390 


7568 


7746 
q52o 


XI 


8101 


8279 


8456 


8634 


178 


545 


9166 


9343 


9875 


••5 1 


•228 


•4o5 


•582 


2^21 


176 


246 


390035 


1112 


1288 


1464 


1641 


357? 


1903 
It 


392? 


2345 


247 


2697 


2873 


3048 


3224 


3400 


4101 


till 


176 


248 


4452 


4627 


4802 


4977 


5i52 


5326 


5676 


585o 


175 


249 


6199 


6374 


6548 


6722 


6896 


7071 


7245 


7419 


7592 


7766 


»74 


25o 


397940 


8114 


8287 


8461 


8634 


88o3 


8981 


9»54 


9328 


95oi 


173 


25i 


9674 


9847 


••20 


•192 


•365 


•538 


•7;; 


•883 


io56 


1228 


173 


252 


4ni4o! 


1573 


1745 


Zl 


2089 


2261 


2433 


26o5 


2777 


2949 


172 


253 


3l2l 


3292 


3464 


3807 


3978 


4J49 


4320 


4492 


4663 


I7» 


254 


4834 


5oo5 


lll^ 


5346 


55i7 


5688 


58D8 


6029 


6199 


6370 


171 


255 


6540 


6710 


6881 


.o5i 
8749 


7221 
8918 


7391 
90B7 


7061 


7731 


l%5 


8070 


170 


256 


8240 


8410 


8579 


9257 


9426 


9764 


169 


257 


9933 


•102 


•271 


•440 


•600 
229J 


•777 


•946 


1114 


1283 


I45i 


169 


258 


4n''>20 


1783 


1956 


2124 


2461 


2^29 


2796 


2964 


3i32 


i6jj 


259 


33oo 


3467 


3635 


38o3 


3970 


4i37 


43oo 


4472 


4639 


4806 


167 


260 


414973 


5i4o 


53o7 


5474 


5641 


58o8 


%i 


6141 


63o8 


6474 


167 


261 


6641 


6807 


6973 


•45i 


7306 
8964 


7472 


7804 


7970 


8i35 


166 


262 


8Joi 


8467 


8633 


9129 


9295 


9460 


9625 


9791 
1439 


i65 


263 


9956 


•121 


•286 


•616 


•781 


•945 


1110 


1275 


i65 


264 


421604 


1788 


1933 


2097 
3737 


2261 


2426 


2^90 


2754 


2918 
4555 


3082 


164' 


265 


3246 


3410 


3D74 


3901 


4o65 


4228 


43q2 


4718 


164! 


265 


4S82 


5045 


5208 


5371 


5d34 


5697 


586o 6023 


6186 


634Q 

797J 


1 63 


267 


65ii 


6674 


6836 


6999 


7161 

87B3 


7324 
8944 


7486 1 764S 


7811 


162 


268 


8i35 


8297 


'41 


8621 


9106 9268 


9429 


9501 


163 


269 


9752 


9914 


•236 


•398 


•559 


•720 


•881 


1042 


1203 


161! 


270 


43i364 


i525 


i685 


1846 


2007 


2167 


2328 


2438 


2649 


2809 


16!, 


271 


It 


3i3o 


3290 


3450 


36io 


3770 


3930 


4090 
5685 


4249 


4409 


ifK). 


272 


4729 


4888 


5c48 


5207 


5367 


5d26 


5844 


6004 


150 


2/3 


6i63 


6322 


6481 


6640 


6798 
8384 


6957 

8D42 


.116 

8701 


m 


7433 


7592 




274 


7251 
9333 


7909 


8067 
9648 


8226 


9017 


9175 


275 


9491 


0806 


r&i 


•122 


•279 


•437 


•594 
2166 


•752 

2^23 


•I 53 


276 


440909 


1066 


1224 


i38i 


1695 


iSfvi 


2009 


i57 


^l 


2480 


2637 


2793 
4357 
5915 


2950 


3io6 


3263 


3419 


3576 

5,i7 


3732 


3889 


\U 


4045 


4201 


45i3 


4669 


4825 


4981 


5293 


5440 
7oo3 


279 


56o4 


5760 


6071 


6226 


6382 


6537 


6692 


6848 


i55 
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A TABLE pF LOGARITHMS FEOM 1 TO 10,000. 



K. : 


] 


2 


3 


^ 


^ 


6 


7 


8 i 9 


D. 


2S0 


X^ 


hli 


7^63 


7623 


7778 


7933 


So88 


8342 


8397 


fi55a 


l55 


281 


90i5 


9170 


9^U 


9473 


9633 


97B7 


W-ii 


••n5 

1 i633 


i54 


283 


450349 
3JjR 


o4tj3 


0557 
209! 


07TI 


o363 


lcJ|3 


1173 


i326 


1^79 


^54 


2H3 


1940 


?347 


3400 


2553 


2706 


9^59 


3Dta 


3i65 


l53 


284 


3471 


3634 


III] 


3930 


4 08 J 


4235 


4-387 


4540 


4693 


i53 


385 


m5 


4997 


5i5d 


5454 


56c»6 


575B 


ffQIO 


6063 


6214 


[53 


2% 


6366 

73^3 


8o33 


6670 

BiU 


6S2T 
8336 




7125 
fc38 


^n 


743:y 


7579 
9091 


7731 
9243 


1 5a 

i5i 


glcjtl 


95j3 


9694 


9^45 


999^ 


•J46 


•20 


•in 


•397 
3098 


•748 


i5i 


2^ 


460^98 


1043 


ir93 


1343 


1499 


1649 


(799 


2343 


j5o 


2qo 


46j1q8 


2548 


1697 


aB47 


2997 


3146 


3296 


3.J5 


3594 
5oft5 


3744 


i5o 


2^1 


5J?3 


404a 


4i9i 


4340 


4i9o 


4639 
6i36 


47t^ 


.^936 


5a34 


149 


292 


553* 


5(So 


5629 


5977 


6374 


6p3 


657T 


6719 


;{? 


2^1 


6>i68 


7016 
3495 


7r64 
fe43 


7313 


7460 
893a 


7608 


7756 


7*5^4 


8o53 


8200 


2g4 


B347 


'4r. 


9o35 


9^33 


n.^Ho 


9537 
•998 


9675 


J4S 


295 


V>3? 


•116 


•4 Id 


•557 


•704 


•S5f 


1145 


id 


2^ 


47nf)3 


13^5 


1733 


1878 


203^ 


2171 


^3 18 


3464 


2610 


297 
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2283 


2375 


2467 


256o 


2652 


3666 


2836 


UU 


92 


47« 


3oii 


3ii3 


32o5 


3297 

42id 

5i37 
6o5i 


3390 


3482 


3574 


3758 


92 


^7? 
473 


X 


4034 
4953 


4126 
5o45 


43 10 
5228 


4402 
5320 


4494 
5412 


4586 
55o3 


U^, 


92 
92 


474 




5870 
6785 


5962 


6145 


6236 


6328 


6419 
7333 
8245 
9155 


65ii 


6602 


92 


475 

476 
477 


6»76 

7789 
8700 


6968 

7881 
8791 


7059 

mi 


^63 

8973 


7242 
81 54 
9064 


7424 
§336 
9246 


8427 
9337 


9» 
9> 
9» 


47^ 


9428 


95iQ 
0426 


9610 


9700 


979 » 


9882 


9073 
0879 


••63 


•i54 


•243 


9« 


479 


63o336 


o5i7 


0607 


0698 


0789 


0970 


1060 


ii5i 


91 


480 


681 24( 


1332 


1422 


i5i3 


i6o3 


1693 


1784 
2686 


1874 


1064 
2867 


2o55 


90 


4S1 


2145 


2235 


2326 


2416 


25o6 


25^6 


i 


5652 


90 


482 


3o47 


3i37 


3227 


3317 


3407 


3497 


3587 
4486 


'A 


90 


483 


n 


4037 
4935 


5^2? 


4217 


4307 


4396 


90 


484 


5ii4 


5204 


9753 


5383 


5473 


5563 


^ 


485 


5742 


553i 


5921 
68i5 


6010 


6100 


6279 


6368 


6458 


6547 


486 

48^ 
489 


6636 

9309 


6726 
7618 
85o9 
9398 


6904 




7172 
8064 
8953 
9841 


7261 
8i53 
9042 
9930 


7351 
8242 
9i3i 
••19 


7440 
8331 
9220 
•107 


1 

89 


490 
491 


1^ 


0285 
1 170 
2o53 


Si 


0462 
1 347 


o55o 
1435 


o639 
1 524 


0728 
1612 


0816 
1^3 


0905 

In 


3Z39 


1 


492 


2847 


2142 


2230 


23i8 


2406 


2494 


88 


493 


2o35 
38i5 


3o23 


3iii 


4956 

5832 


3287 
4166 


3375 
4264 


3463 


35?I 


88 


494 


3727 

46o5 


3903 


4^ 


4342 


443o 


4517 


88 


495 


4693 


i 


5o44 


5i3i 


5219 


5307 


5394 
6269 


88 


496 


5482 


5569 


5744 


5919 


6007 


8709 


6182 


87 


497 


6356 


6444 


653 1 


6618 


6706 
7578 
8449 


6793 


6880 


7055 


7142 
8014 
8883 


87 


498 
499 


7229 
810: 


td 


7404 

6275 


IZ 


7665 
8535 


Ull 


??^ 


87 


5oo 
5oi 


^8 


9057 
9924 


2iff 


9231 

0963 

1827 


9317 
•184 


9404 
•271 
1136 


n% 


9578 
•444 


2^f 


22?; 


87 


503 

5o3 


"1^ 


nz 


0877 
1741 


io5o 
1913 


1222 
2086 


1 309 
3^3 


11^ 


1482 

2344 


86 
86 


5o4 


2431 


25i7 


2603 


2689 


ml 
4494 

535o 


4665 


3ii9 


32o5 


86 


5o5 
5o6 


320I 

4i5i 


'^11 


3463 

4322 


4408 


3721 

m 


5607 


S 


4o65 
4922 


86 
86 


^ 


5oo8 


5o94 


^I? 


5265 


5522 


tu^l 


86 


5864 


^1 


6120 


6206 


6291 


6376 


6462 


6547 


85 


509 


6718 


6838 


6974 


7059 


7144 


7229 


73i5 


7400 


7485 


85 


5io 
5ii 


707570 
0421 


7655 
65o6 


mi 


7826 
8676 


^l\ 


It 


8081 
8931 


8166 
9015 


825i 
9100 


8336 
9185 


85 
85 


612 


9270 


9355 


9440 


9524 


9694 


VM 


9863 


9948 


^•33 


85 


5i3 


1807 


0202 


0287 


0371 


0540 


0710 
1 554 


X 


fsl 


85 


5i4 


1048 


Il32 


1217 


i3oi 


i385 


1470 


84 


5i5 


i8q2 

2734 
3675 


lilt 


2060 


2144 


2229 


23i3 


l^l 


2481 


84 


did 


265o 


2902 


2986 
3826 


3070 


3i54 


3323 


'£t 


84 


617 

5ii 


3491 


3659 


^?^? 


3910 


im 


4078 


4162 


84 


433o 


4414 


nil 


4665 


tin 


4916 


5ooo 


5o84 


84 


5i9 


5167 


525i 


5418 


55o2 


5669 


5753 


5836 


5920 


84 
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A TABLE OF LOaARITHMS FROM 1 TO 10,000. 





K. 





I 


2 


3 


4 


5 


6 


7 


8 


9 


a 

83 




520 


716003 


6087 


6170 


6254 


6337 


6421 


65o4 


6588 


6671 


6410 
9248 




521 
522 

523 


6838 


6921 


7004 


7088 
9580 


8834 


7254 
8086 
8913 


7338 
8169 
9000 


7421 
8i53 
9083 


7504 
8336 
9i65 


S3 
83 
83 




524 


9331 


9414 


m 


9663 


9^?? 


'^91J 


T.i 


D9o3 


83 




525 


181 1 


0242 


1^ 


0490 


0655 


0738 
i563 


83 




526 


1068 


ii5i 


i3i6 


1398 


1481 


1646 


1728 

2552 


82 




527 

528 


1893 


1975 


2o5d 


2140 


2222 


23o5 


2387 


2469 


82 




2634 


2716 
3538 


2798 


2881 


2963 


3045 


3^4^ 


3209 


3291 


3374 


82 




529 


3456 


3620 


3702 


3784 


3866 


4o3o 


4112 


4194 


82 




53o 


724276 


4358 


4440 


4522 


4604 


4685 


m 


4849 


4931 


5oi3 


8a 




53 1 


50^5 


5176 


5258 


5340 


5422 


55o3 


648? 


5748 
6564 


5830 


82 




532 


5912 


5993 


6075 


6i56 


6238 


6320 


6401 


6646 


8a 




533 
534 


6727 
7341 


6809 
7623 
8435 


6890 
7704 


6972 
9408 


7053 
7866 
8678 
9489 
•298 


7134 

If. 

9570 


7216 
8029 


7297 
8110 


7379 
8191 


7460 
8273 
9084 


81 
81 




535 


8354 


8ii6 


8841 


8922 


90o3 


81 




536 


9165 


9246 


^.11 


965 1 


nil 


9813 




81 




III 


"S 


••55 


•217 


•378 


•459 
1266 


•621 


•^02 


81 




0863 


0944 


1024 


iio5 


1186 


i347 


1428 


81 




539 


1669 


ipo 


i83o 


1911 


1991 


2072 


2l52 


2233 


23U 


81 




540 


732394 


2474 


2555 


2635 


2715 


l^ 


2876 


2956 


?2^7 


3II7 


80 




541 


3197 


3278 


3358 


3438 


35i8 


3679 


nil 


3839 


3919 


80 




542 


^ 


4079 


4160 


4240 
5o4o 


4320 


4400 


4480 


4640 


4720 

55i9 


80 




543 


4886 


4960 


5l20 


5200 


6078 


5359 


5439 


80 




544 


5599 


l%l 


llU 


5838 


5918 


5998 


6i57 


6237 


63i7 
711J 


80 




545 


6397 

s 

9572 


6635 


6715 
7511 
83o5 


6^95 

^3^ 


6874 


6954 


7034 


80 




546 
547 


m^ 


7352 
8146 


8225 


ffi 


Hit 


til 


7908 
8701 


79 
79 




548 
549 


8866 
965i 


8939 
9731 


9018 
9810 


^ 


^2 


9256 
••47 


fdl 


li'^ 


nt 


79 
79 




55o 


740363 


0442 


052I 


0600 


0678 


0757 


o836 


0915 


1 


1073 


79 




55i 


Il52 


I230 


130Q 


1388 


1467 


1646 


1624 


1703 


i860 


79 




552 


1930 
2725 
35io 


2018 


2175 
2961 


2254 


2332 


2411 


2489 
3275 

4o58 


2647 


78 




553 
554 


2804 
3588 


.2882 
3667 


382? 


3ii8 
4?84 


3196 
3980 


3353 
4i36 


343i 
42i5 




555 


4293 


4371 
5i53 


4449 


4606 


4762 
5543 


4840 


'^ 


4997 


78 




556 


5075 
5855 


523i 


5309 


5387 


5465 


5621 


liu 


78 




lU 


5933 


601 1 


6089 


6167 
6945 


6245 


6323 


6401 


8o33 


78 




6634 


6712 


1^1 


6868 


7023 


7101 


V9II 


7334 

8110 


78 




559 


7412 


7489 


7645 


7722 


7800 


7878 


78 




56o 


748188 


8266 


8343 


8421 


8498 


8576 
9300 


8653 


8731 
9604 


8808 


8885 


77 




56i 


8963 


9040 


9118 


'^l 


9272 


9427 


9582 


9659 


77 




562 


9736 


9814 


^5 


••45 


•123 


•200 


1048 


•354 


•431 


77 




563 


75o5o8 


o586 


0740 

IDlO 


0817 


0804 
1664 


0971 


II25 


1202 


77 




564 


1270 
2048 


i356 


1433 


i587 
2356 


U% 


1818 


26^3 


1972 


77 




565 


2125 


2202 


2279 


2433 


2586 


2740 
35o6 


77 




566 


2816 


2893 
366o 
4425 


4501 


3o47 


3123 


320O 


3277 


3353 


3430 


77 




56? 


3583 
4348 


38i3 
4578 


3889 
4654 


3966 
4730 


4042 
4807 


488? 


4195 
4960 


4272 
5oi6 


?z 


S69 

570 


5iis 


5189 


5265 


5341 


5417 


5494 


5570 


5646 


5722 


5799 


76 


'''^l 


5951 


6027 

6788 

&3o6 


6io3 


6180 


6256 


6332 


6408 


6484 


6560 


7* 


571 


6712 


6864 


6940 


7016 


d60Q 

9366 


7168 


2^o3 
8761 


7320 


"^ 


37a 
573 


i]n 


1% 


7624 
8383 


U^ 


W^ 


m 


4 


574 


8912 

9668 


8988 


906J 


9139 


9214 


9290 


9441 


9*17 


^^ 


75 


575 


9743 


f! 


9894 


9970 


••45 


•l21 


•.06 


•272 


''I 


576 


760422 


0498 

I25l 
2003 


0649 


0724 


23o3 


0875 


0950 


1025 


IIOI 


71 


i?2 


1176 
1928 
2679 


1326 
2078 


1402 
2i53 


1477 
2228 


1627 

237* 


1702 
2453 


1778 

2629 

3278 


i853 
2604 


?i 




579 


2754 


2829 


2904 


2978 


3o53 


3ia8 


32o3 


3353 


75 
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N. 





I 


2 


3 


4 


5 


6 


7 


8 


9 


B. 


58o 


763428 


35o3 


3578 


3653 


3727 
4475 


38o2 


3877 


3952 


4027 


4101 


~i 


58i 


4176 


425i 


4326 


4400 


455o 


4624 


4699 


illi 


4848 


7? 


582 


4923 


4998 


5072 


5i47 


5221 


5296 


5370 


5443 


6i?8 

7f? 


l5 


583 
584 


^ 


5743 
6487 


58i8 
6562 


5892 
6636 


5966 
6710 


6041 

6785 

h 


6ii5 
6859 


6100 

8416 


6264 

7007 


74 
74 


585 
586 


7i56 


7230 

797a 
8712 


7304 
8046 


7379 

dl20 


7453 
6104 


7601 
8342 


7749 
8490 


7823 
8564 


74 
74 


587 
588 


8786 
9525 


8860 


9008 


9082 


9i56 


9230 


93o3 


74 


9377 
770115 


945i 


'^ 


9746 


9820 


26^f 


9968 


••42^ 


74 


589 


0189 


0263 


0410 


0484 


0557 


0705 


0778 


74 


590 


770852 


0926 

1661 


0909 
1754 


1073 


1146 


1220 


1293 


1367 


1440 


i5i4 


74 


591 


1587 


1808 


1881 


1955 

2688 


2028 


2102 


2175 


2248 


ii 


5^2 


2322 


2395 


2468 


2542 


26i5 


2762 


2835 


2908 
3640 


2981 


'^l 


593 


3o55 


3128 


3201 


3274 


3348 


3421 


3494 


3567 
4298 


3713 


7? 


5^4 


3786 
4517 


3860 


3933 

4663 


4006 


4079 


4i52 


4225 


4371 


4444 


7? 


5^5 


4590 


4736 


4809 
5538 


4882 


4955 

5683 


5o28 


5ioo 


5n3 


i 


5^6 


5246 


53T9 


5392 


5465 


56io 


5756 


5829 
6556 


5oo2 


7? 


P 


5974 


6047 


6120 


6193 


6265 


6338 


641 1 


6483 


6629 


fi 


6701 


6774 


6846 


6919 
7644 


6992 


7064 


'^'J? 


7209 


7282 
8006 


7354 
6079 


73 


599 


7427 


7499 


7572 


77J7 


7789 


7862 


7934 


7* 


600 


778i5i 


8224 


9296 


8368 


8441 


85i3 


8585 


8658 


8730 


8802 


72 


601 


8874 


X 


9019 


9091 


9163 


9236 


9308 


9380 


9452 


2^'^ 


72 


602 


9596 


9741 


9813 


9885 


9957 


••29 


•lOl 


•245 


72 


6o3 


780317 


o389 


0461 


o533 


o6o5 


nn 


0821 


0893 


0965 
1684 


72 


604 


\tl 


1109 


1181 


1253 


i324 


1540 


1612 


72 


6o5 


1827 


It^ 


im 


2042 


2114 


2186 


2258 


2329 

3o46 


2401 


72 


606 


2473 
3189 


2544 


2750 
3475 
4189 


283 1 


2902 
3618 


2074 


3ii7 


72 


6o2 


3260 


3332 


3403 


3546 


3761 


3832 


71 


3904 


3975 
4689 


4046 


4118 


4261 


4332 


4475 
5167 


4546 


71 


609 


4617 


4760 


483i 


4902 


4974 


5o45 


5ii6 


5259 


V 


610 


785330 


5401 


5472 
61S3 


5543 


56i5 


5686 


5757 


5828 


5899 


'^ 


V 


611 


6041 


6112 


6254 


6325 


6396 


6467 


6538 


6609 


7« 


612 
6i3 
614 


6751 
7460 
8168 


6822 
7531 
6239 

9651 


6893 
7602 
63io 


ti 


7035 

lit. 


7106 

7815 

8522 


8593 


7248 


7319 
8027 
8734 


8804 


V 
71 
V 


6i5 


8875 


9016 


9087 


fi 


9228 


9299 


9369 


9440 


95io 


V 


616 


9581 


9722 


9792 


^] 


•••4 


••74 


•144 


•2l5 


70 


^'7 
618 


790285 


0356 


0426 


0496 


o567 


0707 


0778 
1480 


0848 


0918 


70 


0988 
1691 


10D9 


1129 


1199 


1269 


J 340 


1410 


i55o 


1620 


70 


619 


I76I 


i83i 


1901 


1971 


2041 


2111 


2181 


2252 


2322 


70 


620 


792392 


2462 


2532 


2602 


2672 


274a 


2812 


2882 


J??^ 


3022 


70 


621 


3oo2 


3i62 


323i 


33oi 


3371 


3441 


35ii 


358i 


365i 


3721 


70 


622 3790 


386o 


3930 


4000 


4070 

ilb 


4139 
4836 


4200 


4279 

d 

6366 


4349 
5045 


4418 


70 


623 , 408 


4558 


4627 


!i 


4000 


5ii5 


70 


624 


5i85 


5254 


5324 


5532 


56o2 


5741 


58ii 


70 


625 


5880 


5949 


6019 
6713 


6i58 


6227 


6297 


6436 


65o5 


i; 


626 


6574 6644 


6782 


6852 


7614 
63o5 


90Z5 


7060 


7129 


7198 


69 


627 
628 


7268 7337 
7960 8029 


7406 
8098 
8789 


8858 


7545 
8236 


Itl 


7821 
65i3 


l^l 


69 


629 


865 1 8720 


8927 


8996 


9134 


9203 


9272 


69 


63o 
63i 


799341 9409 
800029! 0098 


9478 
0167 


tin 


9616 
o3o5 


9685 
0373 
foil 
1747 


9754 
0442 


9823 
o5ii 


l^ 


^^ 


^ 
^ 


632 
633 


0717 0786 
1404 1472 
2089 2158 


o854 
i54i 


0023 
1009 


2363 


1129 
i8i5 


\m 


1266 
195a 
2637 


1335 
2021 


69 
09 


634 


2226 


2293 


2432 


25oo 


2568 


2705 
3389 


U 


635 


2774 2842 


2910 
3594 


3??? 


3o47 


3ii6 


3 184 


3252 


3321 


636 


3437 


3525 


3730 


3708 
4480 


3867 
4548 


3o35 


4oo3 


4071 

4753 


68 


637 
63d 
639 


4139 


4208 


4276 


4344 


4412 


4616 


4685 


68 


4821 
55oi 


4889 
556$ 


5o25 
5705 


5093 

5773 


5i6i 
S841 


5229 
5oo8 


'^l 


5365 
6044 


5433 
61 la 


68 
68 
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N. 





I 


2 


3 


4 


5 


6 


•■ 


8 


9 


D. 


806180 


6348 


63i6 


63^4 


645i 


65i9 


6587 


6655 


6723 


8818 


68 


Ma 

643 


6858 
.535 
8211 


6926 
7603 

9627 


6^4 

hit 


7061 

7738 
8414 


848v 


7197 

8549 
9223 


7264 


L)8 
8684 


7400 
6076 
8761 


68 

68 

67 


644 


8886 


9021 


9088 


9156-^ 


ii 


9358 


9425 


tUl 


67 


645 


9560 


9694 


9762 


9829 


9896 


••3 1 


••98 


67 


646 


810233 


o3oo 


0367 


0434 


o5oi 


o569 


0703 

i374 


0770 


'^ 


67 


hI 


0904 
1575 


0971 
1642 


1039 


1106 


1173 


1240 


i3o7 


1441 


67 


1709 
2379 


1776 


1843 


IQIO 
2679 


«977 
2046 


2044 


2111 


2178 


67 


649 


2245 


23l2 


2445 


25l2 


2713 


2780 


2847 


67 


65o 


812913 


2980 
3648 


3047 


3ii4 


3i8i 


3247 


33i4 


3i8i 


3448 


35i4 


67 


65i 


3d8i 


4^81 


3781 


3848 


%i 


3q8i 
4647 


4048 


41 14 


4181 


67 


652 


4248 


43i4 


4447 

5iii 


45i4 


5378 


4780 


4847 


^ 


653 


5?78 


4980 


5o46 


lll^ 


5246 


5^2 


5445 


55ii 


654 


5644 


5711 

6374 
7036 


5777 


5910 
6573 
7235 

m 


W^ 


6042 


6109 


6175 
6838 


66 


655 


6241 


63o8 


6440 


65o6 


6705 

n 

8688 


6771 


66 


656 

III 


6904 
7565 
6226 


^11 

8292 
8961 


7102 


7830 
8490 


7301 

r.l 


7433 
8094 
8754 


m 

8820 


66 
66 
66 


659 


8885 


9017 


9083 


9149 


92i5 


9281 


9346 


9412 


9478 


66 


66o 
66i 


819544 
820201 


9610 
0267 


tit 


9741 


9807 
0464 


^ll 


%l 


•••4 

0661 


•♦70 
0727 
i382 


•i36 
0792 


66 
66 


662 


o858 


22i3 


2209 
2962 

36o5 


1120 


1186 


I25l 


i3i7 


1448 


66 


663 
664 


i5i4 
2168 


1710 
2364 


243o 


1 841 
2495 


It 


\V.l 


2037 
2691 


2io3 
2756 


65 
65 


fc65 


2822 


2887 


3018 


3o83 


3148 


32i3 


3279 


3344 


3409 


65 


b66 


3474 


3539 


3670 


3735 
4386 


38oo 


3865 


39^0 


4646 


4061 


65 


^ 


4126 


4191 


4256 


4321 


445i 


45i6 


458 1 


5]6i 


65 


4776 


4841 


5?56 


4971 


5o36 


5ioi 


5i66 


523i 


52^ 


65 


669 


5426 


5491 


5621 


5686 


5751 


58i5 


588o 


5945 


6010 


65 


»70 


826075 


6140 


6304 


6269 


6334 


6390 

7046 


6464 


6528 


6593 


6658 


65 


»T 


6723 


6787 


6852 


8209 
8853 


6981 

7628 
8273 


7'i' 


7175 


7?^? 


73o5 


65 


»73 


^ 


7434 
8080 


3fS 


U 


7757 
8402 


^467 


7886 
8531 


9239 


65 
64 


*14 


8660 


8724 

9368 


8789 


8918 
956i 


8982 


9046 


9111 


9175 


64 


675 


9304 


9432 


2f?^ 


9625 


9690 


11^ 

loh 

1678 


9818 


9882 


64 


676 


9947 


••ii 


••75 


•204 


•268 


•332 


•460 


•525 


64 


^]2 


830389 
i23o 


0653 
1294 
1934 


"im 


0781 
1422 


0845 
i486 


To 


0973 
1614 


1 102 

174a 


1166 
1806 


64 
64 


679 


1870 


1998 


2062 


2126 


2189 


3253 


2317 


238i 


2445 


64 


680 


832509 


2573 


2637 
3275 


2700 

3338 


2764 


2828 


3530 


2950 


3020 


3o83 


64 


681 


3i47 


32II 


3402 


3466 


3593 


3657 


3721 
4357 
4993 


64 


682 


3784 


3848 


3912 
4548 


3975 


4039 


4io3 


4166 


423o 


4294 


64 


683 


4421 


4484 


461 1 


4675 


4730 


4802 


4866 


fl 


64 


684 


5o56 


5l20 


5i83 


5247 


53io 


5373 


5437 


55oo 


56i7 


63 


685 


5691 


6387 


58i7 


5881 


5q44 
6577 


6007 


6071 


6i34 


683o 


6261 


63 


686 


6324 


645i 


65i4 


6641 


6704 
7336 


8660 


6894 


63 


688 
689 


8219 


7020 

til 


7083 


7146 


7210 
7841 
8471 


7273 

mi 


7462 
8093 
8723 


7525 
81 56 
8786 


63 
63 
63 


690 


838849 


8012 
9541 


8975 


9??^ 


9101 


9164 


l^ 


^?2 


9352 


94i5 


63 


691 


9478 


9604 


9667 


9729 


979a 


9981 


••43 


63 


692 


840106 


0169 


0332 


0294 


0357 


0420 


0482 


OD45 


0608 


0671 


63 


693 
694 


0733 
1359 
1985 


0796 
1422 


0859 

1485 


0021 

1 547 


0084 
1610 


1046 
1672 


lioo 
1733 
2360 


1 172 

1797 


1234 

i860 


1297 
1922 
2547 


63 
63 


695 


3047 


2110 


2172 


2235 


2297 


2422 


2484 


62 


696 


2609 
3233 


2672 


2734 


2796 


2859 


2921 
3544 


2983 


3046 


3io8 


3170 


62 


^l 


3295 


3357 


3420 


3482 


36o6 


3669 


3731 


3793 


6a 


3855 


3ci8 
4539 


3980 


4042 


4104 


4166 


4229 


4291 


4353 


44i5 


61 


l6w 

1 


4477 


4(». 


4644 


4726 


4788 


485o 


4912 


4974 


5o36 


61 


N. 
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3 
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A. TABLK OF LOQARITHMS FBOM 1 TO 10,000 



N. 





I 


2 


3 


4 


5 6 


7 


8 


9 




700 


84>r^>8 


5i6o 


5222 


5284 


5346 


5408 


5470 


5532 


5594 


5656 


701 
702 
703 
704 
70D 


3-38 


5780 

6.399 
7017 
7634 
8261 


5842 
6461 


5904 
6523 

7141 
7758 
8374 
89^ 
9604 


6^85 
7202 


6028 
6646 
7264 
7881 
8497 


6090 

6708 
7326 

11^ 


6i5i 

% 

8004 
8620 


62i3 
6832 

8682 


6275 

6V 
75ii 
8128 
8743 


(2 
6j 
62 
61 
6j 


706 


hi-^io 


8866 


8928 
9542 


905 1 


9112 


9*75 


9235 


9297 


9358 


61 


r^ 




9481 


9665 


9726 
o34o 


9768 


9849 


9011 

o524 


m 


61 


0095 


01 56 


0217 


0279 


0401 


0462 


61 


709 


..■..,6 


0707 


0769 


o83o 


0891 


0952 


1014 


1075 


ii36 


1197 


61 


710 


85 17=18 


l320 


i38i 


1442 


i5o3 


1 564 


1625 


1686 


'347 


1809 


61 


711 


1 170 


io3i 

2341 


1991 
2602 


2o53 


2114 


2175 


2236 


2297 


2358 


2419 


61 


712 


:t,^ 


2663 


2724 


2785 
3394 
4002 


2846 


2907 


2968 


3029 


61 


713 
714 


3 :^■-^o 


3i5o 


3211 

3d20 


3272 
3881 


3333 
3941 
4549 


3455 

4o63 


35i6 
4124 


lui 


3637 
4245 


61 
61 


7i5 


., 106 


4428 


4488 


4610 


4670 


473 1 


^M 


4852 


61 


716 


.r.]3 


W^ 


5o34 


5095 


5i56 


5216 


5277 


5337 
5o43 
6548 


5459 


6i 


]:2 


■f "^ 1 9 


5640 


5701 
63o6 


5761 
6366 


5822 


5882 


6oo3 


6064 


61 


i.iu 


6i85 


6245 


6427 


6487 


6608 


6668 


60 


7»9 


iq-2() 


6789 


6850 


6910 


6970 


703 1 


7091 


7152 


7212 


7272 


60 


720 

7" 


85-Jh 


7393 

9198 

m 
??^ 

2191 

2787 


7453 
8o56 


75i3 
dii6 


7574 
8176 


7634 
8236 


7694 
kl 


nil 


7815 
8417 
9oid 


7875 

8477 
907S 


60 
60 


7M 


stVm 


8657 
925d 

io56 


8718 
9318 

1116 


8778 


8838 


6a 


1>3 
?»6 


9370 

1176 


2i^? 

0637 

1 23d 


2i^ 
1^1 


0817 

I4l5 


9670 

•278 
0877 
1475 


60 
60 
60 
60 


?'^ 


2iU 


i654 

225l 


2310 


1773 
2370 


1833 
243o 


\% 


1952 

2D49 


2012 

2608 


lt& 


60 
60 


729 


J728 


2347 


2906 


2966 


3o25 


3o83 


3i44 


3204 


3263 


60 


730 


863JS3 


3382 


3442 


35oi 


356i 


3620 


3680 


'^It 


3799 


3858 


^ 


731 


3gi7 


4570 


4o36 


4096 


4i55 


4214 


42J4 


5?78 


445a 


59 


732 


^ n 1 


463o 


4689 


4748 
5341 


4808 


4867 


4926 
5519 


5o45 


^ 


733 


f> 1 04 


5i63 


5222 


5282 


5400 


5459 


5637 

622d 


59 


734 


>'i96 


5755 


58i4 


5874 


5933 
6524 


^l 


6o5i 


6110 


J? 


735 


^..'■■78 


6346 


64o5 


6465 


6642 


6701 


6760 
7i5o 

Ml', 


6819 


59 


?36 
'ill 


8ii5 


6996 

•7Dtf5 
8174 


7o55 
2t!3^ 


7114 
7703 
8292 


7173 
7762 
6350 


7232 
7821 
6409 


8468 


iS 


1 


739 


^■'.'Si 


8703 


8762 


8821 


8879 


8938 


8997 


9o56 


9114 


9173 


59 


740 
741 


(y^l8 


9290 
9877 


gl 


9408 


9466 
••53 


9525 
•ill 


9584 
•170 
0755 
1 330 
1923 
25o6 


9642 
•228 


22^; 


2]^ 


58 


743 
744 
745 


870404 

2i56 


0462 
1047 
163 1 

22l5 


0321 
II06 
1690 
2273 


0379 
1164 
1748 
233 1 


o638 

1223 

1806 
2389 


1865 
2448 


o8i3 
2564 


0872 

1456 
2040 
2622 


1^,1 

2098 
2681 


746 


2739 


27Q7 


2855 


2913 


m 


3o3o 


3o88 


3146 


3204 


3262 


58 


]ii 


3321 


3379 


3431 
4018 


3495 


36ii 


3669 


2727 
43oJ3 


3785 
4366 


3844 


58 


3902 


3o6o 


4076 
4656 


4i34 


4192 


4250 


4424 


58 


749 


4482 


4540 


4598 


4714 


4772 


4830 


4888 


4945 


5oo3 


58 


750 875o6i 


569? 
6276 


6333 


5235 


5293 


535i 


5409 


5466 


5524 


5582 


58 


k 


5640 
6218 


5Si3 


5871 
6449 
7026 


6t? 


6D64 


6045 
6622 


6102 
6680 


6160 
6737 


58 
58 


753 


6795 


6853 


6910 


8119 


7083 


7141 


7199 


'^l^.^ 


58 


754 
755 


7371 
7947 


7429 
8004 


e 


8752 


2^31 


S292 
8866 


lilt 


7832 
8407 


7889 
8464 


58 


756 


85221 8379 
9096I 9i53 
9669' 9726 


8037 


8694 


8809 
9J83 

11^ 


8924 


¥i 


9039 


57 


lU 


9211 

9784 


9268 
9841 


9325 


9440 
^•i3 


2.12 


9535 

•127 


961? 
•i85 


?? 


759 


880242' 0299 


6356 


6413 


0471 


o585 


0642 


0699 


0756 


57 


If. 
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2 


3 


4 


5 


6 


7 


8 
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N. 





I 


a 


3 


4 


5 


6 


7 ! 8 


9 


D. 


760 


880814 


0871 


0928 


^d 


1042 


1099 


Ii56 


I2l3 


1271 


i328 


^^ 


761 


1385 


1442 




i6i3 


1670 


1727 


llli 


1 841 


1898 
2468 


57 


762 


1955 

3525 


2012 


2126 


2i83 


2240 


I^ 


2411 


57 


763 


258i 


2695 
3264 


2752 
3321 


2809 


2923 


2980 
3548 


3o37 
36o5 


5" 


764 


3oo3 
366i 


3i5o 


3207 
3775 
4J42 


4312 


3434 


4069 
462! 


67 


765 


3718 


3832 


3888 


4002 


4ii5 


4172 
4730 


57 


766 


4229 

it 


4285 


5531 


4455 


4560 
5i35 


4682 


J7 


]S 


4852 


4909 


5022 


5078 


i 


5248 


53o5 


57 


5418 


5474 


5587 


5644 


6700 


58i3 


5870 
6434 


U 


769 


5926 


5983 


6039 


6096 


6i52 


6209 


6265 


6378 


77? 
771 

773 
773 


886491 
7054 
2617 
8179 


6547 
7111 


6604 
7167 
7730 
6292 
8853 
9414 
9974 


6660 
7223 


6716 
7280 
7842 
8404 


% 
It 


6829 


6885 

8573 
91^4 


6942 

75o5 
6067 
8629 


6123 
8685 


56 

'56 

56 

56 


774 


8741 

9^02 

9862 


9918 


8909 

til 




9021 
9582 
•141 


^1 
1J14 


E 


9246 
9806 
•365 


56 
56 
56 


??? 


fJ9042i 


?S? 


o5i3 


0589 


0645 


0700 


0812 


0924 


56 


0980 


1091 


V-itl 


I203 


1259 
1816 


1370 


1426 


1482 


56 


779 


?s? 


15,3 


1649 


1760 


1872 


1928 


1983 


2039 


56 


780 


698005 


2i5o 


2206 


2262 


23i7 
2873 


2373 


2420 

3?4o 


2484 


2540 


2595 


56 


781 


2707 


2762 

33i8 


2818 


2929 


3040 


3096 
365i 


3i5i 


56 


782 


4ao7 


3262 


3373 


3429 


3484 


4150 


3706 


56 


783 


4ii6 


3817 


3873 


3928 


3o84 
4538 


4o3o 
4593 


4094 


42o5 


4261 


55 


784 


4371 


4427 


4482 


4648 


4704 


4759 


4814 


55 


785 


4870 


4925 


4980 
5533 


5o36 


5091 


5146 


5201 


J2^7 


53i2 


5367 


55 


786 


5423 


IS^ 


5588 


5644 


6^?? 


5754 

63o6 


5809 


5864 


5920 


55 


7S7 


Itll 


6o85 


6140 


6195 


636i 


6416 


6471 


55 


788 


658i 


6636 


6692 


6747 


6802 


6857 


6912 


6067 


7022 


55 


789 


7077 


7i32 


7187 


7242 


7297 


7352 


7407 


7462 


7517 


757a 


55 


790 
79 » 


x^ 


7682 
8231 


nil 


m' 


11^ 


6451 


Itl 


8012 
856i 


8067 
86i5 


812a 
8670 


55 
55 


793 


8725 
9273 


8780 
9328 


8835 
9383 


8890 

i 


8944 


^47 


9054 
9602 


R 


9164 


9218 
0859 


55 
55 


794 
/9D 


9821 
900367 

0913 


9875 
0422 


9930 
0476 


0640 


•149 
0695 


•203 

0749 
1295 


•258 
0804 


55 

55 


796 


T. 


1022 


1077 


ii3i 


1 186 


1240 


1 349 


1404 


55 


797 


1458 


1 567 


1622 


1676 


1731 


1785 

2J29 
2873 


1840 


1804 
2438 


1948 


?•* 


79* 


2003 


2057 


2112 


9166 


2221 


2275 


2384 


2402 


54 


799 


2547 


2601 


2655 


2710 


2764 


2818 


2927 


2981 


3o36 


54 


Roo 


^1^ 


3i44 


3199 


3253 


3307 


336i 


3416 


3470 


3524 


3578 


54 


801 


3687 


3741 


'4 

487^ 


3849 


3904 


3958 


4012 


4066 


4120 


54 


602 


4174 


4220 


4283 


43oi 
49J2 


4445 


4499 


4553 


5i4^ 


4661 


54 


6o3 


4716 4770 


4824 


4986 
5526 


5o40 


56?4 


5202 


54 


B04 


5256 


53io 


5364 


5418 


5472 


558o 


5688 


5742 


54 


So5 


5706 
6335 


5850 


5904 


5958 


6012 


6066 


61 10 
6658 


6173 


6227 
6766 
7^04 
7841 
3378 


6281 


54 


606 


6389 


6443 


7573 
8110 


655i 


66o4 


6712 


6820 


54 


809 


6874 
741 1 
7949 


8002 


6081 




7080 
7626 
8i63 


7143 
7680 
8217 


7106 
77^4 
6270 


7250 


7358 
1% 


54 


Bio 


908485 


8539 


8592 


8646 


ri 


8753 


8807 


8860 


8914 


8067 


54 


811 


9021 


9074 


9128 


9181 


'i 


9342 


9306 


9449 


95o3 


64 


8ia 


9556 


9610 


9663 


9716 


o3o4 


9877 


9930 


^% 


••37 


53 


8i3 


910091 


0144 


0107 
0731 


025l 


o358 


041 1 


0464 


0571 


53 


814 


0624 


0678 


0784 

i3i7 


o838 


0891 


0944 


ml 


io5i 


1 104 


53 


8i5 


ii58 


I2fl 


1264 


i37i 


1424 


1477 


1 584 


1637 


53 


816 


1690 


1743 


'797 


i85o 


1903 


1956 


2009 


2o63 


2116 


9169 


53 


8id 


2222 


2275 


2328 


a38i 


2435 


2488 


2541 


2594 


2647 


2700 


51 


2753 


2806 


2859 


2913 


2966 


3019 


3072 


3i25 


323i 


53 


819 


3284 


3337 


33;? 


3443 


3496 


3549 


3602 


3655 


3708 


3761 


93 


H. 
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N. 





- ! ^ 


3 


4 


5 


6 


7 


8 


9 


D. 


"820' 
821 


9i38i4 
4343 


4^ 


3920 
4449 


3073 

4302 


4026 
4555 


1S§ 


4i32 
4660 


4184 
4713 


4237 

4766 


4290 
4819 


53 


822 


4872 


4925 


Zl 


5o3o 


5o83 


5i36 


5189 
5716 


5241 


5294 


5347 
5875 


53 


823 


5400 


5453 


5558 


56ii 


5664 


?4? 

6822 


5822 


53 


824 
825 


6454 65o7 
8o3c! 8o83 


6o33 
6559 

7085 


6o85 
6612 


6i38 
6664 


6191 


6243 

6770 


6349 

6875 


6401 


53 
53 


826 


7i38 


7190 


7295 


■72^5 


7400 


53 


827 
828 


8i35 


7663 
8188 


pi6 
8240 


V^ 


7820 
6345 


^^ 


ml 


^l 


52 
52 


829 


8555 


8607 


8659 


8712 


8764 


8816 


8869 


8921 


8973 


9026 


52 


83o 


919078 


91 3o 


9183 


9235 


9287 


9340 


9392 


9444 


9496 


1^ 


53 


83i 


9601 


9653 


9706 


9758 


9810 


9862 


9914 


9967 


••19 


52 


832 


9201 23 


0176 


0228 


0280 


o332 


0384 


0436 


0489 


o54i 


0593 


52 


833 


0645 


0697 
1218 


0749 


0801 


o853 


0906 


0958 


1010 


1062 


1114 


J' 


834 


1166 


1270 


l322 


1374 


1426 


1478 


i53o 


i582 


i634 


52 


835 


1686 


1738 


1790 


1842 


1894 


1946 


'gs 


2o5o 


2103 


2x54 


54 


836 


2206 


2258 


23 10 


2362 


2414 


2466 


2570 
3069 
3607 


2622 


2674 


57 


837 
838 


3'244 


IIV, 


2829 
3348 


288 1 
3399 


2933 
3451 


2985 
35o3 


355? 


3 140 
3658 


3192 
3710 


52 

52 


839 


3762 


38i4 


3865 


3917 


3969 


4021 


4072 


4124 


4176 


4228 


52 


840 


924279 


433i 


4383 


4434 


4486 


4538 


5io^ 
5621 


4641 


4693 


4744 


52 


841 
842 


ilT. 


4848 
5364 


^ 


4951 

5467 


5oo3 
55i8 


5o54 

5570 
6o65 


61^8 


5209 
572? 


5261 

5776 


52 
52 


843 


5828 


5879 


5931 


5982 


6o34 


6137 


6240 


^l^l 


5i 


844 


6342 


6394 


6445 


6497 


6548 


6600 


665i 


6702 


6754 


68o5 


'n 


845 


6857 


6008 


9010 


7011 


7062 


7114 


7165 


7216 


7268 


7^*9 


3i 


846 

849 


7370; 7422 
7883 7935 
8396' 6447 
8908 8959 


7524 
8o37 
8549 
9061 


8601 
9112 


7627 
8140 
8652 
9163 


7678 
9215 


7730 
8242 
8754 
9266 


11^ 

88o5 
93.7 


7832 
8345 
8857 
9368 


5i 

5i 
5i 
5i 


85o 
85i 


929419 9470 

9930 99«i 

930440 0491 


9521 

••32 


^23 


9623 

•i34 


^i 


9725 
•236 




f^ 


^ 


5i 
5i 


852 


o542 


0592 


0643 


0694 


0745 


'^U 


0898 


5i 


853 


0949' 1000 


io5i 


1102 


ii53 


1204 


1254 


1913 


5i 


854 


i45iJ 1 509 


i56o 


1610 


j66i 


1712 


1763 


1814 


1865 


5: 


855 


1966 2017 


2068 


2118 


2169 


2220 


2271 


2322 


2372 


2423 


5i 


856 


2474 2524 


2575 


2626 


3I2] 


2727 


V.ll 


2829 


^U 


2930 


5i 


857 


2981 1 3o3t 


3082 


3i33 


3234 


333? 


i^ 


5i 


858 


3487 3538 


3539 


363Q 
414^ 


3690 


3740 


3791 


3841 


3892 


5i 


859 


3993 4044 4094. 


4195 


4246 


4296 


4347 


4397 


4448 


5i 


860 


934498 4549 


4599 


4650 


4700 


4751 


4801 


4852 


4902 


4953 


5o 


86i 


5oo3 5o54 


5io4 


5i54 


52o5 


5255 


53o6 


5356 


5406 


5457 


5o 


862 


5507 5558 


56o8 


5658 


5709 


5759 


63i^ 


5860 


5910 


^^? 


5o 


fco3 


601 1 6061 


61 f I 


'6162 


6212 


6262 


6363 


6413 


6463 


5o 


1 864 


65i4 6564 


6614 


6665 


6715 


6765 


68i5 


6865 


6916 


^ 


5o 


865 


7016 7066 


V>\1 

9ii9 


7167 


7217 
$219 


7267 


7317 


7367 


7418 


7468 


5o 


866 
867 


7518 7568 
8019I &060 


8169 


V^ 


t^o 


2^0 


7919 
8420 


7969 

8470 


5o 
So 


868 


8526 


8570 


8620 


8670 


8720 


8770 


8820 


8870 


8920 


8970 


5o 


869 


9020 


9070 


9130 


91-0 


9220 


9270 


9320 


9369 


9419 


9469 


5o 


872 


939519 9560 

940018 0068 

o5i6 o566 


9610 
0118 
0616 


0666 


97>9 
0218 
0716 


9769 
0267 
0765 


9819 
o3i7 

o8ii 


9?^ 

o367 

o865 


9918 

0417 
0915 


9968 

0467 
0964 


5o 
5o 
5o 


873 


1014I 1064 


iii4 


ii63 


1213 


1263 


i3i3 


1362 


1412 


1462 


5o 


874 

875 


i5ii| i56i 
aoo8, 2o58 


161 1 
2107 
26o3 


1660 
2653 


1710 

2207 


1760 

2256 


1809 
23o6 


1859 
2355 


1900 
24o5 


1958 
2455 


5o 

5o 


876 


25o4 


2554 


2702 


2752 


2801 


285i 


2901 
3396 


2960 


5o 


t^l 


3ooo 


3o49 


3099 


3148 


3198 


3247 


3297 


3346 


3445 


49 


3495 


3544 


Ssoi 


3643 


3692 
4186 


3742 


^.U 


3841 


^?2° 


Jfa? 


49 


879 


3989 


4o38 


4088 


4137 


4236 


4335 


4384 


49 
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Kr. 


I 


2 


3 


4 


5 


6 


7 


8 


9 


D, 


88o 


944483 4532 
4976; 5o25 


458i 


463i 


4680 


4729 


4779 


4828 


4877 


49*7 


49 


88i 


5074 i 6124 


'^l 


5222 


6272 


5321 


527° 


5419 


49 


882 


5469; 55i8 


5567 


56i6 


5715 


5764 


58i3 


5862 


5912 


49 


883 


5961 


6oio 


6059 


6108 


6157 


6207 
6698 
7189 


6256 


63o5 


6354 


6403 


49 


884 
885 


6402 
6943 


65oi 

6992 


655i 
7041 


6600 
7090 


6649 
7140 


%l 


?^^ 


6845 
7336 


6894 

7385 


49 
49 


886 

888 


7434 
7924 


7483 


7532 

8022 


758i 
8070 


7630 
8119 


lUl 


7728 
8217 
8706 


Wd 


7826 
83i5 


ti\ 


49 
49 


b4i3 


85ii 


8j6o 


8609 


8657 


8755 


8804 


8853 


49 


889 


8902 


8951 


8999 


9048 


9097 


9146 


9195 


9244 


9292 


9341 


49 


890 


949390 


943o 
9926 
0414 


9488 


9536 


9585 


9634 


9683 


2J^ 


9780 


9820 
•3i6 
oSo3 


49 


892 


9503^5 


9975 
0462 


••24 
o5ii 


o56o 


•121 
0608 


s 


0706 


•267 
0754 


49 
49 


8^3 


o85i 


0900 


?,n 


0997 


1046 


1095 


1192 


1240 


2260 
2744 


49 


8^4 


i338 


i386 


1483 


i532 


i58o 


1629 


2647 


1726 


48 


8?5 
806 


1823 
23o8 


^^ 


1920 

24o5 


l^ 


aoi7 

2502 


2066 
255o 


2114 
3666 


2211 
2696 




2792 
3276 
3760 


2841 
3325 


2889 
3373 
3856 


2938 
3421 


2986 
3470 


3o34 
35i8 


3i3i 
36i5 


3ii*o 
3663 


3228 
3711 


48 


8^ 


38o8 


3905 


3953 


4001 


4049 


4098 


4146 


4194 


48 


900 


954243 


429" 


4339 


4387 


4435 


4484 


4532 


458o 


4628 


fu 


48 


901 


4725 


nil 


4821 


4869 


g 


4966 


5oi4 


5o62 


5iio 


5i58 


48 


002 


5207 


53o3 


535T 


5447 
5928 


5495 


5543 


5592 


5640 


48 


^ 


5688 


5736 


5784 


5832 


^ 

6936 


6024 


6072 
6553 


6120 


48 


004 


6168 


6ai6 


6265 


63i3 


636 1 


6409 


65o5 


6601 


48 


^5 


6649 


6697 


6745 


6793 


6840 


6888 


6984 


.7032 


7080 


48 


^ 


7128 


7176 


7224 


7272 , 

775i 

8229 


7320 


7368 


7416 


7464 


75i2 




85i6 


4§ 


909 


& 


7655 
Si34 


8181 


7799 


23^f5 


P4 


7942 
8421 


IZ 


48 

48 


8564 


8612 


8659 


8707 


88o3 


8850 


8898 


8946 


8994 


48 


910 
911 
912 


959041 
9518 
9995 


—42 


9137 
9614 
••90 
o566 


9185 
9661 
•i38 


9232 


9280 


9328 
9804 
•280 


•328 


9423 


947 » 
9947 
•423 


48 

48 
48 


^i3 


960471 


o5i8 


o6i3 


0661 


0709 


0756 


0804 


0801 


0899 


48 


914 


0946 


0994 
i46o 
194 J 


1041 


1089 
1 563 


ii36 


1184 


I23l 


\^l 


i326 


1374 


47 


?i5 


1421 


i5i6 


1611 


i658 


1706 


1801 


1848 


47 


916 


1895 


1990 
2464 


2o38 


2o85 


2l32 


2180 


2227 


2275 


2322 


47 


9*7 


236o 


2417 


25ll 


2559 


2606 


2653 


2701 


2748 


Vll 


47 


918 


2890 
3363 


2937 


2985 


3o32 


3079 


3i26 


3174 


3221 


3268 


47 


919 


33i6 


3410 


3457 


3504 


3552 


3599 


3646 


3693 


3741 


47 


920 


963788 


3835 


3882 


3929 


3977 
4448 
4919 

6329 


4024 


4071 


41 18 


4i65 


4212 


47 


921 
922 


4260 
4731 


4307 
4778 


4354 

4825 


4401 
4872 


4495 
4966 


4542 
5oi3 


5o?i 


4637 
5io8 


4684 
5i55 


47 
47 


923 


5202 


5249 


5296 


5343 


5437 


5484 


553 1 J)57» 


5625 


47 


h 

925 


5672 
6142 


5719 
6189 


5766 
6236 


58i3 
6283 


^l 


5954 
6423 


6001 ! 6048 
6470 65 1 7 


6095 
6564 


47 
47 


926 ■ 

III 

929 


6611 

7080 


6658 
7127 


6705 
7173 


6752 
7220 


6799 
6203 


6845 
73 14 


^\ 


69io 
7408 


6986 
7454 


7033 
7501 


47 
47 


7548 
8016 


1642 
8109 


7688 
8i56 


p82 
8249 


t^ 


1875 
8343 


'^ 


8436 


47 
47 


o3o 


968483 


853o 


8576 


8623 


8670 


8716 


8763 


8810 


8856 


8903 


47 


93a 

933 


8950 
9416 
9882 


o858 

l322 


9043 
9509 
9975 


••21 


91 36 
9602 
••68 


9183 

2?f4 


9229 


9276 
9742 
•207 


9323 
9789 
•254 


8 


47 
47 

% 


934 


970347 


0440 


0486 


o533 


0579 


0626 


0672 
11J7 
1601 


1647 


0765 


935 
936 


08l2 

1276 


0904 
i369 


0951 
I4i5 


0907 
1401 


1044 
i5o8 


1090 
i554 


1229 
2167 


46 

46 


$1 


1740 


n86 


1 832 


1879 


2?88 


1971 


2018 


2064 


2110 


46 


2203l 2249 


2295 

27?8 


2342 


2434 


2481 


2527 


\^t 


2619 


46 


,939 


2666| 2712 


2804 


285i 


2897 


2943 


2989 


3o35 . 


3od2 


46 


N. 
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N." 


I 7 


3 


4 


5 


6 


7 


8 


9 


D. 


940 


9731281 3174 
'3590 36i6 


3220 


3266 


33i3 


3359 


34o5 


345i 


'^ 


3543 


46 


941 


3682 


3728 


V.li 


3820 


3866 


4834 


4oo5 


46 


942 


40DI 


a 


4143 


4189 


4281 


4327 

4788 


4420 


4466 


46 


943 


45i2 


4604 


465o 


t^ 


4742 


4880 


4926 
5386 


46 


944 


4972 5oi« 


5o64 


5no 


5202 


5248 


'^n 


5340 


46 


945 


54i'i' 5478 


5524 


5570 


56i6 


5662 


5707 


I'M 


5845 


4t 


1 946 


58oil 5o37 
6330 6396 


5983 


6o2q 
6488 


6075 
65i3 


6121 


6167 
6625 


6212 


63o4 


46 


947 
948 
949 


6442 


6579 


6671 


6717 
7175 
7632 


6763 


46 


6808; 6854 
7266 7312 


6900 
7358 


^ 


6992 
7449 


]%l 


7083 
7541 


v^ 


7220 
7678 


46 
46 


95 1 


^181 1 S226 


7815 

6272 


7861 
83i7 


It^ 


S^ 


It 


8043 

85oo 


8089 
8546 


8i35 
8591 


46 
46 


952 
.953 


8637 i 8683 
9093 9i38 


8728 
9184 


8774 
9230 


8810 
9275 
973o 


9321 


9?66 


8956 


9002 
9457 


^0^] 


46 
46 


954 


9548 9594 


9639 


9685 


9776 


9821 


9867 


Xr 


9958 


46 


955 


980003 0049 
0438 o5o3 


0094 


0140 


oi85 


023 1 


0276 

0730 


0322 


0412 


45 


956 


o54Q 
ioo3 


0594 


0640 


0685 


0776 


0821 


0867 


45 


'^l 


0912 0957 
i366; 141 1 


1048 


1093 


1139 


1184 


1683 


1275 


l320 


45 


1456 


i5oi 


1547 


1592 


i637 


1728 


1773 


45 


959 


1819' 1864 


1909 


1954 


2000 


2045 


2090 


2i35 


2181 


2226 


45 


960 


982271J 23i6 


2362 


2407 


2452 


2497 


2543 


2588 


2633 


2678 

3i3o 


45 


961 


2123 2769 


2814 


2859 


3?56 


2949 


2994 


3040 


3o85 


45 


962 


S\^5^ 3^20 


3265 


3310 


3401 


3446 


3491 


3536 


358 1 


45 


963 


3. 26, 3671 


3716 


3762 


38o7 


3852 


3397 


3942 
4392 


3987 


4o32 


45 


964 =77 4122 


4167 


4212 


4257 


43o2 


4347 


^^7 


4482 


^5 


965 


.ri27 4572 


4617 


4662 


4707 


4752 


4797 


4842 


^??7 


4932 
5382 


45 


966 


.V/77 5022 


55iZ 


5ll2 


5i57 


5202 


i^ 


5292 


5337 
5786 


45 


U 


.:k26 5471 


5561 


56oo 


565i 


5741 


5830 


45 


jnyS 


5920 
6369 


5965 


6010 


6o55 


6100 


6144 


6,89 


^2^ 


6279 


^ 


969 


i>Sli 


64i3 


6458 


65o3 


6548 


6593 


6637 


6682 


6727 


45 


970 Q'^'.772 


6817 


6861 


6006 


6951 
7398 


6996 


7040 


7??^ 


7i3o 


7175 


45 


97 » 


7.i9 


7264 


8202 


7353 


7443 


7488 


7532 


8024 
8470 


7622 
8068 
85i4 


45 


972 

973 


-.66 

Hi i3 


81 57 


7800 
8247 
8693 
9i38 


7845 
8291 


23^ 


^li 


m 


45 
45 


974 

975 


(ja.)5 


8604 
9049 


8648 


8782 
9227 


8826 
9272 


8871 
93i6 


8916 
9361 


8960 
94o5 


45 
45 


976 


V ^')o 




9583 


9628 


9672 


97»7 


9761 


9S06 


9850 


44 


978 




2«28 


••72 


•117 


•i6i 


•206 •250 


•294 
0738 


44 


9^oi|o 


0428 


0472 


o5i6 


o56i 


o6o5 


o65o 


r^^ 


44 


979 


0827 


0871 


0916 


0960 


1004 


1049 


1093 


1182 


44 


980 


9)1vj6 


1270 


i3i5 


1359 


i4o3 


1448 


2377 


1 536 


i58o 


1625 


44 


981 


"^1069 


I7I3 


1758 


1802 


1846 


1890 
2333 


»979 


2023 


2067 


44 


982 


2rii 


2i56 


2200 


2244 


2288 


2421 


2465 


25o9 


44 


983 


2i54 


25o8 


2642 


2686 


2730 


2774 


2819 


2863 


n 


3?o2 
3833 


44 


984 


2/j5 

.m56 


3o39 


3o83 


3l27 

3568 


3172 


3216 


3260 


33o4 


44 


p5 


3480 


3524 


36i3 


3657 


3701 


^'^il 


3789 


44 


986 


■iVl 


3921 
4361 


3965 


4009 


4o53 


4007 
4537 


4141 


4i85 


4229 


4273 


44 


989 


Sh-j 


44o5 


4449 


44o3 


458i 


4625 


5547 


47i3 


44 


m 


4801 
5240 


4845 
5284 


4880 
5328 


5%2 


tiU 


502I 

5460 


5o65 
55o4 


5i52 
5591 


44 
44 


990 
991 


9^:V.35 5679 
6074 6117 
6Ji2, 6555 


5723 
6161 


5767 
62o5 


58ii 
6249 


5854 
6293 
6731 


5898 
6337 


^^ 


5986 
6424 


6o3o 
6468 


44 
44 


992 


65o9 

7037 
7474 


6643 


6687 


6774 


6818 


6862 


6006 


44 


993 
994 
995 
996 


7^13 
8259 
8606 

Ql3l 




7080 
7517 

It 


2^4 


7168 
76o5 
8041 

5^77 
8913 

9348 


7212 
7648 
8o85 
8521 


7255 
7692 
8129 
8564 


8172 
8608 


7343 

El 
8652 


44 
44 
44 
44 


997 
998 


8739 

9>74 


8782 
9218 


8826 
9261 


8869 
93o5 


8o56 
9392 


9000 
9435 


9043 
9479 

99i3 


9087 
9522 


44 
44 


999 ! 9^65 


9609 


9652 


9696 


9739 


9783 


9826 


9870 


9957 


43 
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Bemabe:. The minutes in the left-hand column of each 
page, increasing downwards, belong to the degrees at the 
top ; and those increasing upwards, in the right-hand colunln, 
belong to tho degrees below. 
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(0 DEOBKES.) A TABLE OF LOGABITHMIO 



IL 


Sine 


D. 


Omm« 


D. 


Tflng, 


B, 


Ca/tMng, 







0* 000000 




lO'OOOOOO 




0.000000 




Infinite. 


60 


I 


6.463726 


5017.17 


00000c 


.00 


6.463726 


5017.17 
2934^83 


13.536274 


U 


2 


764756 

940847 

7.065786 


2934 


85 


000000 


• oo" 


764756 

940847 

7.065786 


235244 


3 

4 


2082 
i6i5 


3i 

U 
ll 

54 


000000 
000000 


• 00 
•00 


2082 -31 
i6i5^i7 


059153 

12.934214 

§37304 

758122 


u 


5 
6 


162696 

241877 


i3io 
iii5 


000000 
9-999999 


.00 

•01 


162696 
241878 


i3io^6o 
iii5-78 


55 
54 


I 


308824 
3668i6 


t. 


999999 
999999 


•01 
.01 


308825 
366817 


6?3l33 


53 

52 


9 

10 


» 


l52 

689 


63 
88 


999999 
999998 


•01 
•01 


« 


762-63 
689.88 


582o3o 
536273 


5i 
5o 


II 


7.5o5ii8 


4J9 


81 


9.999998 


•01 


7.5o5i2o 


629.81 


i2^4q488o 
457091 
422328 


it 

45 


\l 


542006 

577668 


III 


36 
41 


999997 
999997 
999996 
999996 


01 
•01 


542909 
639820 


ir^ 


14 
if 


609853 
639816 


li 


38 
14 


•01 
•01 


438-82 


390143 
360180 
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32.92 


193258 


20 


41 

42 

43 


8-807819 

811726 
813667 


32-63 
32-49 
32-34 


9-999102 


• i3 
•14 
•14 


8.808717 
8io68i 
812641 


32-78 
32.62 
32.48 


11*101283 

I893I7 
185411 


n 


44 


32-19 
32 -o5 


999077 


•14 


814589 


32^33 


16 


45 


815599 


999069 


•14 


816529 


32.10 

32.o5 


I 8347 I 


i5 


46 


817522 


31-91 


999061 


•14 


818461 


i8i53o 
179610 


14 


11 


819436 


til 


999053 


•14 


820384 


31.91 


i3 


821343 


999044 


•14 


822298 


l\:i] 


177702 


12 


49 


823240 


31-49 
31-35 


999036 


•14 


824205 


\X 


II 


5o 


825i3o 


999027 


•14 


826103 


3i.5o 


10 


5i 


8-827011 

82^884 


31-22 


9-999019 


•14 


8.827992 
829874 


31.36 


11-172008 


? 


52 


3i.o8 


999010 


•14 


31-23 


I70I26 


53 

U 


834456 


30.95 
30.82 
30.69 
30.56 
30-43 




•14 
•14 
•14 


831748 
8336i3 
835471 


3i.io 
3o.o6 
30-83 


168252 
166387 
164529 


I 

5 


56 


838??^ 


998958 


•14 
• 15 


837321 
839163 


30-70 
30-57 
30-45 


\t^^ 


4 
3 


839956 


3o.3o 


• i5 


840998 
842825 
844644 


159002 


2 


U 


8435^5 


3o»i7 
30-00 


998950 
998941 


• 15 
.i5 


3o-32 
3o-i9 


'M 


I 
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D. 


Sine 




Cotang. 


D. 
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M. 
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D. 
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D. 
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D. 
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60 


o 


8.843585 


30- o5 


9'99'^'fU 


.i5 


8.844644 


30.19 


11.155356 


2 


845387 
847183 


29-92 
29.80 


9<v..23 


.15 
• 15 


846455 
848260 


30.07 
29.05 
29.82 


153545 
151740 


U 


3 


848971 


29-55 


9<^"oi4 


• 15 


85oo57 


\t,il 


U 


4 


850751 
852525 


9c^^:'-^o5 


• 15 


85i846 


im 


5 


29-43 


9</-'^-^7 


.i5 


853628 


146372 1 55 


6 


8;«429i 


29.31 


.15 


855403 


29-46 


144597 ; 54 


I 

9 


R:.oo49 
^:)78oi 
859546 


29- 19 

20.07 

2896 
28.84 


9^,^.78 
9<,->.69 
9(1 "■■■60 


•15 

15 

.15 


857171 


29-35 

29 -23 

29-11 


142829 
141068 
139314 


53 
52 
5i 


10 


861283 


9<>^5i 


.15 


862433 


29-00 


137567 


5c 


II 


8-863014 


28-73 


9.998841 


.i5 


8.864173 


28.88 


11.135827 


S 


12 


864738 


28-61 


"^ 998832 


.i5 


865906 
867632 


iVd 


134094 


i3 


866455 


28-50 


998823 


.16 


132368 


S 


14 


8681 65 


28-39 
28.28 


998813 


.16 


869351 


28.54 


I 30649 
128936 


i5 


869868 


998804 


.16 


871064 


28.43 


45 


i6 
»9 


871565 
873255 


28-17 
28-06 


SH 


.16 
.16 


872770 
874469 


28.32 
28. 21 


127230 
125531 


44 
43 


874938 
876615 


l]t 


998766 


.16 
.16 


876162 
877849 


28.11 
28.00 


123838 

122l5l 


42 
41 


20 


878285 


27-73 


998757 


.16 


879529 


27.89 


120471 


40 


21 
22 


8.879949 
88 I 607 
883258 


27-63 
27-52 


9-9^j^747 
9fjS738 


.16 
.16 


8.881202 
882869 


'?-i 


11-118708 
1171^1 


^ 


23 


27-42 


9<jS-28 


.16 


884530 


27.58 


115470 


U 


24 


884903 
886542 


27-31 


9«^^"i8 


.16 


886i85 


27-47 


Ii38i5 


25 


27-21 


9t,^-t>8 


.16 


887833 


27.37 


112167 


35 


26 


888174 


27.11 


9<,^^B9 


.16 


889476 


27.27 


110524 


34 


11 

29 


889801 


27-00 
26-90 
26-80 


.16 


891112 


27.17 


108888 


33 


891421 
893035 


9cji^79 
9fJ^^69 


.16 
•17 


892742 
894366 


27-07 

iv, 


107258 
105634 


32 

3i 


3o 


894643 


26.70 


9i,Hf,59 


.17 


895984 


104016 


3o 


3i 


8-896246 


26.60 


9-998649 


•17 


8.897596 


26.77 
26.67 

26.58 


II .102404 


It 


32 


807842 


26.51 


998639 


-17 


899203 


100797 


33 


899432 


26.41 


998629 


-17 


900803 


099197 


'2 


34 


901617 


. 26.31 


998619 


-17 


902308 


26.48 


097602 


26 


u 


902506 
904160 
905736 


26.22 
26.12 


998509 


.17 
.17 




26.38 
26.29 


096013 
094430 


25 

24 


u 

39 


26. o3 


998580 


.17 


907147 
908710 
910285 


26.20 


092853 


23 


^mi 


25.93 
25.84 


998568 


•17 
•17 


26- 10 
26.01 


091281 


22 
21 


40 


910404 


25.75 


998558 


.17 


911846 


25.92 


088154 


20 


41 


'■& 


25.66 


9.998548 


.17 


8.913401 


25.83 


11.086599 


\t 


42 


25.56 


998537 


.17 


91 495 I 


25.74 


o85o49 
o835o5 
081966 


43 
44 


9l5022 

9i655o 


25.47 
25.38 


» 


■M 


916495 
9180J4 


25.65 
25. 56 


\l 


45 


918073 


25.29 


998506 


•i8 


919568 


25.47 
25-38 
25.30 


080432 


i5 


46 


919591 
921 io3 


25.20 
25.12 


^fl 


.18 
.18 


921096 
922610 
924 I 36 


» 


14 
i3 


922610 


25.03 


Sli 


.18 


25.21 


075864 


12 


g 


924112 
925609 


24-04 
24-S6 


.18 
.18 


» 


25.12 
25.03 


074351 
072844 


II 
10 


3i 

52 


8.927100 


24-77 
24'C'9 


9.998442 
998431 


.18 
.18 


8.928658 
93oi55 


24.9^ 
24-86 


11 .071342 
060845 
068353 


? 


53 


24*60 


998421 


.18 


931647 


24-78 


I 


54 


93 I 544 


24-52 


998410 


.18 


933i34 


24-70 


066866 


55 
56 

u 

59 


93301 5 
934481 


24-43 
24-35 
24-27 
24-19 

24-11 


998355 


.18 
.18 
.18 
.18 
.18 


934616 

^75?5 
939032 
940494 
9419^2 


24-61 
24-53 
24.45 
24-37 
24 -30 


065384 


5 


6o 


940296 


24*o3 


998344 


.18 


24.21 
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D. 


1 Sine 




Cotang. 


D. 


Tang. 
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VL 


Bine 


D. 


Cosine 


D. 


Tang. 


D. 


Gotiuig. 







8.94M06 


24 -03 


9.998344 


.19 


8.941952 


24- 21 


ii.o58o48 


60 


I 


94 ;38 


23 


?7^ 


998333 


.19 


943404 


24 


i3 


056596 


^ 


9 


943174 


23 


998322 


.19 


94485a 


24 


o5 


o55i48 


3 


944606 


23 


79 


998311 


.19 


946205 
9477^4 


23 


97 


053705 57 
052266 56 


4 


946034 


23 


7i 


998300 


.19 


23 


r. 


5 


947436 


23 


63 


998289 


.19 


949168 


23 


o5o83a 55 


6 

2 


948874 
000287 
951696 


23 
23 


55 

48 


998266 


.19 
.19 


950597 
952021 


23 
23 


'd 


049403 54 


23 


40 


998255 


.19 


953441 


23 


6c 


9 


953100 


23 


32 


998243 


.19 


954856 


23 


5i 


045144 5i 


10 


954499 


23 


25 


998282 


.19 


956267 


23 


44 


043733 [ 5o 


II 


« 955894 
957284 


23 


17 


9.998220 


•19 


8.957674 


23 


37 


11-042326 1 49 


12 


23 


10 


998209 


.19 


959075 


23 


ll 


040915 


48 


13 


23 


02 


S'M 


.19 


9604.73 


23 


o39''27 


2 


14 


22 


^ 


•19 


961866 


23 


14 


o38i34 


15 


961429 


22 


998174 


.19 


963255 


23 


07 


036745 


45 


16 


962801 


22 


80 


998163 


.19 


964639 


23 


00 


o3536i 


44 


\l 


964170 


22 


n 


;^i5i 


.19 


966019 


22 


^ 


o33q8i 


43 


965534 


22 


998130 
998128 


>20 


» 


22 


o326o6 


42 


»9 


966893 


22 


59 


.20 


22 


79 


o3i234 


41 


20 


968249 


22 


52 


998116 


•20 


970133 


22 


7' 


029867 


40 


21 


S. 069600 


22 


44 


9.998104 


.20 


974209 


22 


65 


1 1 .028504 


^ 
U 


2a 

23 


970947 


22 
22 


38 
3i 


^ 


.20 

• 20 


22 
22 


I] 


027145 
025791 


24 


22 


24 


998068 


.20 


975560 


22 


44 


024440 


25 


974962 


22 


n 


998056 


.20 


976906 


22 


37 


023094 
021752 


35 


26 


976293 


22 


10 


998044 


.20 


978248 


22 


3<i 


34 


u 


977619 
978941 


22 


o3 


9?8o32 


.20 


« 


22 


23 


020414 


33 


21 


97 


998020 


.20 


22 


17 


019079 


32 


g 


^157? 


21 
21 


^ 


998008 
997996 


.20 
.20 


oSaiSi 
983577 


22 
22 


10 

04 


017740 
016423 


3i 
3o 


3i 


8-982883 


21 


77 


9.997985 


•20 


3.984899 


21 


97 


w.oi5ioi 


S 


32 


984189 


21 


S 


99797a 
997959 


.20 


986217 


21 


?i 


013783 


33 


985491 


21 


.20 


^0149 


21 


012468 


25 


li 


^J? 


21 

21 


t 


997947 
997935 


.20 
>2I 


21 
21 


78 
11 


oiii5d 
009851 
008549 


36 


» 


2t 


44 


997922 


.21 


991451 


21 


65 


24 


ll 


21 


38 


997010 


•21 


992760 


21 


58 


007250 
006955 
004663 


23 


991943 


21 


3i 


997^7 


.,21 


994045 


21 


52 


22 


39 


993222 


21 


25 


•21 


995337 


21 


46 


21 


40 


994497 


21 


19 


997872 


•2t 


996624 


21 


40 


003376 


20 


41 


8.995768 


21 


12 


9.997860 


.21 


8-997908 


21 


34 


11.002092 




4a 
43 


99^036 


21 
21 


06 
00 


a 


•21 
*2I 


999188 
9.000465 


21 
21 


27 
21 


000812 

10.999535 

998262 


44 


20 


t, 


997822 


.21 


001738 


21 


i5 


45 


9*ooo8i6 


20 


997809 


• 21 


oo3oo7 


21 


97 


996993 


i5 


46 


002069 
oo33i8 


20 
20 


8a 
76 


M 


.21 

.21 


004272 
005534 


21 
20 


995728 
994466 


14 
i3 


0O4563 


20 


S 


997771 


•21 


006792 


20 


ll 


993208 


12 


49 


oo58o5 


20 


997758 


.21 


008047 
009298 


20 


991953 


II 


56 


007044 


20 


58 


997745 


•21 


20 


80 


990702 


1.0 


5i 


9.008278 


20 


52 


9.997732 


•21 


9.010546 


20 


62 


10.989454 
988210 
986969 


t 
I 


52 

53 


009510 
010737 


20 
20 


46 
40 


997719 
997706 
997603 

997680 


•21 

•21 


^;j2?? 


20 
20 


54 


01196a 


20 


34 


.22 


014268 


20 


56 


985732 


55 


oi3i82 


20 


It 


.22 


oi55o2 


20 


5i 


984498 
983268 


5 


56 


014400 


20 


997667 


.22 


01673a 


20 


45 




u 


oi56i3 


20 


17 


997654 


•22 


- 017959 
019183 


20 


40 


982041 




016824 


20 


12 


997641 


•22 


20 


33 


980817 




59 


oi8o3i 


20 


06 


99762* 


•22 


020403 


20 


28 


VM 




6o 


019235 


20.00 


997614 


•22 


021620 


20*23 
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D. 
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M. 
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D. 
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9*oi9235 


2O-0O 


9.997614 


.22 


9.021620 


90.23 


10.978380 


^ 


1 


020435 


19.05 
19.89 


997601 


• 22 


022834 


90.17 


V,^ 


52 


2 


0216S2 


W588 


•22 


024044 


90-11 


58 


3 


022825 


19.84 


997574 


.22 


025251 


9o-o6 


973545 


U 


A 


024016 


19.78 


997561 


•22 


026455 


20-00 


5 


025203 


19.73 
19.67 


997547 1 


•22 


027655 
028862 


19.95 


972345 


55 


6 


026386 


997534 


.23 


19.79 


971148 


54 


I 


027567 
028744 


19.62 
19.57 


997520 
997507 


.23 
.23 


o3oo46 
o3i237 
032425 
o336o9 


W. 


53 

52 


9 

10 


029918 
081089 


19-51 
19.47 


997403 
997480 


.23 
.23 


19.74 
19.69 


m 


5i 
5o 


II 


9*o32257 


19-41 


9.997466 


.23 


9-034791 


19.64 


10.966209 


§ 


12 


033421 


19.36 


997452 


.23 


035969 


19.55 


9^^221 


i3 


o34582 


19.30 


997439 
997425 


.23 


037144 

o3d3i6 


19.53 


962866 


2 


14 


036^^ 


1925 


.23 


19.48 


961684 


i5 


19.20 


997411 


.23 


039486 


19-43 


960616 


45 


i6 


o38o48 


I9'i5 


» 


.23 


o4o65i 


19-38 


« 


44 


19 


089197 


19.10 


.23 


041813 


19.33 


43 


040342 
041485 


lO'o5 
18.99 


907360 
997355 


•23 
.23 


042973 
044 I 3o 


19.28 
19.23 


XI 


42 
41 


20 


042625 


18.94 


997341 


.23 


046284 


19. 18 


964716 


40 


21 

22 


9*043762 
''044695 


18.89 
18.84 


9.997327 
o973i3 
697200 
997285 


•24 
-24 


9.046434 

047582 

049860 
061008 
062144 


19-13 
19 08 


10.953566 
962418 


^ 


23 

24 


046026 
047154 
048279 
049400 


fs.]t 


•24 

.24 


19.03 
16.98 


961273 
960131 


U 


25 

26 


18.70 
i8.65 


997271 
997267 


•24 

•24 


18-93 


HHf 


35 


U 


o5o5i9 
o5i635 


18.60 


997242 


•24 


053277 


18-84 


33 


18.55 


997228 


•24 


064407 
065535 


18-79 


39 


29 


052749 
053659 


i8.5o 


997214 


•24 


18-74 


3i 


3o 


18.45 


997199 


•24 


066669 


18.70 


943341 


3o 


3i 

32 


9.054966 
o56o7i 


18.41 
18.36 


9.997185 
997170 


•24 
•24 
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18.65 
18-69 
18-55 
18-61 
18.46 


10.942219 
941100 


^ 


33 
34 
35 


059367 


18.31 
18.27 
18. 22 


997166 
997'4i 
997127 


•24 
•24 

•24 


060016 
061 I 3o 
062240 




95 


36 


060460 


18.17 
i8.i3 


997112 


.24 


063348 


18.42 


24 


U 


o6i55i 


^,^. 


•24 


064453 


18.37 
18-33 


935547 


23 


062639 


18.08 


.25 


065556 


934444 


22 


39 


063724 
064606 


18.04 


997068 


.2jr 


066665 


18.28 


933345 


21 


Z 


17.99 


997053 


.25 


067752 


18.24 


932248 


20 


41 


9-065885 


17-94 


9.997039 


.25 


9.068846 


18.19 
18.1! 


10.931164 


\t 


42 


066962 


17.81 


997024 


.25 


069938 


930062 


43 
44 


o68o36 
069107 
070176 
071242 


9*^7009 
996994 


.25 
.25 


071027 
0721 i3 


18.IC 
18.06 


926722 
924644 


\l 


45 
46 


'7-77 


M 


.25 

.25 


.073197 
074276 
075356 


18.02 


i5 
14 


% 


072306 


996949 


.25 


i7-oi 


i3 


073366 


17-63 


996934 


.25 


076432 


17.69 


923568 


12 


49 


074424 


l?:i? 


996919 


•25 


XI 


17.84 


922496 


11 


5o 


075480 


996904 


.25 


17.80 


921424 


10 


5i 


o> 076533 


i7'5o 


9.996889 


.25 


9-079644 


17.76^ 


10.990356 


t 

7 


59 

53 
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17-46 
17-42 


» 


.25 
.25 


080710 


17.72 
17-63 


910290 
916227 


54 


079676. 
080719 


17-38 


996843 


.25 


917167 


6 


55 


17.33 


996828 


.25 


083891 


;?■?? 


5 


56 


081759 


17.2? 


996812 


.26 


084947 


4 


U 


a 


996707 
996782 


.26 


086000 


17.51 


914000 


3 


17.21 


.26 


087060 
086098 


-S 


912960 


2 


^ 


084864 


17.17 
17.13 


996766 


.26 


911 902 
910866 


I 


60 


085894 


996761 


.26 


089144 


17.38 
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J). 


Tang. 
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Siiie 


D. 
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D. 


Tang. 


1 B. 


Cotang. 







9.085894 


17-13 


9-996751 


.26 


9089144 


17.38 


10-910856 


60 


I 
a 


086922 
08^947 
088970 
089990 


17.09 
17-04 


996735 
996730 


.26 
.26 


090181 
091228 


iV34 
17.30 


900813 

908773 


U 


3 
4 


17.00 
16 96 


^i 


.26 
.36 


092266 
093302 


17.37 

17-23 


u 


5 


091008 


16. 03 

16. 88 


« 


.26 


094336 


17.19 
17.15 


55 


6 


092034 


.26 


095367 


904633 


54 


2 


093037 


16.84 


996641 


.36 


096395 


17.11 


9o36o5 


53 


M 


16.80 


996635 


.36 


**098446 


I6-99 


& 


52 


9 


16.76 


996610 


.36 


5i 


lo 


096063 


16.73 


996594 


.36 


099468 


900533 


5o 


II 

12 


'■^ 


16.68 
16.65 


^•ffl 


•27 
.37 


9- 100487 
ioi5o4 


16-95 
16.91 
16-87 


i3.89o5i3 
8^468 


S 


i3 


099065 


16.61 


996546 


.37 


102519 


2 


14 


100062 


16.57 
16.53 


996530 


.27 


103532 


16.84 


i5 


1OI056 


996514 


.37 


104542 


16-80 


895458 


45 


i6 


'103048 


16.49 
16.45 


996498 
996483 


.37 


io555o 


16.76 


. 894450 


44 


\l 


io3o37 
ito4o25 


.37 


106556 


16.73 
16.69 
16.65 


893444 


43 


16.41 


996465 


•27 


\& 


893441 


42 


19 


io5oio 


16-38 


a 


.27 


891440 


41 


30 


105992 


16.34 


.27 


109559 


16.61 


890441 


40 


21 


9.106923 
I0795I 
108927 


i6.3o 


9.996417 


.27 


9*iio556 


16-58 


10-889444 
888449 


U 


22 


16-37 
16.33 


996400 


.27 


iii55i 


16-54 


23 


996384 


.27 


113543 


i6.5o 


887457 


U 


84 


\^,l 


16.19 
16.16 


996368 


.27 


113533 


16-46 


886467 


25 


996351 


.27 


1 14531 


16.43 


' 88547Q 
88449^ 


35 


26 


II 1843 


16. 13 


996335 


• 27 


ii55o7 


16.39 
16.36 


34 


U 


1 1 2809 


16. 08 


996318 


-.11 


I 16491 


883500 
882538 


33 


113774 


16. o5 


996303 


118453 


16-33 


32 


29 


16.01 


996285 


.28 


16-39 
16. 35 


881548 


3i 


36 


15-97 


996269 


.28 


119429 


880571 


3o 


3i 

33 


9. I 16656 
117613 

118567 


15-94 

15*?? 
15-83 


9-996252 
996235 


-28 
.28 


9-130404 
133348 


l6-33 

16.18 


'"•^ 


^ 


33 


996219 


.28 


i6.i5 


877653 


U 


34 


I 19519 


996202 


.28 


133317 


16.11 


876683 


35 


130469 


15.80 


996185 


.28 


134384 


16.07 


875716 


25 


36 


121417 


15.76 


996168 


-28 


135349 


16. 04 


874751 


34 


ll 


132363 


15.73 
15.69 
i5.66 


996151 


.28 


136311 


16.01 


873038 


33 


i333o6 


996134 


.28 


127173 


15.97 


32 


39 


134348 


9961 17 


.28 


i38i3o 


15.94 


871870 


21 


40 


125187 


i5.63 


996100 


.28 


139087 


15.91 


870913 


20 


41 

42 


9.136135 
137060 


liM 


9-996o83 
996066 


.39 
.39 


9.13004 I 
l3o994 


15.87 
15.84 


"S 


\l 


43 


137993 


1553 


996049 


.39 


i3iQ44 
i338o3 


15.81 


\l 


44 


138925 


;?:i? 


996032 


.39 


15.77 


867107 

866161 


45 


129854 


996015 


.39 


15-74 


i5 


46 


130781 


15.43 


995963 


.39 


134784 


i5-7i 
15-67 
i5-64 


865216 


14 


12 


131706 
i3263o 


i5-3o 
i5.35 


.39 
.29 


135236 
138543 


864274 
863333 


i3 
12 


49 


i3355i 


15-32 


995946 


.29 


i5.6i 


8^62395 
• 861458 


11 


So 


134470 


i5-29 


995938 


.29 


15-58 


10 


51 


'■'S 


15-25 


9.995011 
995894 


.29 


9.139476 


15-55 


io.86o534 


t 


52 


15.32 


.29 


140409 


i5.5i 


85?6?i 


53 


137316 
138138 
139037 


15.19 
i5.f6 

I5.12 


9958?^ 
995841 


.29 
.29 
.29 


i4i34o 
142269 
143196 


15.48 
15.45 
15.43 


I 

5 


56 
S9 




15.09 
15.06 


995823 
995806 


.29 
.29 


U4r2i 
145044 


;i:l? 


855879 
854956 


4 
3 


141754 
143655 


i5.o3 
i5oo 


995788 


.^9 
.29 


145966 
146885 


15.32 
15.39 
15.36 


854034 
853ii5 


1 

I 


60 


143555 


14-96 


.29 


147803 


853197 







Cosine 


D. 


Fine 




Cotang. 


D. 


, TflDg-. 



(82 DXORIESS.) 



26 



(8 DEGBEEa) A TABLE 07 LOQABITHiaO 



M. 


Bine I 


). 


Cosine 


D. 


Tang. 


D. 


Cotang. 







9-143555 14 


96 


9 995753 


.30 


9-147803 
148718 
149633 


15.36 


10.853197 
851282 


60 


1 


144453 14 


•93 


^5735 


•30 


i5. 


33 


U 


3 


145349 14 


.84 


995717 


.30 


i5. 


30 


85o368 


3 
4 


■ 146343 14 
147x36 14 
148036 14 




-30 
-30 


i5o544 
i5i454 


i5. 
i5. 


«7 
14 


840456 
848546 


u 


5 


.81 


^5664 


.30 


153363 


i5. 


11 


847637 


55 


6 


148015 14 
149803 14 


•78 


995646 


-3o 


153369 


i5. 


08 


846731 
845826 


54 


I 


75 


995628 


•30 


154174 


i5 


o5 


53 


i5o686 14 


s 


995610 


.30 


i5507- 


i5 


03 


844923 


53 


9 

10 


i5i569 14 
i5345i 14 


995591 
995573 


-30 
-30 


\'^'. 


14 
14 


^ 


844022 
843123 


5i 
5o 


II 


9-153330 14 


.63 


9.995555 


-3o 


9-157775 


14 


93 


10-842225 


1? 


13 


I 54308 14 


60 


^5537 


-3o 


14 


F 


841329 
840435 


13 


i55o83 14 


57 


995519 


-3o 


14 


ii 


U 


'X \i 


54 


995501 


.3i 


160457 


14 


84 


83o543 
838653 


i5 


5i 


995483 


.31 


161347 
162236 


14 


81 


45 


16 


157700 14 

i5856o 14 
159435 14 


48 


995464 


.31 


14 


'i 


w 


44 


\l 


45 


995446 


-3i 


i63i23 


14 


43 


43 


995427 


-31 


164008 


14 


73 


835992 1 43 1 


19 


i6o3oi 14 


^ 


995409 


-31 


164893 


14 


2? 


835io8 


41 


30 


161164 14 


995390 


31 


165774 


14 


834336 


40 


31 


9.163035 14 


33 


9.995373 


.31 


9-166654 


14 


64 


10-833346 




33 
33 


162885 14 
163743 14 
164600 14 


3o 

27 


995353 
995334 


.31 
.31 


167533 
168409 


14 

14 


61 
58 


832468 
83 1 591 


34 


34 


995316 


.31 


169284 


14 


55 


820^ 
828971 
828101 
827233 
826366 


35 


165454 14 


33 


995297 
995278 
995260 
9q524i 
995333 


.31 


170157 


14 


53 


35 


26 

11 


I 66307 14 
i67i5o 14 
168008 14 


i3 


.31 
.31 

.33 


171029 
171809 
172767 
173634 


14 
14 
14 


5o 

47 
44 


34 
33 

33 


29 


168856 14 


10 


.32 


14 


43 


3i 


3o 


169703 14 


07 


995303 


.32 


174499 


14 


39 


825501 


3o 


3i 


9.170547 14 


o5 


9-995184 


.32 


9.175362 


14 


36 


10-824638 


U 


33 


171389 14 


03 


9^5.65 


.32 


176224 


14 


33 


823776 


33 


172230 i3 


^ 


995146 


.32 


177084 


14 


3i 


822916 


U 


34 


173070 1 3 


995127 
995108 


32 


iS 


14 


38 


822058 


35 


173908 i3 


94 


.32 


14 


25 


821201 


35 


36 


174744 i3 
175*78 1,3 


^ 


995089 


.32 


14 


23 


820345 


34 


11 


995070 
995o5i 


•32 


i8o5o8 


14 


20 


810492 
81A640 


23 


176411 i3 


86 


.32 


i8i36o 


14 


\l 


32 


39 


177243 1 3 
178073 73 


83 


Q95o33 


.32 


182211 


14 


817789 
8*6941 


31 


40 


80 


995oi3 


•32 


i83o59 


14 


.13 


30 


41 


9-178900 i3 


77 


9•9^3o93 


.32 


9.183907 


14 


09 


10-816093 


\t 


42 


179726 i3 


74 


9.,-i')74 


.32 


184753 
i855o7 
1864^9 


14 


07 


8 I 5248 


43 


i8o55i i3 


64 


9'>w55 


.32 


14 


04 


8i44o3 


n 


44 


181374 i3 


9,,.o35 


O2 


14 


03 


81 3561 


16 


45 
46 


183196 i3 
i83oi6 i3 


9i/;oi6 
9vr^ 


33 
.33 


187280 
188120 


i3 
i3 


v> 


812720 
811880 


i5 
14 


S 


183834 i3 


61 


9....H77 

til 

97.^18 


.33 


188958 


i3 


93 


811043 


i3 


i8465i i3 


53 


.33 


189794 


i3 




810206 


19 


n 


185466 i3 
186380 i3 


.33 
.33 


190629 
191462 


i3 
i3 


8^5]8 


II 
10 


5i 


9.187093 l3 


5i 


9.994798 


.33 


9- 192294 


i3 


84 


10.807706 
806876 
806047 


1 

I 


53 

53 


187903 i3 
188713 i3 
189610 i3 
190325 i3 


48 
46 


994779 
994739 


.33 
.33 


193124 
193953 


i3 
i3 


81 


54 


43 


994739 


.33 


194780 


i3 


8o5220 


55 


41 


994719 


.33 


195606 


i3 


74 


804394 


5 


56 


191130 i3 


38 


994700 
994680 
994660 


.33 


196430 


i3 


g 


803570 


4 


U 


191933 i3 
193734 i3 
193534 i3 


36 
33 


.33 
.33 


197253 
19^74 


i3 
i3 


801926 


3 

9 


59 


3o 


994640 


.33 


198894 


i3 


64 


801106 


I 


66 


194333 i3 


38 


994630 


.33 


199713 


i3.6i 


800387 









). 


Sine 




CotanjT. 


D. 


Ttog. 


M. 
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27 



M. 




D. 


Cosine 


D. 


Tang. 


D. , 


Cotang. 




1 


9 194332 


X3.28 


9.994620 


.33 


9.199713 
200539 
30x345 


i3-6i 


10-800287 


6c 


2 


\l%ll 


i3-26 
13-23 


994600 
094580 


.33 
.33 


lit 


» 


5^ 


3 

4 


196^19 
198302 


13-21 

13.18 


994560 
994540 


34 
.34 


203X59 

202971 


13-54 
13.52 


797841 
797020 
796218 


U 


5 


13.16 


994519 


•34 


203783 
204592 


13.49 


55 


6 


199091 


i3.i3 


994499 


•34 


i3-47 
13-45 
J3-42 
i3-4o 


795408 


54 


I 

9 


2oi45l 


i3.li 
i3.o8 
13-06 


994479 
994450 
994438 


.34 
.34 
•34 


2o54oo 
206207 
20701 J 


iqJtboo 

793793 

. 792987 

792183 


53 

52 

5i 


10 


202234 


l3-o4 


994418 


■34 


207817 


i3.38 


5o 


II 


9«2o3oi7 


i3-oi 


9.994397 


•34 


9.208619 


13-35 


io-79i38i 


it 


13 


203797 
m53?4 


12-96 


994377 
994357 
994336 


.34 


209430 


13- 33 


700580 


i3 


.34 


2103 30 


i3-3i 


780780 


% 


14 


12-94 


•34 


2IIO18 


13-28 




i5 


2o6i3i 


12-93 
12-89 


9943x6 


•34 


2ii8i5 


13-26 


788?85 


45 


i6 


206906 
207619 
208452 


994395 
904274 
994254 


•34 
.35 
.35 


2I261I 
2i34o5 
214198 
2149S9 


i3-24 

13-21 

13.19 


785802 


44 
43 
42 


19 


209232 


12-82 


994233 


.35 


13.17 
i3.i5 


785oi I 


41 


2q 


209992 


I2'8o 


994212 


.35 


215780 


784220 


40 


31 


9 •210760 
211^26 


12.78 


9-994191 


.35 


9.216568 


13.I2 


10.783432 


^ 


27 


12.75 


9941 7 I 
9941 5o 


.35 


217350 


i3-io 


782644 


23 


211391 


12.73 


.35 


218142 


i3.o8 


78x858 


u 


24 


2i3o55 


12.71 

12.68 


994120 
V 994108 


.35 


218926 


i3.o5 


781074 


25 


2i38r8 


.35 


219710 


13 -o3 


780290 


35 


26 

11 


214^79 
215338 


12.66 
12-64 


994066 


.35 
.35 


320492 

221272 
2220D2 


i3-oi 
12-99 


778738 


34 
33 


2!68?4 


12.61 


994045 


.35 


12-97 


777948 


32 


29 


12.59 


994024 


.35 


222830 


12-94 


77^3^ 


3i 


So 


217609 


12.57 


994003 


.35 


2236o6 


12. 92 


3o 


3i 


9. 218363 


12.55 


9.993981 


.35 


9.224383 


12.90 
12.88 


10.775618 


^ 


32 


219116 


12.53 


993960 


.35 


225i56 


774844 


33 


219868 


12. 5o 


sa 


.35 


225929 


12.86 


774071 


U 


34 


220618 


12.48 


.35 


226700 


12-84 


773300 


35 


231367 

2231l5 


1 2 .46 


.36 


228239 


12-81 


772529 


25 


36 


12.44 


ssi 


.36 


12-79 


771761 


24 


u 


222861 


12.42 


.36 


229007 


\l]l 


770993 


33 


2236o6 


12.39 


993832 


.36 




22 


39 


224349 


12.37 
12.35 


993811 


.36 


12.73 


760461 


21 


40 


225092 


993789 


.3^ 


23l302 


12-71 


768698 


20 


41 


9-225833 


12-33 


9.993768 


.36 


9.232065 


1269 


10-767935 


\l 


42 


226573 


I2-3l 


993746 


.36 


232836 


1267 

12-65 


766414 


43 


227311 
22A048 


13-28 


993725 


.36 


333586 


n 


44 


12-26 


993703 


.36 


234345 


12-62 


765655 


li 


45 


228784 
229518 


1224 


993681 


.36 


235io3 


12-60 


764897 


i5 


46 


12-22 


993660 


.36 


235859 


12-58 


7641 41 


14 


% 


230252 


12-20 


993638 


•36 


236614 


12.56 


763386 i3 


230984 


12-18 


993616 


.36 


237368 
238120 


12.54 


762632 13 


49 


231714 


12-16 


993594 


.37 


12.52 


761880 11 


5o 


232444 


1214 


993572 


•37 


238872 


12.50 


761 138 


10 


di 


9233172 


12. 12 


9.993550 


.37 


9.23962^ 


12.48 


ic .760378 


t 
I 


5a 
53 


233899 
23462! 


12.09 
12-07 

ia.o5 


993528 
993506 


:i? 


^ 240371 
341118 


12.46 

13. 44 


?^1 


54 


235349 
236073 


993484 


.37 


241865 


12-42 


758i35 


55 


12-03 


99346a 


.37 


242610 


13*40 


757390 


5 


56 


238235 


12-01 


993440 


.37 


243354 


12-38 


756646 


4 


U 


11-99 


993418 


.37 


244007 
244839 


12-36 


755903 


3 


11-97 

11-95 


P93396 


.37 


13-34 


755161 


9 


59 


238o53 
239670 


993374 


•37 


245579 


12-33 


'^li^V 


1 


60 


11.93 


993351 


•37 


246319 


13.30 


753681 





1— 


Cosine 


D. 


Sine 1 


Cotang. 


D. 


Tang. 


Jtf^ 



(80 DEGREES.) 



M 



(10 I>£OBE£S.) A TABLB OF LOOABimMIO 



u. 


Sine 


^ !>• 


Cosine 


D. 


Tang. 


D. 


Cotang. 







'■a 


n.,3 


9.993351 


.37 


9.246319 


i2.3o 


10.753681 


60 


I 


\\:% 


993329 


•37 


247057 


12.28 


752943 


^ 


2 


241 101 


ffl 


.37 


248530 


12.26 


762206 


3 


241814 


\\:ll 


•37 


12.24 


751470 


57 


4 


242526 


993262 


.37 


249264 


12.22 


750736 


56 


5 

6 


243237 


11.83 
;i.8i 
11.79 


993240 
993217 
993195 


.38 


1^0 

251461 


12.20 
12.18 
12.17 
12.l5 


750002 
7492 "»0 
748539 


55 
54 
53 


i 


245363 


iil 


993172 


.38 


252191 


747809 


52 


9 


246060 
246775 


993149 
993127 


.38 
•38 


252920 
253648 


12.13 
12. II 


747080 
746352 


5i 
5o 


II 


9 247478 


'a 


9.993104 


.38 


9-254374 


1209 


10.745626 


^ 


12 


24»i8i 


993081 


.38 


255 100 


\l^ 


744900 


i3 


248883 


wii 


S^ 


.38 


255824 


743453 


2 


U 


149583 


.38 


256547 


12. o3 


lb 


250282 


11.63 


99301 3 


.38 


257269 


12.01 


742731 


45 


i6 


250980 


II. 61 


992990 
992967 


.38 


^^J??S 


12.00 


742010 


44 


;2 


251677 
252373 
253067 


;::^ 


•38 


11.98 


741290 


43 


992944 


.38 


259429 
260146 


11-96 


a 


42 


19 


II. 56 


w 


.38 


11-94 


41 


20 


253761 


11-54 


.38 


260863 


11-92 


,39,37 


4c 


21 

22 


9.254453 
255144 


11.52 
11.50 


9.992875 

992852 


.38 
.38 


9.261578 
262292 


;;:?? 


10-738422 

737708 


U 


23 

24 


255834 
256523 


wi 


992820 
992806 


.39 
.39 


263oo5 
264428 


wii 


» 


u 


15 


25721 1 


11-44 


992783 


.39 
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39353T 


9.03 
9.02 


607011 
606469 


I 


55 


38ii34 


l:S 


.52 


394073 


9.01 


» 


5 


56 


381643 


M 


.5a 


394614 


O'OO 

h 


4 


U 


382152 
382661 


n 


.52 
.52 


395154 


604846 
604306 


3 
2 


59 


383 168 


8.45 


52 


l:V> 


603767 . I 


6o 


383675 


8.44 


986904 


.52 


396771 


603229 1 




CkMine 


D. 


Sine 


1 Gotanff. 


D. 


Tanjc. IM. 



27 



(70 bSORSBS.) 



83 



(U DEGBEES.) A TABLE OF LOaABCtHinO 



M. 


Siue 


D. 


Cosine 


D. 


Tai^g. 


D. 


Ooteng. 




? 


9.383675 
384182 


8.44 
8.43 


9.9^6904 
i-/i^>^73 


.52 

.53 


39?383 


8.96 
8.?6 


10.603239 
602691 


60 


1 3 


334687 


8.42 


NjS^-,S4i 


.53 


8.95 


602154 


1 3 


385192 


8.41 




.53 


!'94 


601617 


^ 


i 4 


385697 


8.40 


.53 


399455 


8-93 


601981 


5o 


i 5 


386201 


8.39 
8.38 


9Hr,746 


.53 


8.92 


600545 


55 


' 6 


386704 


■-/■'i:i4 


.53 


399090 
400624 


8.91 


600010 


54 


2 


387207 


8^3? 


oS'.^B3 


.53 


8.00 


» 


53 


38871 I 


96005 I 


.53 


4oio58 


8.80 


53 


9 

10 


8.35 
8.34 


986619 

986587 


.53 
.53 


401 591 
402124 


8*87 


598409 
597876 


5i 

5o 


II 

13 


0-3892II 
3897 II 


8.33 
8-32 


Q.986555 
986523 


.53 
.53 


9*402656 
4o3i87 
403718 


8.86 
8.85 


10.597344 
596813 


1? 


i3 


390210 


. 8.3i 


986491 
986459 


.53 


8.84 


596282 


U 


14 


390708 


8.3o 


.53 


404249 
404778 
4o53o8 
405836 


8.83 


595751 


i5 


391206 


8.28 


m 


.53 


8.82 


595222 


45 


i6 


391703 


8.27 
8.26 


.53 
•54 


8.81 
8.80 


» 


44 
43 


8.25 


986331 


.54 


406364 


8.77 


593636 


42 


19 

20 


3936^5 


1:^^ 





•54 
•54 


406892 
407419 


593108 
592581 


41 
40 


at 

22 
23 


9.394179 

lid 


8.23 
8.21 
8.20 


9.9^^1334 


.54 
.54 
.54 


9-407945 
408471 
408097 
409521 


8.76 
8.75 
8.74 


io.5.,::.55 
591520 

59iuo3^ 




34 


395658 


8.19 
8.18 


V^6i37 


.54 


8.74 


5%9?? 


25 


396150 


r/-hio4 


.54 


410045 


8.73 


35 


26 


396641 


8.17 


9f>r,D39 


.54 


410569 


8.72 


58^:^31 


34 


11 


397132 


8.17 

8.ii 


.54 


411092 


8.71 


5b^jo8 


33 


It" 


Cf^'luo-J 


.54 


4ii6i5 


8.70 

8^6^ 


&Hf^385 


32 


29 


8.i5 


cS-y-f-ji 


.54 


412137 

412658 


5H-^-;63 


3i 


So 


398600 


8.14 


9y3^j42 


.54 


. 5^7.142 


3o 


3i 

32 


9.399088 
3995^5 
400062 


8.i3 
8.12 


'-'M 


.55 
.55 


9-4i3i79 
413699 


8.67 
8.66 


10.586821 
586301 


U 


33 


8.11 


985843 


.55 


414210 
414738 


8.65 


58578i* 


U 


34 


400540 
401035 


8.10 


985811 


.55 


8.64 


585262 


35 


B-OQ 

8.08 


985778 


.55 


415257 
415776 


8.64 


584743 


25 


36 


40i52o 


^5745 


.55 


8.63 


584225 


24 


U 


4o2oo5 
402489 


8.07 
8.06 


s 


.55 
.55 


416293 
416810 


8.6a 
8.61 


583707 
583I90 


23 
22 


39 


tZ& 


8.o5 


.55 


417326 


8.60 


582674 

582 I 58 


21 


40 


8.04 


9856i3 


.55 


417842 


8.59 


20 


41 

42 

43 


9.403938 
404420 
404901 
405382 


8.o3 
8.02 
8.01 


9.98^180 

9V>.147 
95^1514 


• 56 
.55 
.55 


9-418358 

^ 418873 
419387 


8.58 


10.581642 
581127 
58o6i3 




44 


8.00 


98ii8o 


.55 


419901 


8.55 


580099 
579585 


45 


405862 


?:^ 


^^'^Ul 


.55 


420415 


8.55 


i5 


46 


406341 


9'^3;i4 


.56 


420927 


8.54 


575073 


14 


S 


406820 


]-U 


9.^:jj8o 


.56 


421440 


8.53 


578560 j -3 » 


407299 


9^^3347 


.56 


421952 


8.5a 


578048 .1 1 


49 


407777 


7.95 


9SJJi4 


.56 


422463 


8.5i 


577026 


II 1 


5o 


408254 


,7-94 


9CNJ280 


.56 


422974 


8.5o 


10 ' 


5i 


9.408731 


7-94 


9.985247 


• 56 


9.423484 


n 


10.576516 


t 


52 


409207 


7.93 


985213 


.56 


424?23 


576007 


53 


409682 


7.9a 


985180 


.56 


8.48 


i?4^ 


I 


54 


410157 


7.91 


985146 


.56 


425oii 


8.47 
8.46 


55 


410632 




985ii3 


.56 


4255x9 


574481 


5 


56 

U 


41 1 106 
4>i5]9 
4i2o52 
412524 


]'h 


& 


.56 
.56 


426027 
426534 


8.45 
8.44 


PM 


4 
3 


ItL 


983011 
984978 


.56 
.56 


427041 
427547 
43do52 


8.43 
8.43 


t^i^u 


2 
I 


6o 


412996 


7-85 


984944 


.56 


8.4a 


£»7i948 







Cosine 


D. 


Sine 




Coi&ng, 


D. 


iw. 


M. 



(76 DsaRjuns.) 



ennca and takqsnts. (15 seqbebs.) 



8S 



H. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotaog, 







9.412906 

413467 
413938 


7-85 


9.9"j;g44 


•57 


9.438053 


8.42 


10.571948 


60 


1 


7-84 


9l,yio 


•57 


428557 


8.41 


571443 


5? 


3 


7-83 


9^ ^^76 


17 


429063 


8.40 


570938 


3 


414408 


7-83 


9-^ r^42 


•57 


429566 


8*3? 


570434 


U 


4 


414878 


7.83 


9^iHo8 


•57 


430070 


569930 


5 
6 


415347 
4i58i5 


?t 


9^-i'?74 
9^i74o 


1? 


430573 
431075 


8.3» 
8.37 
8.36 


56^925 


55 
54 


I 


416283 


?:?? 


9H.706 


•57 


43 1577 


568423 


53 


416751 


9;-;=72 


•?7 


432079 
432580 


8.35 


567921 


53 


9 


417217 


7-77 
7.76 


yiiboi 


-57 


8.34 


567420 
566930 


5i 


10 


417684 


•57 


433080 


833 


5o 


11 


9.418150 


7.75 


9.9Bi%o 


•57 


9.433580 


8.33 


10-566430 


^ 


12 


4i86i5 


7-74 


544>35 


•57 


434080 


8-32 


565920 


i3 


419079 


7-73 


9>i i too 


•57 


434579 
435078 


8.3i 


565421 


% 


U 


. 419544 


7-73 


9S 5 .66 


ii 


8.3o 


564922 


i5 


420007 


7-72 


9^^132 


435576 


8.29 
8.28 


564424 


45 


i6 


420470 


7-71 


94- ^97 
9^-^63 


.58 


436073 


563927 


44 


\l 


420933 




.58 


436570 
437067 
43i563 


8.28 


563430 


43 


42i3o5 
421852 
4223i8 


7.69 


9M.i 338 


• 58 


til 


562933 


42 


W 


7.68 


Inhlg 


.58 


562437 


41 


20 


7.67 


.58 


438059 


8.35 


561941 


40 


31 


'tint 


7.67 


9.0^4224 


.58 


9.438554 


8.34 


10.561446 


It 


32 


7.6i 


l^T. 


• 58 


439048 


8. 33 


560953 


33 


a 


7-65 


.58 


439543 


8.33 


560457 


ll 


24 


7-64 


9H1.130 


.58 


440036 


8-33 


559964 


25 


424615 


7-63 


9S;o85 


.58 


440529 


8.31 


» 


35 


26 


425073 
435530 


7-63 


9M;o5o 


.58 


441023 


8-20 


34 


11 

89 


7.61 


9H ■oi5 


.58 


44i5i4 


8.19 


558486 


33 


42644J 


7-60 
7.60 


9ol.-,8i 
9H.JV46 


.58 
.58 


443006 
442497 
442988 


8.19 
8.18 


557?o3 


32 

3i 


3o 


426899 


7.59 


gS:\'^u 


.58 


8.17 


557013 


3o 


3i 


9-427354 


7-58 


9.983875 


.58 


'■& 


8.16 


10-556521 


ll 


32 


42^26? 


IM 


983840 


.59 


8.16 


556o32 


33 


9838o5 


.59 


444458 


8.i5 


555542 


ll 

25 


34 
35 


428717 
429170 


7.55 
7-54 


9837^5 


t 


444947 
445435 


8.14 
8.i3 


555o53 
554565 


36 


429623 
430075 


7.53 
7.53 


983700 
983664 


t 


445923 
446411 


8. 13 
8.13 


554077 
5535S9 


24 

23 


430521 
430978 


7.53 


983639 


.59 


446898 


8.11 


553102 


23 


39 


7.51 


9835o4 
983558 


.59 


447384 


8.10 


552616 


21 


40 


431429 


7.50 


.59 


447870 


8.09 


553i3o 


20 


41 


9-431879 


7-49 


9.983533 


.59 


9.448356 


8-09 
8.08 


10.551644 


\t 


43 


432320 
432778 


7-49 
7-48 


983487 


.59 


448841 


55ii59 


43 


933453 


.59 


449326 


8.07 
8.06 


550674 


17 


44 


433226 


7-47 
7-46 


983416 


.59 


449810 


550190 


16 


45 


433675 


983381 


.59 


450294 


8.06 


549706 


i5 


46 


434122 


7-45 


983345 


.59 


451743 


8-05 
8.04 
8.o3 


540223 
548740 
548257 


14 


% 


434569 
435oi6 


7-44 
7-44 


983238 


t 


i3 

13 


49 


435462 


7-43 


.60 


452225 


8-02 


547775 


li 


5o 


435908 


7-42 


983202 


.60 


452706 


8-03 


547294 


10 


5i 


9-436353 


7 <H 


9.983166 


.60 


9.453187 

453668 


8.01 


io-5468i3 


t 


53 


436798 


7-40 


983i3o 


.60 


8-00 


546332 


53 


437242 


7-40 


983004 
983o58 


.60 


454148 


7.99 


545S52 


7 


54 


437686 
436129 


nt 


.60 


454638 


l^ 


545372 


6 


55 


983023 


.60 


455107 
455586 


544893 


5 


56 


438572 


\.U 


983986 


.60 


7-97 


544414 


4 


u 


439014 


982950 


.60 


456064 


7-96 


543936 


3 


439456 


7-36 


982914 
982878 
982843 


.60 


45S542 


7.96 


543458 


> 


u 


^? 


7.35 
7-34 


.60 
.60 


457019 
457496 


7.95 
7-94 


5429^1 
542D04 


I 





Cosine 


D. 


Sine 




Cotang. 


D. 


Tauff. 


M. 



(74 DsaRXBS.) 



S4 



(16 DEOU£ES.) A TABLE OF lOOABITHinO 



M. 


Sine 


D. 


Cofline 


D. 


Tang. 


D. 


Cotang. 







9-440338 


7-34 


9-982842 


.60 


9.457496 


7-94 


10.542504 


60 


I 


440778 


7.33 


982805 


.60 


45892? 


7.93 


542027 


% 


2 


441218 


7.32 


982696 


.61 


7.93 


541 55 I 


3 


441658 


7.31 


.61 


7-92 


541075 


U 


4 


442096 
442535 


.7-31 


.61 


459400 


7.91 


540600 


5 


•7.30 


982660 


.61 


459875 


7.90 


5401 25 , 55 


6 


442r;73 


?:^§ 


982624 


•61 


460349 
460823 




539651 1 54 


I 


443410 


982587 


.61 


7-89 


53?7o? 5a 


443847 


7-27 


982551 


.61 


461297 


7-88 


9 


444284 


III 


982514 


•61 


461770 


7.88 


538230 5i 


10 


444720 


982477 


*6i 


462242 


7.87 


537758 


5o 


II 


9-445i55 


7-25 


9 982441 


.61 


9-462714 


7.86 


10.537286 
536814 


§ 


la 


445590 


7-24 


982404 


.61 


463 186 


7-85 


i3 


446025 


7-23 


982367 


.61 


463658 


7-85 


536342 


2 


U 


44645a 
446893 


7-23 


982331 


.61 


464129 


7-84 


535871 • 


i5 


7.22 


tl^ 


'61 


a 


7.83 


535401 


45 


i6 


447326 


7.21 


-61 


7.83 


534931 


44 


\l 


447759 
448191 


7.20 
7.20 


982220 

982183 


.b2 
.62 


465530 
466008 


7.82 
7.81 


534461 


43 
42 


>9 


448623 


7.10 
7.18 


982146 


.62 


166476 


7-80 


41 


20 


449054 


982109 


.62 


466945 


7.80 


533o55 


40 


21 


9.449485 


7.17 


9-982072 
982035 


'62 


9-467413 


?:?? 


10-532587 


U 


22 


449915 
456345 


7.16 


.62 


467880 
468347 


532 1 20 


23 


7.16 


981908 
981961 


.62 


7.78 


53i653 


u 


24 


450775 


7.15 


-62 


468814 


r^i 


531186 


25 


451204 


7-14 


981024 

981886 


•62 


469280 


530720 


35 


26 


45i632 


7.13 


•62 


469746 


7.75 


530254 


34 


11 


452060 


7 »3 


981849 


.62 


47021 1 


7.75 


520I24 


33 


452488 


7 12 


981812 


•62 


470676 


7-74 


32 


It 


452015 
453342 


7. II 
7.10 


981774 
9817J7 


•62 
•62 


471141 
471605 


?:?^ 


3i 
3o 


3i 


9-453768 


7-10 


't\^. 


•63 


9.472068 


7.72 


10-527932 


S 


32 


454194 


?:S 


-63 


472532 


7.71 


527468 


33 


454619 


981625 


-63 


& 


7.71 


527005 


U 


34 


455o44 


7.07 


981587 


-63 


]^ 


526543 


35 


455460 
455893 


'?:S 


981549 


-63 


» 


526081 


25 


36 


981512 


-63 


?:^ 


525610 


24 


\l 


4563i6 


7-05 


& 


-63 


474842 


5251.58 


23 


456739 


7-04 


-63 


475363 


7.67 


524697 


2a 


39 


457162 


7-04 


fs'UV. 


•63 


475763 


]:U 


524237 


21 


40 


457584 


7 -03 


-63 


476223 


523777 


ao 


41 


9-458oo6 


7.02 


9.981323 


-63 


9.476683 


7-65 


I0-5233I7 

522858 


\l 


42 


458427 
458848 


7.01 


981285 


-63 


477142 


7.65 


43 


7.01 


981247 


-63 


478059 


7-64 


522399 


\l 


44 


459268 


2-00 


981209 


-63 


7.63 


521941 


45 


. 459688 


981171 
981133 


• 63 


478517 
478975 
4794^2 


7.63 


521483 


i5 


46 


460108 


-64 


7.62 


521025 


14 


4- 


460527 
460946 
461 364 


6.98 


981095 
981057 
981019 


.64 


7-61. 


520568 


i3 


48 
49 


ty^ 


.64 
.64 


a 


7-61 
7.60 


5201 1 1 

519655 


12 
II 


56 


461782 


6.95 


980981 


.64 


48o8pi 


7.59 


5I9I99 


10 


5x 


'•& 


6.95 


9.980942 


.64 


9.481257 


]:U 


10.518743 


t 


52 


6.94 


?»< 


.64 


481712 


518288 


53 


463o32 


6.93 


.64 


482167 


7.57 


517833 


I 


54 


463448 


6.93 


980827 


.64 


482621 


lU 


^2^79 
516925 


55 


463864 


6-92 


980789 


.64 


483075 


5 


56 


464279 


6-91 


980750 


-64 


483529 


• 7-55 


5 1647 I 


4 


U 


464694 


6.90 




.64 


483982 


7.55 


5i6oi8 


3 


465io8 


6.90 


980673 


-64 


484435 


7-54 


5i5565 


a 


59 


465522 


6*89 


980635 


.64 


484887 


7-53 


5i5ii3 ; 1 


60 


465935 


6-88 


980596 


-64 


485339 


7.53 


514661 ! 




Coeino 


D. 


Bine 




Cotang*. 


D. 


Tung. M.. 



(73 DEUREES.) 



gm£S AND TANOEKTS. (17 DEGBEES.) 



85 



M. 


Sine 


D. 


Coaine 


D. 


Tang. 


D. 


Cotang. 







9465035 
466348 


6-88 


'■» 


.64 


9.485339 


7.55 


10.514661 


60 


I 


6.88 


.64 


485791 


7.53 


514200 


U 


3 


466761 


6.87 
6.86 


980519 


.65 


4^■6l43 


7.51 


3 


H 


980480 


.65 


4H^.f^3 


7.51 


U 


4 


6.85 


980443 


.65 


4^-fr43 


7.50 


5I385? 


5 


468407 


6-85 


980403 


.65 


4^7:^93 


7-49 


513407 


55 


6 


6.84 


980364 


.65 


4HMit43 


?:l? 


l\\^ 


54 


I 


468817 


6.83 


980325 


.65 


4^^193 


53 


469337 


6-83 


980386 


.65 


4^Mo4i 


7-47 


5iio59 


53 


9 

10 


470046 


6.8/ 
6.81 


980247 
980208 


•65 
.65 


4^- 90 
41 >38 


lil 


5io6io 
510163 


5i 
5o 


II 


9.470455 


6.^) 


9.980169 


.65 


9.490386 


7-46 


10.509714 


^ 


13 


470863 


6-83 


980130 


.65 


490733 


7-45 


509267 
508820 


i3 


471271 


6.70 
6.78 


980053 


.65 


491 180 


7-44 


ii 


U 


471670 
472086 


.65 


491637 
492073 


7-44 


5o8373 


i5 


6.78 


980012 


.65 


7.43 


507927 
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4-54 


172103 


4 


U 


vx 


3.i3 


42 


4-54 


171830 


3 


3-12 


918745 I 
918659 I 


42 


828442 


4.54 


171558 


9 


59 


747374 


3.1a 


42 


828715 


4.54 


171 28f 


I 


6o 


747562 


3.12 


918574 I 


■42 


828987 


4.54 


171013 







Cosine 


D. 


Sine I 


). 


CoUnflT. 


1 D. 


Tanff. 
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[ aiii43 


D. 


Cosiiio I 


). 


Tuujj. 


D. 


Cotang. 




9* 747562 


3.12 


9.918514 1 
918489 I 


42 


9.828987 


4.54 


10.171013 


60 


I 


747749 


3.12 


42 


829260 


4 


.54 


170740 


5o 


3 


1 747936 


3.12 


918404 I 


•42 


829532 


4 


•54 


170468 ! 58 


s 


j 748123 


3. II 


9i83i8 I 


42 


829805 


4 


.54 


170195 5- 


4 


748310 


3. II 


918233 I 


42 


830077 


4 


•54 


169923 


56 


5 


748407 
748683 


3. II 


Q18147 I 


42 


83o349 


4 


53 


169661 


55 


6 


3. II 


918062X I 


•42 


. 83o62i 


4 


53 


169379 


54 


I 


748870 
749056 


3. II 
3.IP 


917976 I 
917891 I 


•43 
43 


830893 
83ii65 


4 
4 


53 
53 


169107 
168835 


53 

52 


9 


749243 


3.10 


917805 I 


43 


83,437 


4 


53 


168563 


5i 


10 


749429 


3.10 


917719 I 


43 


831709 


4 


53 


168291 


5o 


II 


9-749615 


3.10 


9.917634 1 


43 


9.83,981 


4 


53 


10-168019 


t 


12 


749801 


3.10 


917548 I 


43 


832253 


4 


53 


167747 
167475 


i3 


749987 


3.09 


917462 I 


43 


832525 


4 


53 


U 


14 


700172 


3.09 


917376 I 


43 


832796 
833o68 


4 


53 


167204 


i5 


75o358 


3.09 


917290 I 


43 


4 


52 


166932 1 45 


i6 


75o543 


3.09 


917204 I 


43 


833339 


4 


52 


166661 1 44 


\l 


750729 
750914 


3.08 


917118 I 
917032 I 


44 
44 


8336,1 
833882 


4 
4 


52 
52 


166389 
166,, 8 


43 
42 


>9 


751099 


3.08 


916946 I 
916859 1 


44 


834154 


4 


52 


165846 


41 


20 


751284 


3.08 


44 


834425 


4 


52 


165575 


40 


21 


9.751469 


3.08 


9-916773 I 
916687 I 


44 


9.834696 


4 


52 


io.i653o4 


^ 


22 


751654 


3.08 


44 


834967 
83523S 


4 


52 


i65o33 


23 


75i83o 
75202J 


3.08 


916600 I 


44 


4 


52 


164762 


U 


24 


3.07 


9i65i4 I 


44 


835509 


4 


52 


I 6449 I 


25 


752208 


3.07 


916427 I 


44 


835780 


4 


5i 


164220 


35 


26 


• 752392 


3.07 


916341 1 


44 


836o5i 


4 


5i 


163949 
163678 


34 


11 


752576 


3.07 


916254 I 


44 


836322" 


4 


5i 


33 


752760 


1:2 


916167 I 


45 


836593 


4 


5i 


163407 
i63i36 


32 


29 


752944 


916081 I 


45 


836864 


4 


5i 


3i 


3o 


753128 


3-o6 


915994 I 


45 


837134 


4 


5i 


162866 


3o 


3i 


9.753312 


3.06 


'•'^m \ 


45 


9-837405 


4 


5i 


10-162595 


11 


3a 


753495 


3.06 


45 


837675 


4 


5i 


162325 


33 


753679 


3.06 


915733 I 


45 


837946 
838216 


4 


5i 


162054 


U 


34 


753862 


3.o5 


915646 I 


45 


4 


5i 


161784 


35 


754046 


3.o5 


915559 I 


45 


838487 


4 


5o 


I6i5i3 


25 


36 


754229 


3.o5 


915472 I 
9,5385 I 


45 


838757 


4 


5o 


161243 


24 


U 


754412 


3.o5 


45 


839027 


4 


5o 


160973 


23 


754595 


3o5 


915297 I 


45 


Zu 


4 


5o 


160703 


22 


39 


754778 


3.04 


915210 I 


45 


4 


5o 


160432 


21 


40 


754960 


3.04 


9i5i23 I 


46' 


839838 


4 


5o 


160162 


20 


41 


9-755143 


3-04 


9.916035 I 


46 


9.840108 


4 


5o 


10.159892 


It 


42 


755326 


3.04 


^iS i: 


46 


840378 


4 


5o 


159622 


43 


755508 


3.04 


46 


840647 


4 


5o 


159353 


17 


44 


755690 


3.04 


914685 I. 


46 


840917 


4 


49 


159083 
i588i3 


16 


45 


755872 


3.o3 


46 


841187 


4 


49 


i5 


46 


756o54 


3.o3 


914598 I- 


46 


841457 
841726 


4 


49 


158543 


14 


% 


756236 


3.o3 


914510 I. 


46 


4- 


49 


158274 


I? 


756418 


3.o3 


914422 I. 


46 


841996 


4 


49 


i58oo4 


13 


49 


756600 


3.03 


914334 I- 


46 


842266 


4- 


49 


157734 


11 


5o 


756782 


3-02 


914246 I • 


47 


842535 


4- 


49 


i5746§ 


la 


5i 

52 


9.756963 
757144 


3-02 

3.02 


9.9I4I58 I. 
914070 I. 

913082 I • 
QI3894 I- 


47 
47 


9.842805 
843074 


4- 
4- 


49 
49 


10.157,95 
156926 

J56383 


§ 


63 


757326 


3.02 


47 


843343 


4 


49 


I 


54 


]t]'^l 


3-02 


47 


843612 


4- 


ii 


55 


3-01 


9i58c6 I 


47 


843882 


4 


i56ii8 


5 


56 


» 


3-01 


9i363o I' 


47 


8441 5 I 


4 


^? 


155849 




?2 


3.01 


47 


844420 


4- 


48 


1 55580 




758230 


3-01 


913541 I 


47 


844689 
844958 


4- 


48 


i553ii 




59 


76841 1 


3.01 


913453 I 


47 


4- 


48 


i55o42 


I 


60 


758591 


3*01 


9,3365 I 


47 


845227 


4.48 


154773 






Cosine 


D. 


Sine r 


). 


Cotang. 


D. 


Tang. } M. 1 
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IL 


Slue 


D. 


Cosine 


D. 


T&ng. 


D. 


Cotang. 


I 





"B 


l^ 


'■^^ 


1.53 


9.361261 


4.43 


10 138739 


60 


I 


1-53 


361 527 




43 


138473 


^ 


a 


2.89 


907774 
907682 


1-53 


862058 




42 


138208 


3 


769740 


2-89 


1-53 




42 


137942 


U 


4 


769913 


2.89 


907590 


1-53 


862323 




42 


i3-)677 


5 


770087 


2*8? 


907498 


1-53 


862589 




42 


137411 


55 


6 


770260 


907406 


1-53 


862854 




42 


137146 


5^ 


I 


770433 


2-88 


907314 


1-54 


8631 10 
863385 




42 


136881 


53 


770606 


2-88 


907222 


1-54 




Af 


I366i5 


52 


9 


770779 


2-88 


907129 


1-54 


863650 




4'* 


136350 


5i 


10 


770952 


2-88 


907037 


1-54 


863915 




4. 


i36o85 


5o 


II 


9-771125 


2-88 


'■^^ 


1.54 


9-864180 




AJ 


10.135820 


li 


12 


771298 


2-87 


1.54 


864445 




42 


135555 


i3 
14 


771470 
771643 


2-8^ 

2.87 


906575 
906482 


1-54 
1.54 


864710 
864975 




42 
41 


135290 
i35o25 


ii 


i5 


771815 


2.87 


1-54 


865240 




41 


134760 


45 


i6 


771987 


2.87 


i-#4 


8655o5 




41 


i344o5 
134230 


44 


\l 


772159 


l^ 


906389 
906296 


1-55 


865770 




41 


43 


772331 


1-55 


86<^o35 




41 


133965 


4a 


19 


7725o3 


2-86 


906204 


1-55 


866300 




41 


133700 


41 


20 


772675 


2-86 


906111 


1-55 


866564 




41 


133436 


40 


21 


778190 


2-86 


9-906018 


1.55 


9-866829 




41 


^•133171 


11 


22 
23 


2-86 
2-86 


&l 


1-55 
1-55 


867004 
867358 




4r 
41 


132906 
132642 


24 


773361 


2-85 


ffl 


1-55 


867623 




41 


132377 
i32ii3 


25 


773533 


2-85 


1-55 


ffl 




4f 


35 


26 


773704 


2-85 


905552 


1-55 




40 


131848 


34 


11 


773875 


2-85 


ffl 


1-55 


868416 




40 


I3i584 


33 


774046 


2-85 


1-56 


868680 




40 


I3i320 


32 


29 


W 


2-85 


905272 


1-56 


868945 




40 


i3io55 


?' 


3o 


2-84 


905179 


1-56 


869209 




40 


130794 


3o 


3i 


9-774558 


2-84 


9-9o5o85 


1-56 


9.869473 




40 


10. "130527 


^ 


32 


774729 
774899 


2.84 


904092 
904898 


1-56 


869737 




40 


1 30263 


33 


2-84 


1-56 


87&001 


4* 


40 


\^ 


U 


34 


77^07P 


2-84 


904804 


1-56 


870265 




40 


35 


775240 


2-84 


90471 I 
904617 
904523 


1-56 


870520 
870793 
871057 




40 


I 2947 I 


25 


36 


775410 


2-83 


1-56 




40 


129207 

128415 


H 


U 


775580 


2-83 


1-56 




40 


23 


775750 


2-83 


» 


1.57 


871321 




40 


22 


39 


775920 


2-83 


1-57 


871585 




40 


21 


40 


776090 


2-83 


904241 


1.57 


871849 




39 


I28i5i 


20 


41 


9-776259 


2. 83 


9-904147 
904053 


1.57 


9.872112 


4- 


?9 


10.127888- 


;? 


42 


776420 


2-82 


1-57 


872376 




39 


127624 


43 


2-82 


9o3?64 


1-5- 


872640 




?9 


127360 


\i 


44 


2-82 


1-57 


872903 




39 


1 26833 
126570 


45 
46 


■ ffl 


2-82 
2-82 


9o358i 
903487 


1-57 
1.57 


873167 
873430 




n 


i5 
14 


S 


777275 
777444 


2-8l 
2-81 


■1 


P^^ 




P 


i263o6 
126043 


i3 
12 


49 


777613 


2-81 


903392 


874220 




39 


125780 
I255i6 


If 


5o 


777781 


2.81 


903298 


1-58 


874484 




39 


10 


5i 


9-777950 
778119 


2-81 


9-9o32o3 


1-58 


9-574747 




^ 


io> 125253 


? 


52 


2.81 


9o3io8 


1-58 


B75010 




^ 


124990 


53 


'■,fM 


2-80 


9o3oi4. 


1*58 


VM 




124727 


I 


54 


2-80 


902019 
902824 


1*58 




38 


124464 


55 


778624 


2-80 


1.58 


875800 




38 


124200 


6 


56 


Vit^ 


2-80 

2-80 


902634 


1.58 
1-58 


876063 
876326 




38 


123674 


4 
3 


779128 


3.80 


902539 


1.59 


876589 




1 2341 1 


2 


59 


V,V^ 


2-79 


902444 
902349 


1.59 


876851 




•38 


"1*1? 


I 


60 


2-79 


1.59 


8771 14 


4-38 


122886 


o 




Ck)Bi06 


D. 


Sine 


D. 


Cotang. 


I>. . 


Tang. 


M. 
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65 



IL 


Sine 


D. 


Coalne 


1>. 


Tang, 


D. 


Coiaiig. 1 




I 


9-779463 

77031 




79 
79 


'■^^At 


v.t 


9-877114 
877377 




38 
38 


10.132886 
122623 


60 


J 


779798 




79 


902158 


1.59 


877640 




38 


122360 


3 
4 


719966 
7^0133 




79 


902063 
901967 
901872 


\:n 


878?65 




38 
38 


\VM u 


S 


780300 




1.59 


878428 




38 


I2I572 


55 


6 


780467 




7? 


^J,t 


,.59 


8?89?3 




38 


i2i3o9 


54 


I 


. 7806.34 




^S 


1.59 




37 


121047 


53 


780801 




78 


901585 


1.59 


879216 




37 


120784 

120522 


52 


9 


780968 




78 


901490 


1.59 


879478 




37 


5i 


10 


781 i34 




78 


901394 


1.60 


879741 




37 


120259 


5o 


II 


9.781301 




77 


9.901398 


|.6o 


9.880003 




37 


10.119997 
119735 


^ 


13 


"^ 78i468 




77 


901202 


1-60 


880265 




37 


i3 


781634 




77 


901106 


1. 60 


8«o578 




37 


119472 


ii 


14 


781800 




77 


901010 


160 


880790 




37 


II921O 
1 1 8048 


i5 
i6 


781966 
782*32 




77 


9^!8 


1.60 
1.60 


88io52 
88i3!4 




45 
44 


\l 


782298 




» 


1.60 


881576 
8Si839 




37 


118424 


43 


782464 




76 


1.60 




37 


I18161 


43 


19 

30 


782630 
782796 




?^ 


900529 
900433 


i-6o 
1. 61 


8Si:oi 
882363 




ll 


::?^ 


41 
40 


ai 


9.782961 




75 


9.900337 


1. 61 


9.883625 




36 


10. I 17375 


U 


33 


783127 


2 


76 


900240 


1.61 


882887 
883i4d 




36 


117113 


33 


783292 
7834^8 




75 


900144 


I 61 




36 


116852 


U 


34 




75 




1.61 


883410 




36 


116590 


35 


783623 




75 


|.6i 


883673 
883934 




36 


I I 6328 


35 


36 


783788 




75 


1. 61 




36 


116066 


34 


11 


783953 




75 


899757 


161 


884196 
884457 




36 


ii58o4 


33 


7841 18 




75 


8^9660 


161 




36 


115543 


33 


?9 


784282 




74 


899564 


1.61 


884719 




36 


11 5281 


3i 


3o 


784447 




74 


899467 


1. 63 


884980 




36 


Il5020 


3o 


3i 


9-784612 




74 


9.899370 


1.63 


9.885343 




36 


10-114758 


U 


33 


784776 




74 


899273 


1.62 


8855o3 




36 


wm 


33 


784941 




74 


899176 


1.62 


885765 




36 


U 


34 


785 I o5 




74 




1.62 


886026 




36 


113974 


35 


785269 
785433 




73 


898981 


1.62 


886388 




36 


113712 


35 


36 




73 


898084 


1.62 


886549 




35 


ii345i 


34 


ll 


785597 
785761 




73 


« 


1. 62 
1.63 


886810 
887S3 




35 
35 


113190 
1 1 2928 
112667 
112406 


33 

32 


39 


785925 




'^l 


898592 


163 




35 


31 


40 


786089 




73 


898494 


1.63 


887594 




35 


30 


41 


9*786252 




72 


9.898397 


1.63 


'•ffi 




35 


10.113145 


It 


43 


786416 




73 


898399 


1.63 




35 


111884 


43 


786579 




73 


898309 


1-63 


ffij 




35 


111623 


',1 


44 


786742 




7' 


898104 


1.63 




35 


iii36i 


45 


786906 




72 


898006 


63 


888906 




35 


111100 


i5 


46 


787069 




72 


897810 


1. 63 


889160 




35 


110840 


14 


S 


787232 




71 


163 


889421 




35 


110670 
iio3id 


i3 


« 




71 


897614 


1. 63 


889682 




35 


13 


49 




71 


163 


889943 




35 


iioo5] 
109796 


11 


5o 


787720 




7> 


897516 


163 


890204 




34 


10 


5i 


'•» 




71 


9. 897418 


1. 64 


9.890465 




34 


10.109535 


I 


53 




71 


897330 


164 


890725 




34 


109375 


53 


788208 




71 


897333 


1.64 


890986 




34 


109014 
108753 


I 


54 


798604 




70 


897123 


1.64 


891247 




34 


55 
56 




70 
70 


s 


164 
1.64 


89I762 




34 

34 


108493 
108233 


5 
4 


U 


788856 




70 


1.64 


893028 




34 


107972 


3 


789018 




70 


^1 


1. 64 


892289 




34 


107711 


a 


59 


789180 




70 


1.64 


892549 




34 


107451 


1 


6o 


789343 


3.69 


896533 


1.64 


893810 


4.34 


107190 







Cosine 


D. 


Sine 


«. 


Cotang. 


D. 


Tttug. 


1l 
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M. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Gotang. 







9-789343 


a.69 


9. 896532 


1.64 


9.892810 


4-34 


10.107100 


60 


I 


789504 


369 


896433 


1.65 


893070 


4.34 


lOOOJO 


^ 


9 


789665 


3.69 


896335 


1.65 


893331 


4.34 




3 
4 


]^l 


l^ 


896236 


1.65 
1-65 


^W, 


4.34 
4.34 


106409 
106149 


u 


5 


790'49 


3.68 


165 


8941 11 


4.34 


105889 


55 


6 

I 

9 


7903 10 

790793 
790954 


» 


1.65 
1.65 


Z^l 


4.34 
4.33 


105629 
105368 


54 
53 


3.68 
3.68 


nUfr 


1.65 
1.65 


^^l 


4-33 
4-33 


io5io8 
104848 


52 

5i 


10 


3.68 


895542 


1.65 


895412 


4-33 


104588 


5o 


II 

13 . 


9.79III5 


3.68 
3.67 


't'^ 


1.66 
1.66 


'•» 


4.33 
4-33 


10*104328 
104068 


S 


i3 


3.67 


895244 


1.66 


» 


4-33 


io38o8 


% 


14 


79i5o6 
79n57 


2.67 


895145 


1.66 


4.33 


103548 


i5 


3.67 


895045 


1.66 


896712 


4.33 


103288 


45 


i6 


79*917 
792077 
792237 


3.67 
I'd 


894945 
894846 
894746 


1.66 
1.66 
1.66 


898010 


4-33 
4-33 
4-33 


io3o29 
102769 
io25o9 


44 
43 

42 


>9 


792307 
792557 


3.66 


894646 


1.66 


4-33 


102249 


41 


20 


3.66 


894546 


1.66 


4-33 


101990 


40 


31 
33 


9.792716 


3.66 
3.66 


9.894446 
894346 


1.67 
1.67 


'Z^ 


4.33 
4-33 


10.101730 
101470 


U 


33 


3.66 


894246 


1.67 


898789 


4-33 


101211 


u 

35' 


It 


ffl 


3.65 
3.65 


894146 
894046 


1.67 
1.67 


» 


4-32 
4.32 


iooo5i 
100602 


36 

11 

J2 


7935U 

793901 
794160 


2.65 
3. 65 
2.65 
3.65 
2.64 


893946 
893846 
893745 
893645 
893544 


1.67 
1.67 
1.67 
1.67 
1.67 


899568 


4.32 
4.32 
4-32 
432 
4.32 


100432 
100173 

099395 


34 
33 
32 

3i 
3o 


3i 


9 -794308 


3.64 


9.893444 


1.68 


9.900864 


4.32 


10.099136 




32 

33 


794467 
794626 


2.64 
2.64 


893343 
893243 


1.68 
1.68 


9011 24 
901383 


4-32 
4.32 


09^876 


34 


794784 


2-64 


893142 


1.68 


901642 


4.32 


35 


794942 


2.64 


893041 


1.68 


901901 


4-32 


098099 


25 


36 


795101 


2-64 


892940 
892839 


1.68 


902160 


4.32 


097840 


24 


ll 


795359 


3-63 


1-68 


902419 


4.32 


097581 


23 


IS 


3-63 


892730 


1-68 


903197 


4.32 


097321 


22 


39 
40 


3-63 
3. 63 


892638 
892536 


1-68 
1.68 


4-32 
4-3i 


097062 
096803 


31 
30 


41 


9.795891 


2.63 


9.892435 


1.69 


9.903455 


4.31 


10.096545 


\l 


42 


796206 
796364 


2.63 


892334 


1.69 


903714 


431 


096286 


43 
44 


2.63 
2.62 


892233 
892132 


1.69 


903973 
904232 


4-3i 
4.31 


ii 


\l 


45 


796521 


2.62 


892030 


1.69 


w 


4-3i 


i5 


46 


796903 
797 I 5o 


2.62 


891029 
891827 
891726 
891624 


1.69 


4.31 


095250 


14 


49 


2.62 
2.62 
2*61 




905008 

905267 
905526 


4-3i 
4-3i 
4.31 


094474 


i3 
12 
II 


5o 


797307 


2.61 


891523 


1.70 


905784 


4-3i 


094216 


10 


5i 

53 


9-797464 
797621 


2.61 
2.61 


9.89I42I 
89I3I9 


1.70 

1.70 


9.906043 

9o63o2 


4-3i 
4.31 


"••» 


i 


53 


797777 
797934 
798091 


2.61 


89I2I7 
89III5 


1.70 


906560 


4-3i 


093440 


I 


54 


2.61 


1.70 


90681 Q 


4.3i 


093181 


55 


2.61 


891013 


1.70 


^m 


4-3i 


092406 


5 


56 
S9 


?|S 


2-61 

2.60 


890809 


1.70 
1.70 


4-3i 
4.31 


4 
3 


798560 


2.60 
3.60 


^l 


1.70 
1.70 


4.31 
4.30 


« 


a 
I 


6o 


2.S0 


89o5o3 


1.70 


90836^ 


4-3o 


091631 





1 


Cotine 


D. 


Sine 


D. 


Cotanir. 


D. 


1^. 


-Ml- 



(51 DEOBXSS.) 



SIITKS AND TANGENTS. (39 DEGBEBS.) 



57 



M. 


8ine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 


60 





9.798872 


2.60 


9.890503 


1.70 


''& 


4-3o 


ic .091631 


I 


799028 


2 .60 


890400 


1. 71 




3o 


091372 


^ 


2 


799184 


260 


890298 


1. 71 


908886 




3o 


091114 


3 


799339 


2.59 


890195 


1. 71 


909144 




3o 


090856 


U 


4 


2.59 


iS 


1. 71 


909402 




3o 


090598 


5 


2.59 


1-71 


909660 




3o 


090340 


55 


6 


799806 


2.59 


1*71 


909918 




3o 


090082 
089823 
089565 


54 


I 


799962 
600117 


li 


889785 
889682 


1. 71 
1. 71 


910177 
910435 




3o 
3o 


53 

52 





800272 


889579 


1. 71 


910693 
910951 




3o 


089307 


5i 


10 


800427 


2.58 


889477 


1.71 




3o 


089049 


5o 


II 


9-800582 


2.58 


9.889374 


1.72 


9.911209 




3o 


088276 


it 


12 
IJ 


800737 
800892 


~ 2.58 
2.58 


ssfils 


1.72 
1.72 


91 1467 
911724 




3o 
3o 


14 


801047 


2.58 


Ss 


1.72 


911982 




3o 


088018 


i5 
16 


801 201 
8oi356 


2.58 

2.57 


1.72 
1.72 


912240 

912498 
912756 




3o 
3o 


ffi 


45 
44 


•'1 


8ui5ii 


2.57 


888755 

888651 


1.72 




^u 


087244 
086986 


43 


i8 


8oi665 


2.57 


1.72 


9i3oi4 




29 


42 


19 


801810 
801973 


2.57 


888548 


1.72 


913271 




29 1 


086729 


41 


20 


2.5J 


888444 


1.73 


913529 




29 


086471 


40 


21 


9.802128 


512 


9.888341 


1.73 


9.913787 




29 


10' 0863 i3 


u 


22 


802282 


888237 


1.73 


9U044 




29 


085956 
085698 


23 


802436 


2.56 


B88i34 


1.73 


914302 




29 


u 


24 


8o258q 
802743 
802S07 
8o3o5o 


2.56 


$88o3o 


1.73 


914560 




29 


085440 


25 


2.56 


887926 
$87822 


1.73 


914817 
9i5o75 




29 


o85i83 


35 


26 


2-56 


1.73 




29 


084925 


34 


U 


2.56 


$87718 
387614 
887510 


1.73 


915332 




29 


084668 


33 


803204 


2-56 


1.73 


915590 




29 


084410 


32 


29 


803357 


2.55 


1.73 


915847 




29 


084153 


3i 


3o 


8o35ii 


2.55 


887406 


1-74 


916104 




29 


083896 


3o 


3i 


9.803664 


2.55 


9.887302 


1-74 


9.916362 




29 


10.083638 


\t 


l^ 


''.603817 


2.55 


887198 


1.74 


916619 




29 


o8338i 


11 

35 


803970 
804123 
804276 


2.55 
2.55 
2.54 


sgl 


1.74 
1.74 
1-74 


916877 
9171J4 
917391 




29 
29 

29 


o83i23 
082866 
082609 


11 

25 


36 


804428 


2.54 


886780 
886676 
886571 


1-74 


917648 




29 


082352 


24 


ll 


804581 
804734 
804886 


2.54 
2.54 


1.74 

1-74 


9i4i63 




It 


082095 
081837 


23 
22 


h 


2.54 


886466 


1.74 


918420 




28 


o8i58o 


21 


46 


8o5o39 


2.54 


886362 


1.75 


918677 




28 


o8i323 


20 


4i 


9.805191 


2.54 


Q.886257 


1.75 


9-918934 




28 


10.081066 


\t 


43 


^ 805343 


2.53 


^ 886152 


1.75 


919191 




28 


080809 


43 


805495 


2.53 


886047 


1.75 


919448 




28 


o8o552 


\l 


44 


8o5647 


2.53 


885042 
885837 


1.75 


919705 




28 


080295 
o8oo38 


45 


& 


2.53 


1.75 


919962 




28 


|5 


46 


2.53 


885732 
885627 


1.^5 


920210 
920470 
920733 




28 


079781 
079524 


14 


% 


806 1 o3 


2.53 


1.75 




28 


i3 


806254 


2.53 


885522 


1.75 




28 


079267 


12 


49 


806406 


2.52 


885416 


1.75 


92099O 




28 


079010 
078753 


11 


56 


806557 


2.52 


8853II 


1.76 


921247 




28 


10 


5i 

52 


'■ffi 


2.52 
2.52 


0.885205 
885IOO 


1.76 
1.76 


9.921503 
921760 




28 

28 


10.078497 
078240 


t 


53 


8070 II 


2.52 


88478? 
884677 


1.76 


922017 




28 


077983 


I 


54 


807163 


2.52 


1.76 


922274 
922530 




28 


077726 


55 


807314 


2.52 


1.76 




28 


077470 


5 


56 


807465 


2.5i 


1.76 


932787 




28 


l^p 


4 


U 


807615 


2.5l 


884572 
884466 


1.76 


923044 




28 


3 


807766 


2.5i 


1.76 


Q23300 




28 


076700 


2 


12 


^] 


2.5l 
2.5l 


884360 
884254 


1.76 
1.77 


923557 

9238i3 




27 
27 


076443 
076187 


I 





Cosine 


D. 


Sine 


D. 


Cotan^.' 


D. 


Taag. 
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Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotimg. 




0.808067 


2.5i 


9.884254 


1.77 


9.923813 


4- 27 


10 076187 


60 


I 


• 808218 




5i 


"^ 884148 


1-77 


924070 


4.27 


o75o3o 59 1 


2 


8o8368 




5i 


884042 


1-77 


a 


4- 27 


075673 


58 


3 


8o85i9 




5o 


883o36 
883820 
883723 


1-77 


4-27 


075417 


U 


4 


808660 




5o 


1-77 


924840 


4.27 


075160 


5 


808819 




5o 


1.77 


9253?2 


4-27 


074904 


55 


6 


808969 




5o 


883617 


1.77 


427 


074648 


54 


3 


8091 19 




5o 


883510 


1-77 


& 


4-27 


074391 


53 


809269 




5o 


883404 


\:]l 


4.27 


074i3d 


52 


9 


809419 




49 


883297 


926122 


4-27 


073878 


5i 


10 


809569 




49 


883191 


1.78 


926378 


427 


073622 


5o 


IX 


9>8c9ii8 




49 


9.883084 


1.78 


9.926634 


4-27 


10-073366 


g 


la 




49 


882077 
882871 


1.78 


, 926S90 


4-27 


073110 


i3 


S10017 




49 


1.78 


927147 
927403 


<4-27 


072853 


2 


14 


810167 
8io3i6 




S 


882764 
882657 


, 1-78 


4.27 


072597 


i5 




1.78 


927650 
921915 
928171 


4-27 


072341 


45 


i6 


810465 




48 


882550 


1.78 


4-27 


072085 


44 


\l 


810614 




48 


882443 


1.78 


4-27 


071820 
071573 


43 


810763 




48 


882336 


1.79 


928427 
928683 


4.27 


42 


19 


810912 




48 


882229 


1-79 


4-27 


071317 


41 


20 


81 1061 




48 


882121 


1.79 


928940 


4-27 


071060 


40 


21 


9>8ii2io 




48 


9.882014 


1-79 


9.929106 
929462 


4-27 


10.070804 


^ 


22 


8ii358 




47 


881907 


1.79 


427 


070548 


23 
24 


811 507 
8ii655 




47 
47 


881799 
881602 
881 5§4 


1.79 
1.79 


929708 
929964 


ill 


070202 


U 


25 


R11804 




47 


1.79 


930220 


4-26 


^69780 
069625 


35 


26 

11 


811952 
812100 




47 
47 


881477 
881369 


1.79 


930475 
930731 


4.26 
4. 26 


U 


812248 




u 


881261 


930987 
931243 


4-26 


32 


29 


812396 




881153 


1.80 


426 


a 


3i 


3o 


812544 




46 


881046 


1.80 


931499 


4- 26 


3o 


3i 

32 


9-812692 
812840 




46 
46 


9.880938 
88o83o 


X.80 
180 


9.931755 
932010 


4-26 
4- 26 


10.068245 


U 


33 


812988 




46 


880722 
880613 


x.80 


932266 


426 


U 


34 


ei3i35 




46 


1. 80 


932522 


426 


067478 


35 


8i3283 




46 


88oi5o5 


1.80 


» 


4. 26 


067222 


25 


36 


8i343o 




45 


880S97 


x.8o 


426 


066967 


H 


U 


813578 




45 


880289 


1. 81 


& 


426 


066711 


23 


81 3725 
813872 




45 


880180 


1.81 


426 


066455 


22 


39 




45 


880072 
879963 


181 


933800 


426 


066200 


21 


40 


814019 




45 


181 


934056 


4. 26 


065944 


20 


41 


0.814166 


2 


45 


9.870855 


|.8i 


9.934311 


426 


10-065689 
065433 


:s 


42 


8i43i3 




45 


1]%^ 


1. 81 


934561 
934823 


4-26 


43 


814460 




44 


1.81 


426 


065177 


n 


44 
45 


8I475J 




44 
44 


879529 
879420 


1.81 
181 


& 


426 
426 


064922 
064667 


16 

i5 


46 


814900 




44 


8793 I I 


I 81 


935589 


4- 26 


064411 


14 


% 


8i5o46 




44 


879202 


1.82 


935844 


426 


0641 56 


i3 


8i5io3 




44 


8^%i 


X.82 


936100 


426 


063900 


12 


49 


8i533o 




44 


X 82 


936355 


426 


063645 


11 


56 


8i5485 




43 


1.82 


936610 


426 


063390 


10 


5i 


9.8i363i 




43 


'•ffi 


1.82 


9.936866 


425 


Io-o63i34 


I 


52 


815778 




43 


X.82 


937121 


425 


0J62879 


53 
54 


815924 
816069 
8i62i5 




^ 


tm 


1.82 
1.82 


$l^l\ 


425 
425 


062624 
062368 


I 


55 




43 


878328 


X.82 


^C 


4-25 


062113 


5 


56 


8i636i 




43 


878219 


X.83 


425 


o6i858 


4 


U 


8i65a7 
8i6652 




•42 

>42 


878109 


X.83 
x.83 


» 


425 
4-25 


061602 
061347 


3 

2 


^ 


816793 




•42 


877800 


x.83 


938908 


4-25 


06109^ 
o6o83i 


I 


to 


816943 


2.42 


877780 


x.83 


939163 


4-2-^ 







Cc^« 


D. 


' 8ine 


D. 


Cotanff. 


D. 


Tang. 
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M. 


Slno 


D. 


Cosine D. 


Ttiti^^ 


D. 


Cotang. 







9.816943 


2.42 


'IS ; 


83 


9.939163 


4- 25 


10 060^37 


60 


I 


817088 


2-42 


83 


939418 




35 


o6o583 


U 


2 


817233 


242 


83 


939673 




35 


060337 


3 


817379 


2. 42 


877400 I 


83 


939928 




25 


060073 


u 


4 


817524 


2-41 


877340 I 


83 


9401 83 




35 


059817 


5 


817668 


2.41 


877230 ' I 


84 


940438 




35 


009563 


55 


6 


817813 


2. 41 


877120 I 


84 


940694 




35 


059306 


54 


I 


817938 


7'Ai 


8770*0 > 


84 


940949 




35 


05905 I 
058796 
058543 


53 


8i8io3 


241 


876899 I 


84 


941304 




35 


52 


9 


81H247 


2-41 


876780 I 


84 


941458 




35 


5i 


xO 


818392 


2. 41 


876678 I 


84 


941714 




35 


058386 


5o 


]i 


9-818536 


2.40 


9.876568 I 


84 


9.941768 




35 


io.o58o32 


1§ 


13 


81 8681 


2-40 


876457 I 


84 


942 J 23 




35 


057267 


i3 
i4 


818825 
818969 


2.40 

2-40 


876347 I 
876236 I 


84 
85 


94^^78 
9;^t33 




25 
25 


ii 


i5 


81911^ 


2.40 


876125 I 


85 


94.>:>88 




25 


057012 


45 


i6 


819257 


2. 40 


876014 1 


85 


94ii43 




35 


056757 
o565o3 


44 


\l 


81 9401 


2.40 


875904 I 


85 


94;;o8 
94 J 7 53 




35 


43 


819545 


3.39 


W : 


85 




35 


056348 


42 


19 


819689 


2.39 


85 


94 1'>07 




25 


a 


41 


20 


819832 


2.39 


875571 1 


85 


944 '-^63 




s5 


40 


21 


9.819976 


2.39 


'tlU \ 


85 


9-9445x7 




25 


10.055483 


!§ 


22 


820120 


2-39 


85 


944771 




24 


055229 


23 
24 


820263 

820406 


2.35 

III 


875237 I 
875126 I 


85 
86 


945036 
945381 




24 
24 


054974 
054719 
054465 


ll 


25 


82o55o 


875014 I 


86 


945535 




24 


35 


26 


820693 
820836 


2.38 


874903 I 


86 


945790 




24 


054310 


34 


11 

29 


2.38 


874568 1 


86 


946045 




24 


053955 


33 


820979 
8^1122 


2-38 
2.38 


86 
86 


946554 




24 

24 


053701 
053446 


32 

3i 


30 


821265 


2-38 


874456 I 


86 


946808 




24 


053193 


3o 


3i 


9.821407 


2.38 


9.874344 1 


86 


9.947063 




24 


io.o53l3t 

052683 


ll 


33 


82i55o 


2.38 


874232 I 


87 


947318 




34 


33 


821693 


2.37 


8741 21 I 


87 


947573 




34 


052433 


ll 


34 


82 1 835 


2.37 


874009 I 


?7 


947826 




34 


052174 


35 


821977 


2.37 


873896 I 


87 


948081 




34 


051919 
o5i664 


25 


36 


822120 


2.37 


873784 1 


87 


948336 




34 


24 


ll 


822262 
822404 


2.37 
2.37 


873060 I 


87 
87 


948590 
948844 




34 

34 


o5i4io 
o5ir56 


23 
22 
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This book sboiild be returned to 
th© Idbrary on or before the last date 
stamped below. 

A fine of five cents a day is incurred 
by retaining it beyond the specified 
time. 
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